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PREFACE. 


In  the  preparation  of  the  following  work  no  pains  have  been  spared 
to  obtair.  from  the  best  sources,  such  as  the  later  treatises  in  highest 
repute,  memoirs  of  scientific  bodies,  and  mathematical  journals  in 
English,  French,  and  German,  the  materials  for  a  book  suited  to  the 
present  state  of  mathematical  science  and  the  wants  of  teachers  and> 
students. 

The  work  contains  much  that  has  never  before  appeared  in  an  Eng 
lish  dress,  and  almost  every  part  will  be  found  to  present  some  new 
feature.  No  attempt,  however,  has  been  made  at  originality,  unless 
for  the  benefit  of  the  student,  and  in  the  belief  that  the  existing  exposi- 
tions or  processes  were  inferior.  The  object  has  simply  been,  by  any 
\ad  all  means,  to  make  the  best  book,  without  aiming  so  much  at  indi- 
vidual reputation  as  at  the  author's  own  convenience  and  that  of  others, 
devoted,  like  himself,  to  the  noble  task  of  guiding  the  youthful  votaries 
of  science. 

The  French  treatises  furnish  excellent  models  of  the  theory  of  Al- 
gebra, the  German  of  ingenuity  and  brevity  of  notation  and  exposi- 
tion, the  English  of  practical  adaptation  and  variety  of  illustration  and 
example ;  and  from  these,  after  a  careful  comparison  of  many  authors 
in  each  language,  demonstrations  have  been  selected  and  introduced 
verbatim  when  they  seemed  incapable  of  improvement;  but  when- 
ever the  slightest  alteration  or  amalgamation,  or  the  entire  remodeling 
of  them,  could  give  additional  clearness  or  elegance,  the  limas  labor 
has  not  been  spared. 

The  work  will  be  found  to  contain  all  that  Is  important  in  the  higher 
parts  of  Algebra,  upon  which  usually  separate  treatises  are  thought 
necessary  as  well  as  the  elementary  expositions  suited  to  beginners. 
Every  variety  of  symbol  and  of  example  has  been  introduced. 

On  page  XI.  those  articles  of  this  volume  are  indicated  which  con- 
stitute a  minimum  course  of  Algebra  requisite  for  the  prosecution  of 
the  higher  branches  of  mathematics.  A  more  extended  course,  such 
as  would  ordinarily  be  advisable,  is  also  pointed  out.  The  rest  may 
very  well  be  raserved  for  reference,  as  the  student's  own  diacoveiy  of 
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bis  wants,  in  the  advanced  stages  of  mathematical  pursuit,  shall  call  tt 
in  requisition. 

The  author  desires  to  acknowledge  the  efTectiye  assistance  which  he 
nas  received,  in  revising  the  ivork  and  superintending  it  through  the 
press,  from  Mr.  J.  J.  Elmendorf,  to  whom  it  is  indebted  for  many  va^ 
aable  suggestions. 
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It  may  be  useful  to  point  out  in  this  connection  a  course  of  raathematica 
study.  1°.  Algebra;  2^.  Geometry  :f  these  two  may  be  pursued  simultane- 
ously ;  3°.  Plane  Trigonometry,  with  its  applications  to  Surveying  and  Navi- 
gation ;  Spherical  Trigonometry,  with  its  applications  to  Practical  and  Nautical 
Astronomy  and  Geodesy  ;t  4°.  Descriptive  Geometry  ;§  5°.  Analytical  Ge- 
ometry ;(|  6^.  Theoretic  Astronomy  ;ir  7°.  Differential  and  Integral  Calculus 
ami  Calculus  of  Variations  ;••  8°.  Mechanics  ;tt  9°»  Optics  ;tt  10°.  Phys- 
ical Astronomy.§§ 

^  The  articles  are  numbered  throaghoot  the  book  at  the  beginninga  of  paragraphs. 

t  A  treatise  on  Geometry,  compiled  from  the  latest  and  best  foreign  sources,  has  beea 
published  by  the  author. 

t  The  author  has  already  published  a  work  embracing  these  subjects,  a  new  and  greatly 
improved  edition  of  which  will  appear  in  August. 

$  This  branch,  though  it  may  be  omitted  without  destroying  the  connection  between  those 
which  precede  and  follow  it,  is  of  the  highest  advantage  to  the  general  student,  and  invalua* 
ble  to  Xhe  engineer.  It  may  be  best  taken  up  in  the  excellent  treatise  by  Professor  Davies. 
In  the  French,  Monge,  the  founder  of  the  science,  has  written  extensively  upon  the  sub- 
ject; there  is  also  a  treatise  by  that  best  of  French  writers  of  elementary  works,  Lefebure 
de  Fourcy.  Professor  Davies  has  published  a  fine  volume  on  the  application  of  descriptive 
geometry  to  shadows  and  perspective. 

il  On  this  subject  there  are  numerous  writers,  Davies,  Fierce,  and  Young,  whose  work  is 
republished  here,  the  author  of  a  treatise  in  the  Library  of  Useful  Knowledge;  and  in  the 
French,  among  the  best,  Biot,  of  whom  there  is  an  Bnglish  translation  by  Professor  Smith, 
of  Virginia,  and  Lefebure  de  Fourcy,  whose  work  is  most  generally  preferred.  A  work  on 
this  subject,  by  the  author,  may  be  expected  to  appear  in  the  course  of  the  next  twelve 
months^ 

%  The  authors  recommended  are  Norton,  Gummery ;  and  in  the  French,  Bio^  of  whom 
there  is  a  translation  in  part,  known  as  the  Cambridge  Astronomy. 

**  This  is  one  of  the  portions  of  mathematical  science  on  which  ^e  author  proposes  to 
put  forth  a  treatise  at  no  distant  day.  We  have  at  present  on  the  calculus.  Church  and 
Davies,  in  America;  Young,  O'Brien,  and  Walton,  in  England;  Lacroix,  Duhamel,  and 
Mdgno,  who  may  be  mentioned  among  the  numeroxu  writers  in  France. 

tt  Courtenay'a  Boucbarlat ;  in  French,  Francoeur  and  Poisson. 

it  Bache,  Brewster,  Bartlett,  Biot,  and  Jackson.  This  branch  may  be  pursued  to  some 
extent  immediately  after  Geometry. 

^$  The  authors  are  Lagrange  and  Laplace,  of  whose  Ifecanique  Celeste  we  have  the 
translation  and  notes  of  Bowditch,  but  for  readers  of  the  French,  the  Systeme  dn  Monde 
of  Pont6con]aDd  is  to  be  preferred. 


As  Greek  letters  are  frequently  used  in  the  following  treatise,  lor 
ihe  convenience  of  those  unaccostumed  to  a  Greek  alphabet,  one  ifl 
here  inserted.     The  names  of  the  letters  are  given  in  the  last  colunm 
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INTRODUCTION. 


In  eyery  question  of  numbers  there  are  certain  conditions  which  tn« 
required  numbers  in  connection  with  the  given  ones  must  fulfill,  whicV 
conditions  are  indicated  by  the  question  itself. 

The  solution  has  for  its  object  to  determine  such  required  quantities 
as  will  yerify  these  conditions.  It  is  necessary,  therefore,  to  endeavor 
first  to  seize  the  different  relations  by  which  all  the  quantities,  known 
.  and  unknown,  are  connected  together,  and  to  find  afi:erward,  by  means 
of  these  relations,  what  operations  ought  to  be  performed  upon  the 
given  c|uantities  to  obtain  those  which  are  required.  Such  is  the  ob- 
ject proposed  in  that  part  of  mathematics  known  by  the  name  of  Al- 
gebra. 

To  show  how  the  use  of  letters  and  signs  arises,  let  the  following 
simple  problem  be  proposed. 

To  divide  890  dollars  between  three  persons  in  such  a  manner  that  the 
second  shall  hape  115  more  than  the  firsts  and  the  third  180  more  than 
the  second. 

Now  let  us  see  by  what  deductions  the  values  of  the  unknown  num- 
bers may  be  4erived. 

Since  the  share  of  the  second  is  115  more  than  that  of  the  first,  and 
the  share  of  the  third  180  more  than  that  of  the  second,  it  will  be  180 
added  to  115,  or  295  more  than  that  of  the  first. 

Then  the  sum  of  the  three  parts  will  be  formed  of  3  times  the  first 
part,  increased  by  115,  and  also  by  295,  or,  what  is  the  same  thing,  of 
3  times  the  first  part  increased  by  410. 

But  this  is  equal  to  the  sum  to  be  divided,  viz.,  890. 

Then  3  times  the  first  part,  increased  by  410,  is  equal  to  890. 

Then  3  times  the  first  part  is  equal  to  890  diminished  by  410,  or  480 

Then  the  first  part  will  equal  the  third  of  480,  or  160  dollars. 

The  first  person,  therefore,  has  160  dollars ;  the  second,  who  must 
iiave  115  more,  will  have  275;  and  the  third,  who  was  to  have  180 
more  than  the  second,  455  dollars.  These  three  sums  united  make 
890  dolars,  which  confirms  the  correctness  of  the  result. 

This  example  exhibits  the  kind  of  reasonings  necessary  to  be  em* 
ployed  in  the  solution  of  problems  in  numbers ;  and  it  will  be  per- 
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ceived  that,  to  express  these  reasonings,  it  is  nece&6ary  to  repeat  tie 
quently  a  number  of  words,  designating  the  quantities,  both  known  and 
unknown,  as  the^r.9^  part,  the  number  to  he  divided,  &a,  and  other  words 
expressing  the  relations  of  these,  as  increased  hy,  diminished  hy^  &€. 

To  obviate  the  inconyenience  of  the  periphrases,  by  means  of  whir.h 
the  quantities  which  enter  into  the  question  are  distinguished,  it  is  cus- 
tomary to  represent  these  quantities  by  letters.  Ordinarily,  the  g^ivev 
quantities  are  represented  by  the  first  letters  of  the  alphabet,  a,  &,  c . . . . 
and  the  required  or  unknown  by  the  last,  z,  y,  2r . .  . 

The  relations  are  expressed  by  signs.  Thus,  increased  by  is  written 
+  ;  diminished  by  is  written  — ;  multiplied  by  is  written  X  ;  or,  a  mul- 

iplied  by  b,  simply  thus,  ab  ;  a  divided  by  b,  thus,  j;  a  equal  to  h, 

luSf  a=b. 

The  reasoning  of  the  above  example  may,  with  the  aid  of  sucb 
abridgments,  i£x  denote  the  first  share,  be  written  briefly  thuA: 

X 

x+115 

a?+115+180 
3a;+410=890 
3»=89a— 410 
3a;=:480 

x=— =160 

If  the  numbers  had  been  different  in  the  above  problem,  the  metfaoa 

*  proceeding  would  have  been  precisely  the  same. 

Thus,  if  1250  had  been  the  sum  to  be  divided,  170  the  excess  of  the 
lecond  part  over  the  firet,  and  220  the  excess  of  the  third  over  the  sec- 
ond, the  reasoning  would  have  had  the  same  form,  as  seen  below. 

X  share  of  the  1st,  230 


aj+170 

170 

a;+170  +  220 

share  of  the  2d, 

400 

3a? -1-560  =  1250 

220 

3a?= 1250— 560 

share  of  the  3d, 

620 

3aj=690 

Proof. 

«=-r~  =  230 
3 

230 
400 

rAAtf^s  nf  thft  flfimn  kinr 

620 
1250 
[  mav  be  orAneraliKed.  t 

hiIRT 

Let  a  represent  the  number  to  be  divided ;  b  the  excess  of  the  second 
over  the  first  share ;  c  that  of  the  third  over  the  second.  The  reason 
in|i^  will  then  stand  as  follows  : 
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Z 

x+h 

x+h-^-c 


3aj=a — 2h — c 
a — 2h — c 

The  last  expression,  05= ,  shows  what  operations  ought  to  be 

o 

performed  upon  the  given  numbers  to  produce  the  required,  and  may 

be  interpreted  into  the  following  rule. 

Subtract  datthle  the  excess  of  the  second  share  over  the  firsts  together 

teith  the  excess  of  the  third  over  the  second^  from  the  nnmher  to  be  divided^ 

and  divide  the  remainder  hy  3.     The  result  vnll  be  the  first  share  re- 


Applying  this  rule  to  the  first  case  above,  we  have 

115x2=230  890  and  to  die  2d,  170 

180  2 

410  340 

3)480  220  1250 

160  Ans.  560 

3)690 
230  Ans. 

The  expression  x= ,  from  which  die  rule  to  be  applied  is 

derived,  is  called  a  general  formula,  or  simply  a  formula  frt>m  which, 
instead  of  from  the  rule,  the  answers  in  the  particular  cases  may  be 
obtained  by  substitution ;  thus, 

in  the  1st  case,                             in  the  2d  case, 
890—230—180     480     ,^^           1250—2x170—220     690     ^^^ 
*= 3 =ir=^^^'    *= 3 =^=230 

The  nature  and  utility  of  algebra  being  thus  briefly  indicated,  we 
proceed  to  give  in  detail,  first,  the  methods  of  representing  quantities, 
and  all  possible  rel^ons  and  combinations  of  them,  and  afterward  the 
iise  of  these  methods  in  the  solution  of  questions. 
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DEFINITIONS  AND  NOTATION. 

1.  Alqebra  is  a  species  of  short-hand  writing  which,  by  the  aid  of  certain 
symbols,  serves  to  abridge  and  generaBze  propositions  relating  to  numbers.* 

A  Proposition  is  any  thing  propoimded  as  tme.  If  it  express  the  proper- 
ties  or  relations  of  quantity,  it  ia  a  mathematical  proposition.  If  it  be  self- 
eiident,  it  is  called  an  axiom.  If  it  require  demonstration,  it  is  called  a  theorem ; 
tnd  if  it  propose  something  to  be  done,  or  that  some  required  or  unknown 
quantity  be  found,  it  is  called  a  prohlem. 

Symbols  may  be  diiaded  into  symbols  of  quantity,  and  symbols  of  relation 
commonly  called  signs. 

2.  The  principal  symbols  employed  in  algebra  are  the  following : 

I.  The  letters  of  ihe  alphabet,  a,  5,  c,  te.,  which  are  employed  to  denote 
the  numbers  which  are  the  object  of  our  reasonings. 

When  the  Roman  letters  are  exhausted,  or  when  a  marked  distinction  is  de 
nraUe  between  the  different  classes  of  quantities  employed,  the  Greek  letters 
are  also  used  as  representatives  of  quantity.  If  different  quantities  of  the  same 
general  nature  are  used  together,  it  is  a  common  custom  to  represent  them  by 
tile  same  letter,  distinguishing-  them  from  one  another  by  accents,  or  smaU 
mmibers  written  below ;  thus,  a,  a',  a'',  a'",  a^,  are  representatives  of  differ 
ent  quantities,  and  are  read  a,  a  prime,  a  second,  &c. ;  and  aj,  Os,  Og,  &c., 
may  be  read  a  one  subscript,  a  two  subscript,  and  so  on. 

A  similar  effect  is  produced  by  using  large  and  smaU  letters ;  thus,  the  di« 
ameter  of  a^mall  circle  being  represented  by  d^  tiiat  of  a  larger  may  be  by  D. 

It  is  customary,  in  some  cases,  to  represent  quantities  by  symbols,  which 
indOcate  distinctiy  the  nature  of  the  quantities  represented.  Thus,  the  six 
trigonometrical  quantities,  which  are  known  by  the  names  of  sine,  tangent, 
secant,  cosme,  cotangent,  cosecant,  are  represented  by  the  symbols  sm,  tan, 
sec,  cos,  cot,  cosec;  and  the  astronomical  quantities,  the  longitude  of  the 
sun,  Ihe  longitude  of  the  moon,  and  the  longitude  of  a  node,  are  represented 
by  the  symbols  0,  ]) ,  and  tS* 

*  In  tiie  oventiau  of  Aritlimetic,  with  the  exception  of  tfaofla  which  relate  to  oompoand 
■lonbers,  qaaatitiei  are  oonaidered  a«  oompwed  of  units,  but  tiie  ib'iul  of  unit  is  not  noticed, 
only  the  number.  In  Algebra,  neither  the  kind  nor  number  of  nnita  of  which  a  qaantity 
Is  oompoted  is  regarded,  and  often  the  qnantity  is  not  considered  as  compoaed  of  nails  at 
alL  The  idea  of  nomber  may,  howerer,  always  be  introduced,  and  it  is  beat  to  keep  it  in 
■tnd  in  tiM  begiffliing  of  Algebra.  Aa  In  Aritfametio  the  ndea  of  addition,  nniltiplication, 
proportioD,  dcoi,  are  tbe  same,  whatever  be  the  kind  of  units  which  the  nmnbers  employed 
represent  so  in  Algebra  these  roles  are  the  same,  whaterer  be  either  the  kind  or  nom. 
ber  of  nnits  in  the  qtiantities  employed  (apon  which  the  operations  are  pei&rmed).  In 
e^eiy  part  of  Algebra,  processes  analogoos  to  those  prescribed  by  the  rules  of  Arithmetio 
are  in  use.  Hence,  and  becaose  of  its  character  of  generalization,  it  was  called  by  New 
tta  Oenocal  Arithnetie.  Algebra,  however  presents  many  relations  of  ijaantity  of  whiok 
Arillimetio  takes  no  cogmaanoa 

A 
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These  are  the  flymbols  of  quantity. 

The  foOowing  are  ^mbote  of  relationa :  ^ 

II.  The  sign  -f ,  which  is  named  pltM,  and  is  employed  to  denote  the  addi 
tion  of  two  or  more  nnmbers. 

Thus,  12+30  signifies  12  plus  30,  or,  12  augmenUd  by  30.  In  like  manner, 
a-f  &  signifies  a  plus  5,  or,  the  number  designated  by  a  augmented  by  Om 
nnmber  designated  by  5« 

I^.  The  sign  — ,  which  is  named  minust  and  is  employed  to  denote  tim 
subtraction  of  one  number  from  another. 

Thus,  54—23  signifies  54  minus  23,  or,  54  diminished  iy  23.  In  like  mao> 
ner,  a  —  b  signifies  a  minus  b,  or,  the  number  designated  by  a  diminished  bjf 
the  number  designated  by  b. 

The  sign  ^^  is  sometimes  employed  to  denote  the  difference  of  two  nam* 
hers,  when  it  is  not  known  y/bicti  is  the  greater.  Thus,  a^b  signifies  the 
difference  of  a  and  b,  when  it  is  not  known  whether  the  number  designated  by 
a  be  less  or  greater  than  the  number  designated  by  5. 

IV.  The  sign  x « which  may  be  read  into,  is  employed  to  denote  the  multi- 
plication of  two  or  more  numbers. 

Thus,  72  X  26  is  read  72  into  26,  or,  72  multiplied  by  26.  In  like  mannei; 
axb  signifies  a  into  5,  or,  a  multiplied  by  b ;  and  axbxc  signifies  the  con 
tinned  product  of  the  numbers  designated  by  a,  &,  e ;  and  so  on  for  any  num- 
ber of  fiictors. 

The  process  of  multiplication  is  also  firequentiy  indicated  by  placing  a  pomt 
between  the  successive  factors ;  thus,  a*b •cd  signifies  the  same  thing  a« 
axhxcxd. 

|n  general,  however,  when  nmnbers  are  represented  by  letters,  their  multi* 
plication  b  indicated  by  writing  the  letters  in  succession,  without  the  interpo- 
sition of  any  sign.  Thus,  ab  signifies  the  same  thing  as  a .  &,  or  ax & »  Bod 
a5ci  is  equivalent  to  a .  &  .e.i,  or  axbxcxd. 

Factors  expressed  by  letters  are  called  literal  tactors,  and  those  expressed 
by  numbers  numerical  fiictors. 

It  must  be  remarked,  that  the  notation  a .  5,  or  ab,  can  be  emplpyed  only 
when  the  numbers  are  designated  by  letters ;  if,  for  example,  we  wished  to  rep- 
resent the  product  of  the  numbers  5  and  6  in  this  manner,  5 . 6  would  be  con 
founded  with  an  integer  followed  by  a  decimal  fraction,  and  56  would  signify 
the  number  ^y-m,  according  to  the  common  system  of  notation. 

For  the  sake  of  brevity,  however,  the  multiplication  of  numbers  is  some 
times  expressed  by  placing  a  point  between  them  in  cases  where  no  ambigni^ 
can  arise  from  the  use  of  this  symbol.    Thus,  1.2.3.4,  may  represent  the 

2    7     6 

continued  product  of  the  numbers  1,  2,  3,  4 ;  and  7  •  q  •  TT  m^J  represent 

2  7  6 

the  product  of  x,  r,  and  rr. 

y .  The  sign  -r«  whkh  is  named  by,  and  when  placed  between  two  num- 
bers is  employed  to  denote  that  the  fbnner  is  to  be  divided  by  the  latter. 

Thus,  24-7-6  signifies  24  by  6,  or,  24  divided  by  6.  In  ike  manner,  a-r-h 
signifies  abyb,  or,  a  divided  by  bf, 

Two  dots  without  the  horizontal  line  between  are  also  the  sign  of  division. 
This  form  of  the  sign  is  used  in  proportions,  where  either  of  the  two  quantities 
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between  which  it  is  placed  may  be  regarded  as  the  dividend,  and  the  other  In* 
divisor.    It  is  analogous,  in  this  respect,  to  the*sign  ^  in  subtraction. 

In  general,  however,  the  division  of  two  numbers  is  indicated  by  writing  the 
dividend  above  the  divisor,  and  drawing  a  line  between  them.    Thus,  244-6 

and  a-^b  are  usually  wntten  —  and  t. 

£very  fraction,  then,  expresses  the  quotient  of  its  numerator,  divided  by  its 
denominator.  Thus,  f  of  a  unit  may  be  regarded  as  composed  of  two  parts : 
the  one,  the  third  of  one  unit,  and  the  other,  the  third  of  another  unit ;  or 
both  together,  the  third  of  2  units,  or  the  quotient  of  2  divided  by  3.  Thia 
reasoning  may  be  generalized. 

YI.  The  sign,=,  called  the  sign  of  equality,  and  read  is  equal  to^  when 
placed  between  two  numbers  denotes  that  they  are  equal  to  each  other. 

Thus,  56+6=62  signifies  that  the  sum  of  56  and  6  is  equal  to  62.  In  like 
manner,  a=s6  signifies  that  a  is  equal  to  b,  and  <i4-b=c-*<^  signifies  that  a 
plus  b  is  equal  to  e  minus  d,  or  that  the  sum  of  the  numbers  designated  by  a 
and  b  is  equal  to  the  diflference  of  the  numbers  designated  by  c  and  d. 

VII.  The  sign  <,  which  is  need  is  unequal  to^  and  when  placed  between 
two  numbers  denotes  that  one  of  them  is  greater  than  the  other,  the  opening 
of  the  sign  being  turned  toward  the  greater  number. 

Thus,  a>&  signifies  that  a  is  greater  than  6,  and  a<&  signifies  that  a  i$ 
less  than  b, 

VIII.  The  coefficient  is  a  sign  which  is  employed  to  denote  that  a  number 
designated  by  a  letter,  or  some  combination  of  letters,  is  added  to  itself  a  cer- 
ain  number  of  times. 

Thus,  instead  of  writing  a+a+a+a-^a,  which  represents  5  a*s  added 
together,  we  write  5a.  In  like  manner,  10a5  will  si^^iify  the  same  dung  as 
ab-\'ab-\'ab'\-ah+ah+ab'\-ab+ab-\'ab'\'dbt  or  ten  times  the  product  of 
a  and  b. 

The  numbers  5  and  10  here  are  coefficients. 

The  coefficient^  then,  is  a  number,  written  to  the  left  of  an^er  number 
represented  by  one  or  more  letters,  and  denotes  the  number  of  times  that  the 
given  letter,  or  comUnation  of  letters,  is  to  be  repeated. 

Or  the  coefficient  is  the  numerical  factor  written  before  one  or  more  fiterd 
fiustors. 

When  no  coefficient  is  expressed,  the  coefficient  1  is  always  understood , 
thus,  la  and  a  signify  the  same  thing. 

In  a  more  enlarged  sense,  one  literal  fiictor  may  be  regarded  as  the  coeffi* 
eient  of  another,  especially  when  the  former  is  one  of'  the  first,  and  the  kittex 
one  of  the  test  letters  of  the  alphabet.    Thus,  in  the  expression  ox,  a  may  be 
cafied  the  coefficient  of  x.    So,  also,  in  the  expression  of  dbxyf  ab  may  be  re 
garded  as  the  coefficient  ofxy. 

IX.  The  exponents  or  index,  is  a  sign  which  is  employed  to  denote  that  a 
somber  designated  by  a  letter  is  multiplied  by  itself  a  certain  number  of  times. 

Thqs,  instead  of  writing  aXaXaXaX^or  aaaaa,  which  represents 
five  a's  multiplied  together,  we  write  a\  where  5  is  called  the  eoqpotient  ox 
index  of  a.  Similarly,  bxhxhxhxhybxhxhxhxh,  or  b.b.b. 
h, b.b, b  .b.b , by  or  bbbbbbbbbb ;  or  the  continued  product  of  10  -i's  is  written 
Aore  briefly  b^,  where  10  is  the  exponent  or  index  of  6. 

Th*  dfxponent  or  index  of  a  number  is,  therefore,  a  number    -ritten  a  little 
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above  ft  letttr  to  tbeii§^t,  and  denotes  the  number  of  times  which  the  number 
designated  by  the  letter  enters  as  a  factor  into  a  product.  When  no  exponent 
is  expressed,  the  exponent  1  is  ahrays  understood ;  thus,  a^  and  a  aign^  the 
same  thing. 

The  products  thus  formed  by  the  successiye  multiptioation  of  the  saaM 
number  by  itself,  are  in  general  called  the  power9  of  that  number.  Thus,  a  is 
Ae  first  j9ower  of  a ;  ax assaa^za*  is  the  second  jwwer  of  a,  or  t^  spuirt 
of  a ;  aaaz=€fi  is  the  third  power^  or  cube  of  a ;  aaaitaz=<ifi  is  the  fifth  fowm 

of  a,  and  aaaa to  »  factors  &=a',  is  the  nth  power  of  a,  or  the  powei 

of  a  designated  by  the  number  n. 

X.  The  square  root  of  any  expression  is  that  quantity  which,  when  multi- 
plied by  itseH^  will  produce  the  proposed  expression,  and  is  generally  denoted 
by  the  symbol  V*  which  is  called  the  radieal  sign*  Thus,  the  square  root 
of  9  is  i/9ssZ^  and  ^a^'ss.a^  is  the  square  root  of  a';  for  in  the  former  case 
3  X  3s=9,  and  in  the  latter  a  X  a^zd^. 

XI.  The  eu&e  root  of  any  expression  is  that  quantity  which,  when  midtn 
nlied  twice  by  itself,  will  produce  the  proposed  expression.  The  fimrih,  or 
biquadrate  root  of  any  expression  is  that  quantity  which,  when  multiplier* 
three  times  by  itself,  produces  the  given  expression ;  and  the  nth  root  of  any 

'^expression  is  that  quantity  which,  mukij^ed  (n— 1)  tones  by  itself,  produces 
the  proposed  expression.  Thus,  the  cube  root  of  8  is  2;  for  9»x2X2:s8t 
fSaefimrth  root  of  a*  is  a ;  for  a .  a .  a .  a=:a*,  and  the  nth  root  of  2"  is  ar ;  for 
«X2:X2:....  ton  factors  s=x.2r.x.x....  ton&ctora  =2**. 

lllie  roots  of  expressions  are  frequency  designated  by  firaotional  or  decimal 
exponents,  the  figure  in  the  numerator  of  the  fractional  exponent  denoting  the 
power  to  which  the  expression  is  to  be  raised  or  inrohed,  and  the  figure  in 
the  denominator  denoting  the  root  to  be  extracted  or  evolved.  Thus,  the 
symbol  of  operation  for  the  square  root  of  a  is  either  -/a  or  t^ ;  for  the  cube 
root  it  is  ^a^ar  a^;  for  the  fourth  root,  Va,  orfO^;  and  V^*  ^^  ^%  denotes 
the  nih  root4rf'  a.    Also,  V^i  or  a^  denotes  the  ml&  root  of  the  pfth  poioer 

m 

of  a ;  and  a",  or  V^**!  sigsifies  the  nth  root  of  the  mth  power  of  a.* 

XII.  A  rational  quantity  is  one  which  can  be  expressed  without  a  radical 
s&gn  or  fractional  exponent,  as  3mn,  or  bafi^* 

XIII.  An  irrational  quantity  is  a  root  which  can  not  be  exactly  extTacted, 
and  is  expressed  by  means  of  the  radical  sign  V«  or  a  fractional  exponent,  as 
V2  ya\  or  T^K 

XIV.  The  reciprocal  of  any  quantity  is  imity  divided  by  that  quantity; 

Ihusy  the  reciprocals  of  a",  a:*,  y*,  2*,  are  respectively  -,,  ^  ^i  g  1  but  the 

following  notation  is  generaDy  used,  as  being  more  commodious :  thus,  the 

fractions  ^,  p  r;g,  g,  are  expressed  by  «-*,  r-«,  y-«,  z-*.» 

It  win  follow  from  the  above,  and  from  the  rule  for  division  of  fractions,  that 
die  reciprocal  of  a  frwstion  is  the  fraction  inverted.  T^s,  the  reciprocal  of 
a,   \     b 

-  IS  -ss-. 

baa 

b 

*  The  lubject  of  fractional  and  negative  ezponeatii  will  be  f  lUy  investigated  farther  in 
sdrance. 


DEFINITIONS  AND  NOTATION.  $ 

XV.  The  following  characten  are  used  to  ecHuieet  serenl  qaanlitM  te 

getter,  viz. : 

vinculum^  or  bar  ■ 

parerUheses  (         ) 

braces,  or  brackets \         Q^^l  ] 

Thns,  m+n.x, or  {m+n)x aigiiifies  tint  the  quantity  denoted  by  m+n  is 
to  be  multiplied  by  x,  and  J  =+?  | .  5  ^— E  |  signifies  that  2+J  is  to  be  multi- 
plied by  ^— ^.    The  vinculum  or  bar  is  sometimee  pieced  yeilicc!!/ ;  thuBi 

•igmfies  that  the  sum  of  a,  &,  and  c  is  multiplied  by  x, 

XVI.  The  signs,  .%  therefore  or  con^egu^n^y,  and  •••  because,  are  used  to 
avoid  the  frequent  repetition  of  these  words. 

XVII.  Eveiy  number  written  in  algebraic  language,  that  is,  by  aid  of 
algebnuc  symbols,  is  called  an  algebraic  quantity^  or,  an  algebraic  expression. 

Thus,  3a  is  the  algebraic  expression  for  three  times  the  number  a  ;  5a*  is 
the  algebraic  expression  for  five  times  the  square  of  the  number  a ;  Icfib^  is 
the  algebraic  expression  for  seven  times  the  fifth  power  of  a  multiplied  by  the 
cube  of  6. 

3a*— 6&*c*  is  the  algebraic  expression  for  the  difference  between  three 
times  the  square  ai  a  and  aa  times  the  cube  of  6  multiplied  by  the  fourth 
power  of  c. 

2a — Zhk^^Ad^e^  is  the  algebraic  expression  for  twice  a,  diminished 
by  three  times  the  square  of  b  multiplied  by  the  cube  of  c  and  augmented  by 
four  times  the  fourth  pewer  of  d  multiplied  by  the  product  of  the  fifUi  power 
of  e  and  the  shcth.  power  of/. 

XVIII.  An  algebraic  quantity,  which  is  not  combined  with  any  other  by 
the  sign  of  addition  or  subtraction,  is  called  a  monomial,  or  monome,  or,  a  quarUily 
of  one  term,  or  simply,  .  term.  Thus,  do",  45«,  6c,  are  monomak.  The  de- 
gree of  a  term  is  the  ncunber  of  its  literal  factors,  and  is  found  by  adding  to- 
gether the  exponents  of  all  the  letters  contained  in  die  term.  Thus,  ba^l^ 
is  of  the  sixth  degree. 

An  algebraic  expression,  which  is  composed  of  several  t«rms,  separated 
from  each  other  by  the  signs  -|-  or  — ,  is  called  generally  ^pclynomial,*  or  poly-' 
nome.  Thus,  S^^+il^^Sc+d  is  a  pdynomial*  A  polynomial  is  said  to 
be  homogeneous  when  all  its  terms  are  of  the  same  degree. 

A  polynomial,  consisting  of  two  terms  only,  is  usually  called  a  binomial ; 
when  consisting  of  three  ternks,  a  trinomioL  Thus,  a+b,  3b*c — xz,  are 
binomials,  and  a+b^c,  2mW — Ggfir-^Od,  are  trinomials. 

XIX.  Of  the  dififerent  terms  which  compose  a  polynomial,  some  are  pre- 
eeded  by  the  sign  -f-,  others  by  the  sign  — .  The  former  are  called  additive, 
or  positive  terms,  the  latter,  subtractive,  or  negative  terms. 

The  first  term  of  a  polynomial  is  not,  in  general,  preceded  by  any  sign ;  in 
^t  case  the  sign  -|-  is  always  understood. 

*  A  pdynomial  is  alio  called  a  oompoond  qaantity.  Polynoaiiala,  to  aave  the  trooble  of 
writing  thorn  repeatedly,  are  often  repreaented  by  a  aingle  lan^e  letter.  Thus,  if  we  have 
two  polynamiala,  «* — ia^-firjra — y*  and  afl — 3x^-^30^ — t^,  we  may  represent  the  finrt 
by  A  and^the  second  by  B,  and  afterward,  in  referring  to  them,  may  call  them  the  poly- 
nomials >.  and  B. 
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Twrnm  composed  of  the  same  letters,  affected  with  the  same  expenents,  are 
called  similar  terms. 

Thus,  7ah  and  3ah  are  similar  terms,  so  are  6a^c  and  7a^c ;  also,  lOal^ifd 
ind  2ah^c!*d ;  for  they  are  composed  of  the  same  letters,  and  these  letten 
m  each  are  affected  with  the  same  exponents.  On  the  other  hand,  8a5'e 
and  Zd^h^c  are  not  similar  terms,  for,  although  composed  of  the  same  letters, 
these  letters  are  not  each  affected  with  the  same  exponent  in  each  term. 

XX.  The  numerical  value  of  an  algebraic  expression  is  the  nmnber  which 
results  from  giving  particular  values  to  the  letters  which  compose  the  ex- 
pression, and  performing  the  arithmetical  operations  indicated  by  the  algebraic 
symbols.  This  numerical  value  wiS,  of  course,  depend  upon  the  particular 
values  assigned  to  the  letters.  Thus,  the  numerical  value  of  Qcfl  is  54  when 
we  make  a =3,  for  the  cube  of  3  is  27,  and  twice  27  is  54.  The  numerical 
value  of  the  same  expression  will  be  250  if  we  make  a =5 ;  for  the  cube  of  5 
is  125,  and  twice  125  is  250. 

The  numerical  value  of  a  polynomial  undergoes  no  change,  however  we 
may  transpose  the  order  of  the  terms,  provided  we  preserve  the  proper 
sign  of  each.  Thus,  the  polynomials  4a' — 3a^h+5ac^,  4a'4-^<^-— 3a*5, 
5ac^— •3a'6-^4a',  have  aU  the  same  nuiperical  value.  This  follows  mani- 
festly from  the  nature  of  arithmetical  addition  and  subtraction,  for  it  is  evident 
that  if  the  same  amounts  be  added  or  taken  away,  it  is  Immaterial  in  what 
order. 

Examples  of  the  numerical  values  of  algebraic  expressions  : 
Let  a=4,  5:=3,  c=2;  then  wiD 

(1)  a+6— c=4+3— 2=7— 2=5 

(2)  a»+a  fc+6«=4«+4x3+3«=16+12+9=37 

(3)  ac— a &+6c=4x2--4x3+3x2=8— 12+6=2 
fl«4.5«— c»  4«+3'— 2«  16+9—4  _21 

a6— flc+5c""4  X  3—4  X  2+3  X  2""12— 8+6""10 


(4) 


(6)   V(a+fc)c-  V(a-6)c»=  V(4+3) X  2-  V(4-3)  X  2'=:  Vl4-  V8 
=  3-7416574  —  2  =  1-7416574 
g+6     g^c     g— 5     7     2     1     263 
W  g— c+6+c""g+6""2+5'"7""70 

XXI.  Entire  quantities  are  those  which  are  rational  and  oontain  no  de- 
nominator; such  are  47,  2g*5,  3g^ — he. 

XXII.  An  algebraic  expression  contaming  a  quantity  is  called  n  function  of 
that  quantity.    For  example,  the  expression  32"—  ^x  is  a  function  of  x ;  the 

h 
expression  <i{x+y)-\'^x+y)  is  a  function  of  x+y.    An  entire  function  of 

a  quantity  is  one  in  which  this  quantity  does  not  enter  into  a  denominator. 

A  rational  function  is  one  in  which  the  quantity  does  not  appear  under  a 
radical. 

To  express,  in  a  general  way,  a  function  of  or,  we  write  F(a;).  Where 
many  different^unctions  of  x  are  to  be  represented,  we  vary  the  form  of  this 
initial :  thus,  F(x),  /(x),  ^(x),  F'(x),  &c.,  which  denote,  in  a  general  way, 
different  algebraic  expressions  containing  x. 

To  express  functions  of  the  same  form  of  different  quantities,  we  use  tbm 
same  initial  before  these  quantities;  thus,  F(x),  T{y). 
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To  express  a  fonctioii  Vke  2S-|.2zy-|.y>  of  two  qoantities,  we  write' F{x^y\f 
of  three  qaantities,  F(x,  y,  z),  and  so  on. 
What  fddlowB  to  equations  may  be  called  die  algebraic  ealadut. 


REDUCTION  OF  TERMS. 

3.  Reduction  of  Bunilar  terms  is  the  collecting  of  several  similar  terms  into 
ene. 
The  role  ataj  be  divided  into  two  cases : 

(1)  When  the  similar  quantities  have  the  same  signs. 

(2)  When  the  similar  quantities  have  different  signs. 

CASE  I. 

When  the  simUar  quantities  have  the  same  signs. 
Add  the  coefficients ;  affix  the  letter  or  letters  of  the  similar  terms,  ana 
prefix  the  conmion  sign  -f*  o'  — •* 
Thus,  a+2a+3a+4a+6a=(l+2+3+4+5)o=:16a, 

(-a)+(-2a)+(-3a)+(-4fl)=-(l+2+3+4)a=-10a. 
It  is  convenient  to  write  the  similar  terms  to  be  reduced  under,  instead  of 
after  one  another,  they  being  read  in  the  same  order  in  either  way. 


EZAMFLES. 


(1) 

(2) 

(3) 

w 

3a 

ahc 

9axy 

-  Sbx 

7a 

2ahc 

3axy 

-  2&X 

2a 

7ahe 

7axy 

-  bx 

a 

3a&c 

boxy 

—  bx 

ea 

ahe 

axy 

-  4bx 

^ 

5ahe 

Boxy 

—lObx 

27a 

19ahe 

CASE  II. 

(5) 

2'/a+5 
6'\/a+i 
Va+x 
7Va+x 
A^/a+x 


When  the  similar  quantities  have  different  signs. 
Collect  into  one  sum  the  coefficients  affected  with  the  ugn  -f*  9nd  also 
those  affected  with  the  sign  — ;  to  the  difference  of  these  sums  affix  the  com- 
mon literal  quantity,  and  prefix  the  sign  -f-  of  '--i  according  as  the  sum  of  the 
-f-  or  —  coefficients  is  the  greater.f 

*  The  traih  of  (hLi  rale  U  evident;  for  roppoie  the  two  terms  3a  and  Sa  are  to  be  r» 
dnced  to  one,  tiien  by  ffae  definition  of  a  coefBdent  we  have 
ga=a  I  g  i  a  I  a^'fl 

Hence  5a|  3fl— g+a-{-g+a-j-g  [  a  |  a  |  a.  8a. 
Siniilariy.-5«=(-a)+(--a)+(-a)+(--a)+{-a) 
-3«=(-a)+(-«)+(-«). 

Henoe  -5a+(-3«)=(-a)+(-a)+(-a)+{--a)+{-a)+{-«)+('-«)+(-«) 
=8(--a)=-8g. 
t  He  troth  of  tUi  will  be  obviooa ;  for  to  rednoe^Sa  and  — >3a^  we  have 
5a=g-|-a-|  g'l  a  \-a 
=(--a)+(-a)-H--«). 
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ThuBta— 2a-f3a— 4a+5a=(l+3+5)a— (2+4)ass!ki-«6as3« 
And,  3x+4y-2x+3y=(3-2)ar+(4+3)y»ar+7y- 
*  Reduce  die  terms  of  the  polynomiale,. 

(6)  c+2(i— 2c— 3<£+3c+4<£— 4c— 6<£+c+rf 

(7)  3a—25+5a— 6C+36— 9c+a— 6+121C 

aiw^m     a     km 

(8)  *"-4""6'"20""7""l3""8""9 

(9)  3a— J5+6a— 3f5+10Ja-.22|6— |a 

(10)  &Ey— 4Vjpyr+4a:y— 10a»i>+7Vp5»*— ^^+3«*^« 


ADDITION. 
Addition  u  the  collectuig  of  several  polynomials  into  one. 

Write  the  polynomials  one  after  another,  and  reduce  similar  terma.* 

EXAlfPI.ES. 

20  (a»— &»)*— I5^a«— y» 
Va'— 6«  —  7'/^-^ 

12 -/a'—**  —     Va*— / 
4  (a«— 6«)*—  3  (a*— y»)* 
2  (a«— 6«)>—  5  (a*— y*)* 


(6) 

— 2'i^2«+y+  3m«— 3n»+6^ 

— 5-/?+y  —  4w«+6n»— 7m» 

2  (a:»+y")*+12»»'— 2jn*+  m« 

8  (a^+y*)*—  8»'—  ^n«— 6m» 


In  example  (4),  let  ass5  and  6=3,  then  0+  hs=    8 

— 2a+36=— 1 

3a— 45=     3 

— 5a+65=— 7 

7a—  &=  32 

4a+55=  35t 

Hence  5g+(— 3a)=a+o-j-a+q+a+(— a)+(— g)-H— g). 

Simflariy,  2<^f  (— 5aJ=:a4-a+(— «)+(— a)+(— a)+(— a)+(— a) 

=3(— a)=— 3a. 

*  For  if  certain  qoantitief  are  to  be  added  and  rabbucted,  it  is  immaterial  in  what  par- 
tioni,  or  wbat  order. 

t  Similar  iabstitationa  may  be  tried  in  lome  of  the  following  ezamplei.  Let  the  learner 
gabititate  any  other  nomben  for  a  and  h,  and  he  wiil  find  that  the  anm  of  the  polynoniala 
win  be  traly  ezprened  by  the  reinlt  iar{-5b,  the  oorrectneif  of  which  doei  not  depend  on 
the  yalnes  of  a  and  b.    Thii  illoatrates  the  general  principle  stated  in  ^e  note  of  Art  L 


(1) 

(2) 

3a»+    6» 

2a«—  xy 

2a«+  36» 

4a«-7xy 

ea*+  66» 

3a*-4iy 

a«+  76« 

x--xy 

a«+  66« 

8a*-7ay 

13a«+226« 

.(4) 

(5) 

a+  b 

ay—  a6 

..2a+36 

2a:y+3a6 

3a— 45 

Sxy+7ab 

-5a+65 

—  xy— 3a& 

7a—  h 

Bay— 9a5 

4a-f56 

ADDITION  9 

(7)  (8) 

6ac*    —  Vx+y   +     («— 6)  2Vxy+xz+yz   +  Vox+iy 

-  7aVar+2  (f+y)*-  3(a-6)  -  6Va:y+«+y2    -3  <a3:+6y)* 
l2aVx-^3Vx+y   +12(a— 6)  13  (a:y+ag+yz)*+5  (ax+6y)* 

-  3a^/x^AVx+y  —     (a— 6)  —  ^V^y+xz+yz    — SVox+fey 

-  ai:*     +      (:r+y)*-  3(a-ft)  (aT^+ag+yt)*+     (ox+fty)^ 


(9)  . (10) 


a+h+c+d+e-^f  4(a+&)V^-y»   -2(a-6)  Vi^+yJ 

fl+ft+c-d+e+/  -    (a+6)    (a--y)»+3(a-6)   (a*+y)4 
a+6-c+<i+(f+/  6(a+6)    (x^-y«)*-  (a-6)    (a*+y«)* 

a-.6+c+<i+c+/  10(a+5)Va:«-y»   -6(a-5)    (a^+y")* 

^a+h+e+d+e+f  -  2(a+ft)    (2»-y')*+4(g-ft)  Va«+y» 


4.  DissimUar  quantitiea  can  only  be  collected  by  writittg  diem  in  snooesrion 
ind  prefixing  to  each  its  respectiye  aign.  Thus,  92:y,  — 5cd,  and  3ah  are  dis 
timilar  qnantitiea,  and  their  sum  fB  9xy-)-3a& — bed.  In  like  manner,  2a&, 
8a&',  4al^  are  dissimilar  quantities,  and  their  sum  is  2ah+3a1^+iah^ ;  which, 
however,  admits  of  another  form  of  expression,  as  will  be  explained  in  the  role 
of  Division.  When  several  polynomials,  containing  both  similar  and  dissimilar 
quantities,  are  to  be  collected  into  one  polynomial,  the  process  of  addition  will 
be  much  facilitated  by  writing  all  the  similar  terms  under  each  other  in  verti 
eal  columns. 

This,  however,  is  not  absolutely  neoessaiy.    The  similar  terms  may  be  col 
lected  together  as  they  stand. 

EXAMPLES. 

(1)  Add  together  ox  +  25y  4-  cz ;  Va:  +  Vy  +  V^S  3y*— 2a:*+3z*;  4c 
— 3ar— 26y;  2ax— 4Vy— Sz** 

ax+^+cz  +  Vx+  Vy  +  V« 
— 3ax— 26y+4cz— 2x*+3y*   +3«* 

2ax —4  Vy-^2a?* 

5ez —  V2-I-2  V^s:  sum  required. 

(2)  Add  together, 

4a«6  +  Sc^ii— 9m«n ;  4mhi  +  a6»  +  5c^d +7a«ft  ;  6m«n— 5c»rf +4mn»—8afi^  j 
7mn«  +  Bc^i— 5ifi«n  —  Gcfih  ;  l(?d — 10aB«— 8w»n  — 104*  ;   and  12il'6— 6aM 
4-2c'44-mn. 
Arranging  the  similar  terms  in  vertical  cdumns,  we  have  « 

4a»*+  3c>i—  9ffi»» 
7a«6+  6c»<£+  4m«»+     a6» 

—  6c9<i+  6m<n—  8a6«^  4mn« 
—  6a»6+  Gc^c/—  5m«n  +  J7mn» 

+  7c3(£—  8TO«n— 10a6«  — Kk^ 

12a«6+  2c><^ —  6a&» +mfi 

17a«&+18<:»rf— 12m«n— 23qM+llmn«^10<£*+mnas  sum. 

(3)  Add  Il6c4-4a<£— Sac+So/;  8<xc4.76c— 2ai2+4'»»  >*  2ed— Sri^-ftof 
fan;  and  9an— 2&c— 2a<;?-)~^^  together. 


IG  aLGBB&A. 

(4)  Add  togemer,  without  arranging  the  simikr  terms  in  vertical  oolmnni. 

2a6»+3ac»—  Bca*+  9b*x^  8Ay»— 1(% 

6a*  — 4aM—  76a«—    6«a:—  4A:y»— 1% 

6Jty—  Ay»4.Jlx    +146»  — 22<ic«— 10z« 

19ac»«-8Mr+  9j;«  +  6fty+  fik^+  2al^ 

(5)  Add  together  a?— &'+3a«&— da^" ;  3a<— 4ti^fr+3&>— 3a&>;  a>+&> 
+3a«6;  2a»— 46'— 6a&9;  6a»6+10a59;  and  — 6a»— 7d«6+4a6»+26». 

(6)  Add    V^^+p -  VlF=^ -  5xy ;   -3(a*-y»)*  +  &»y-2(2»+y)*, 
+  V^— y*+  Va:'+y'  together. 

(7)  Add  ff_3!i\  6i5_3(H:ri  ^  ?f .  8«^_i2V7 .  l(f±r)  to 

^'  yc^z  $  y^c  2*t 

getfaer. 

ABA  B 

(8)  Add  together  4A— 6j+7^  and  7j— 2A4-3^. 

(9)  Add  together  3  cos  a— 4  sin  6-(-6  tan  c,  2  cos  a^2  sin  6-)-7  tan  e 
and  cos  a4-3  sin  6—2  tan  c. 

(10)  Add  together  3.290— 2.45  ]> +1.84 15,  4.660+0.59]) +6.41  tJ 
and  2.220+3.11  D  — 4.21t5. 

AirsWEES. 

(3)  166c+6ac+12c<2+4mn— 3a6+10aii. 
(6)  a»+a*6+a6«+6*, 
(6)  2V?^-10V5+y+8a:y. 
13a    6m»     6^^  .  (g+r) 

(8)  2A+^+10§. 

(9)  6  cos  a+sin  6+11  tan  Cr 
(10)  10.070+1.26  ]>+4.04W. 

5.  When  the  coefficients  are  literal  instead  of  num«rtca{,  that  is,  denoted  by 
letten  instead  of  numbers,  their  smn  may  be  fomid  by  the  rules  for  the  addi« 
tion  of  similar  and  disumilar  terms ;  and  the  sum  thus  found  being  enclosed  in 
a  parenthesis^  and  prefixed  to  the  common  literal  quantity,  will  express  the 
L  required. 


EXAMPLES. 

(1)  (2) 

flx+6y+a  3ax+  (a+6)  (x+y)+2mni« 

6x+ey+az  — az+2(a+6)  (x+y)— 5mnt» 

er+ay+6z  4mn2:«+5(a+6)  (x+y)+lOax 

(a+6+c)x  ^  2pg2«+  (p+q)  (x+y)+2px 
+(6+c+a)y  [  a.  «um.  (12a+2p)a:+  \  8(a+6)+i7+?  \  (x+y)  \  _ 

+(l+±Bld  +(^+2p,).«                ^             \  "^ 
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(3)  (4) 

{a     h)y/x  +  {m--^n)Vy  +   ^f2  (m+n)  3^— (  a—  h)3^+axy 

{b—c)y/x  +3(m— ») Vy  — 3V2  (p— 2n)y»— (  c— 3a)a*+c2:y 

(c— g)  Vr  — 5(ffi— n)  Vy  — 6^2  (y— m)  y*— (  c+2c£)a:«— <fay 


(6)  Add  00:8+ 6y+c  jo  (iz»+Ay+A:. 

(6)  Add  together  x^+xy-f^;  oc"— aa:y+ay«;  and  — 6y«+6a:y+6A 

(7)  Add  J(x+y)  and  i(x-y).    Also,  "^+^+^  and  ^"•^+y'. 

(8)  What  is  the  suin  of  (a+6)x+(c— %— xV2;  (a— 6)ar+(3c+2rf)f 
+5xV2;  26x+3iy— 2xV2;  and  — 36z— rfy— 4a:V2? 

(9)  Add  ax+6y+cz  ;  a'x^h'y+e'z;  and  a"a:+6"y— c"z. 

(10)  Add  together  ax-l- 6^4"^ >  ^i^+^iy — ^i^S  and  a^z — ^^y+^a' 

AN8WEB8. 

(3)  {a+c)  Va:-2(m-n)  ^y-6  ^2. 

(4)  5y8-.(2c+2^)2«+(a^+c-<i)j:y. 
(6)  (a+rf)a^+(6+%+«+A:. 

(6)  (l+.a+h)2^+(l^a+h)xy+{l+a^h)i/». 

(7)  First  part,  x.    Second  part,  x^+y*. 

(8)  (2a— ft)r+(4c+3rf)y— 2xV2. 


(9)  (H-a'+a' 


(10) 


+ai 


x+6 
-6, 


)x+(6-&'+6")y+(c+C-c^. 

y+c 


SUBTRACTION. 

BUUS. 

6.  Pi^CE  the  quantity  to  be  subtracted  under  that  from  which  it  is  to  be 
tidKen ;  change  the  signs  of  all  the  terms  in  the  lower  line  from  +  to  — ,  and 
from  —  to  4-*  or  else  conceive  them  to  be  changed,  and  then  proceed  as  di 
rected  in  Addition.* 

*  The  sign  — ,  prafixed  to  a  monoaual,  lenres  to  intimate  tiiat  this  monomial  onght  to  ev- 
ter  labtractively  into  any  oombination  of  which  it  fbnna  a  part.  J£,  ibr  example,  it  be  r» 
qaired  to  add  the  snbtractiye  qoantity  ( — d)  to  c,  the  ram  c-f-{ — <Q  is  0 — d. 

If  the  difference  between  two  quantities,  as  «i  and  $,  be  required,  m  and  $  being  botii  add 
ttive,  the  expression  of  the  difference  is  «i— s.  If  the  difference  be  ieqni|red  between  « 
an  additive,  and  ( — $),  a  rabtractive  quantity,  let  the  difference  ssd ;  that  is,  let 

»-(-.)=cL 

Adding  f— «)  to  botii  these  equals,  there  results 

^-(-•)+(-«)=^(-»). 
But  w_(— ,)4.(-.,)=ii,,  and  i+(— t)=i|-f. 

Therefore,  m=sd-^. 

How  m— (— •)=d;  and  »=({— t. 

Hence  m-^{—$)  is  greater  than  m  by  the  additive  quantity  s  or  is  equal  to  m+§ 

The  above  is  the  demonstration  for  isolated  tenns. 

For  polynomials  we  have  the  following: 

U  is  evident,  that  if  all  the  tenns  of  the  quantity  to  be  snbtraoted  are  affected  wiA  Hm 


If  AL0BBBJL 

EXAXYXJBB. 

(1)  (2) 

From  411+36— 2c+8rf  From      :2xy+3y"— JL72»+3V» 

Take    a+^h+  e+^  Take  —  tey+Ty"— 19a*+2-/a 

Kem.3a+  6^3c+3rf  Rem.      17ay-4y'+  ac«+   V^ 

(3)  (4)  (5) 

32a+  36         28«*-16a«a*+26a»x-13ii«        2(a+i)+3(a— x) 
5g+176  18aj:»+20a*r«— 24a»ar—  7g*  (g+6)— 3(a— j) 


(6)  (7)  

6a6y— 3yx+4rc  Va:*— y"+4(a:  +y  )  —3  Va+x 

-2a6y+62g+gyg  3(jr  +y)-2(2:«-y)*+3   (g+g)* 


(8)  (9) 

x«+2a:y+y  «»-2xy+y+(a*-y«)+2(xy-.y-) 

^-g^gy+y*  x»4.2gy-y'+(3«4-y)-2(^"-y) 


(10) 
2a«+  ar+  «•— 12««ar+20aa*—  4a*  +6i^a«-.10aa« 


(11) 


4y»— 4yar+a«— 2a(x+y)+  6  V^—^—S  V^— y^ 
43«— 4ay+y'— 4g(g+y)— 10V6»--y«+4-/a«— 2* 


7.  In  order  to  indicate  the  subtraction  of  a  polynomial,  tnthont  actoally  per 
fimning  the  operation,  we  have  aimply  to  incloae  the  polynomial  to  be  sub- 
tracted within  brackets  or  parerUhesest  and  prefix  the  sign  — .    Thus,  2(3^ 

sign  -f,  we  mut  take  away,  in  toocenion,  all  the  pvti  or  termi  of  die  quantity  to  be  sob 
tracted;  and  tilua  if  indicated  by  affecting  all  ita  tenns  with  the  sign — .  Bat  if  acme  ef 
Hie  tenui  of  the  anbCrahend  are  affected  with  die  sign  — ,  tm,  for  instance,  if  e— 12  i«  to  be 
subtracted  ftom  a^b ;  Cfaea,  if  «  be  aabtncted,  we  shall  bave  snbtracted  too  mnch  by  d, 
benoe  the  remainder  a+b-^  is  too  small  by  d;  and  Aerefore,  to  make  up  iSbe  defect,  the 
<Iiiantity  d  nmat  be  added,  wbidi  gives  a\b  e\d ;  by  inspectmg  wbieh  we  perceive  fliat 
Ae  signs  of  the  sabtrahend  have  been  ebanged. 

This  reasoning  may  be  generalised  by  sapposing  e  to  represent  the  ssm  of  Che  additive 
lenns,  and  d  to  represent  tiie  som  of  the  sabCraotive  texms  of  the  lower  line,  or  qoantity  to 
be  subtracted. 

Another  mode  of  proving  tiie  rale  for  the  signs  in  snbtractkm  is  tiie  following: 

By  sabtraction  we  solve  the  problem, "  Given  one  of  two  q[aaatities,  and  their  algebraical 
■am,  to  find  the  other." 

Let  A  be  any  algebraical  quantity,  simple  or  oompoond,  from  which  it  is  proposed  to 
sobtract  another  simple  or  oompoond  qnantity,  B.  The  quantity  A  may  be  conceived  to  be 
tiie  algebraical  smn  of  B,  and  some  other  quantity  which  it  is  proposed  to  discover.  OaO 
fax.  As  A  was  obtained  by  annexing  to  « the  polynomial  expressed  by  B,  with  its  proper 
signs,  the  effect  of  this  process  will  be  destroyed  by  annexing  to  A  tiie  polynomial  repro 
floated  liy  B,  with  itt  tign$  ckangsd. 
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^Zc^b+iab»—{a*+l^+ab^)  signifieB  diat  the  qnantity  a^+l^+al^  is  to  be 
sabtracted  from  2a'— 3d^64-^aft*.  When  the  opecation  m  actually  perform- 
ed, we  have  by  the  rale, 

2a»— 3a*6+4£rf>«— (a»+6»+a6»)=2a»— 3«»6+4a6>— fl»— 6»— ai« 
'  ==  a»— 3a»6+3a6»— 6». 

When,  therefore,  brackets  are  removed  which  have  the  sign  —  before  them, 
the  signs  of  all  the  terms  withia  the  brackets  most  be  changed. 

8.  According  to  this  principle,  we  may  make  potynomials  undergo  several 
traofiformations,  which  are  of  great  ulil^  in  varioas  algebraic  calculations. 
Thna, 

aS»^<^(^.3aM^i>ssa>— (3a>6— 3a&>+&3) 
asa'— M— (3a«6— 3a6") 
ssa»+3afc«— *(3tf»&+6») 
=— (— a»+3a«6— 3aJ»+M) 
And  2«— 2xy+y»=a:«-.<2*y-.y»)=3^-(2xy-x«). 

EXAMPLES  OP  qUAlTTITIES  WITH  LITEKAL  COEPPICIEITTS. 

(1)  (2) 

From         as*  +6yar+cy»  From  {a+h)  Vg«+y+(a+c)(a+x)» 

Take  dji^^hxy+JcT/^ Take  (a— 6)  ^af^+^+        e  {a+siY 

Rem.  (a— rf)a«+(6+^)a:y+(c— A)y«.        Rem.  26  V^+y+«(«+^)'- 

(3)  From  »i«n*a*—27?mpjx+j?»^  take  |>*^—2p5miix+m«n«. 

(4)  From  a(x+y)^hxy+c{X'^y)  take  4{x+y)+(a+6)a:y— 7(r— y). 
(6)  From  (a+6)  (x+y)-(c^d)(a:-y)+^«  take  (a^h)  (x+y)+{c+d^ 

(6)  From  (2fl— 66)  -/x+y+(a— 6)j:y — «•  take  36a:y — (5+c)z«—  (3fl— 6> 

(7)  From  2x— y+(y— 2a:)— (r— 2y)  take  y— 2a:— (2y— x)+(x+2y) 

(8)  To  what  is  a+6+c— (a— 6)— (6-rc)— (— 6)  equal? 

(9)  From  Ax»+Ba*4.Cx+D  take  AiX»+Bia:»+CiX+D,. 

AlfSWEBS. 

(3)  (ifi«fi»— j?»5r»)x«^+i?»^— mW,  or  (wV— jp»5^a*— (mV-.j?»g»),  or  («V 

(4)  (a-.4)(x+y)-(a+26)a:y+(c+7)(x-y). 

(5)  26(x+y)-2c(x-y)+^«-A:«. 

(6)  {6a— 66)Va?+y+(a— 46)xy+6a». 

(7)  y-x. 

(8)  264.2c. 

(9)  (A-Ai)2»+(B-B|)a*+(C-Ct)x+D-Di. 


MULTIPLICATION. 

9.  MoLTiPiioATiON  is  usuaDy  divided  into  three  cases  s 

(1)  When  both  mjdtiplicand  and  muhiplier  are  simple  quantities. 

.  (2)  When  the  multiplicand  is  a  compound,  and  the  multipBer  a  simple 

uantity* 
(3)  When  both  multiplicand  and  multiplier  are  compound  quantities. 
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CASK  I. 

10.  WTtmhothmidHpUeandandrmMplieritreHmjtUq 

To  the  product  of  the  coefficients  affix  that  of  the  letters.* 
Thus,  to  multiply  5x  by  4y,  we  have 

6X4=20;   xxy^xy;  ' 

.•.5arx4y=20Xay=20a:y=  product. 

11.  Potocra  of  the  same  qoantity  are  multiidied  by  sin^illy  addmg  liieir  ■ 
jices;  for  since,  by  the  definition  of  a  power, 

.•,cfi  X  (([^aaaaa  x  aaaaaaa=^(uuiaaaaaaaaa=sd^ssza^. 
Ako,    a^sooa ....  to  m  factors ;  a"=aaa....tonfrctors; 
. *.a™  X  a!^=^aaa ....  to  m  factors  x  ^oa ....  to  n  fiictors ; 
zsioaaaaa to  (m+*^)  factors ; 

It  is  proved,  in  the  same  manner,  that  a"  X  «■  X  fl^  X  a^=:a"*+*»***. 


*  L  The  rale  if  derived  in  the  following  numner:  We  begin  by  iiaiinTniTig  that  ^ 
■ereral  letten  are  written  one  after  another  without  any  sign,  their  oontinaed  mnltiplicft. 
tion  if  nnderBtood,  and  that  the  operation  proceeds  from  left  to  right  Then  o&od  will  lig- 
ntfy  a  multiplied  by  h,  tiiat  prodnet  by  c,  and  that  again  by  d.  We  ahall  now  prove  that  is 
whatever  order  tfaeae  letten  or  limple  facton  are  arranged,  dieir  oontmued  product  will 
always  be  the  same  ;t  and,  moreover,  that  they  may  be  groaped  into  partial  prodncti  aft 
pleajore,  provided  all  the  letten  be  empbyed  each  time.  Thna  the  abore  product  may  be 
written  haAc  (the  multiplication  here,  as  before,  going  on  by  each  factor  moceu ively  from 
left  to  right),  and  the  reiolt  will  be  the  same  aa  befinre ;  or  it  may  be  written  aX^Xed,  uh 
dentanding  the  prodncta  aeparated  by  the  aign  X  u  being  previooaly  formed  and  Uiea 
multiplied  together. 
The  demonatration  dependa  upon  three  propoAitioDa,  which  we  ahaU  fint  eatabllah : 

ay}r=b"Ka       ^^  hi  the  adjoining  table  of  nniti  let  h  denote  the  nnmber 
6  of  onita  in  each  horisontal  row,  and  a  the  nnmber  of  rowa, 

tlien  h  multiplied  by  a,  or  repeated  a  timea,  will  give  the 
number  of  unita  in  the  table.  But  a,  which  ia  tiie  number  of 
horixoDtal  rowa,  ia  alao  the  number  of  units  in  each  cofaimni 
and  h  ia  the  number  of  oofauma  ;  then  a  multiplied  by  h,  at 
repeated  b  times,  will  produce  the  number  of  unita  in  the 
table  again;  whence  b  nmltipUed  by  a  ia  equal  to  a  multiplied  by  L 

In  a  aimilar  maimer,  from  the  adjoining  table,  it  may  be 
proved  that 

^. a  a.b,e=a.e.b  («> 

'J*  A]sothatsi.i.c=a.(«c)  (3) 

n.  By  (1)  abed=bacd=  by  (S)  bead=  by  (2)  beda.  Thus,  we  perceive  that  the  factor 
a  has  been  made  to  occupy  successively  every  place  from  the  fint  to  the  last.  The  same 
might  now  be  done  widi  the  factor  b,  and  so  with  all  the  othen.  Therefore  a  product  ia 
tile  aame,  whatever  be  the  order  of  its  facton. 

m.  Again.  Take  aXbXeXdXe.  It  may  be  written  by  (3)  aXbcXdXe  or  by  (3) 
aXbcdXCf  or,  inatead,  by  (3)  abXcdXe.  Prom  which  it  appean  that  the  facton  of  a 
product  may  be  grouped  into  partial  prodncta  at  pleasure,  and  then  afterward  multiplied 
together  or  conversely. 

IV.  Let  us  now  suppose  that  the  product  3efib^  is  to  be  multiplied  by  the  prniuct  Stfii*. 
bkstead  of  multiplying  by  the  whole  product  Scflb*,  multiply  by  its  facton  separately,  and  we 
have  2<fii^5€flb*,  Since  the  order  may  be  dianged  at  pleasure,  bring  the  numerical  factan 
together,  and  the  diflferent  powen  of  the  same  letten ;  thus,  5X3a%i'&^.  Grouping  the 
different  powen  of  the  same  letten  into  partial  products,  as  well  is  the  numerical  facton^ 
toe  result  is  IScfib'',  which  has  evidently  been  obtained  by  multiplying  the  coeffidenta  and 
adding  the  exponenta  of  like  lettera. 

t  8iiehai^«tk>nMtl»tof>pw>d<ctlotofiMtowtoq«Ila<>iywiMtrtoarrgrwl«fc 
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BULE   OF  SI0N9   IN  KULTIFLICATION. 

The  product  of  quantities  with  like  signs  b  affected  with  the  sign  -f- ;  the 
product  of  quantities  with  unlike  signs  is  affected  with  the  sign  —  ; 

or 
4-  multiplied  by  -|-  and  —  multiplied  by  —  give  -f- ; 
-f-  multiplied  by  —>  and  «>  multiplied  hy  -f  ff^^  '^  » 

or 
like  signs  produce  -(-  tmd  unlike  signs  — -. 
The  continued  product  of  an  even  number  of  negative  factors  is  positive ;  ol 
■n  uneven  number,  negative.* 

EXAMPLES. 

(1)  4a«6«^X3a6c»cP      =       12a»6»c>i». 

(2)  12VflyX46x  =       AShxy/ay. 

(3)  6Ja«y»z*x6a:ytj»         ==       33j:»yV. 

(4)  13a«6»a?yx— 5a52y»==—  65a»i*xy. 
(5)—  6a:»y»X— 4x»y°»       =+  20a*+'»y»+". 
(6) — 20aP6'»  X  6a«6»C         = — 100a«+P6»-Hicr. 

CASE   II. 

12.  Tr%«n  t^  multiplicand  is  a  compound^  and  the  midHplier  a  simple 

quantity. 

Multiply  each  term  of  the  multiplicand  by  the  multiplier,  beginning  at  the 
left  hand ;  and  these  partial  products,  being  connected  by  thebr  respective  signs, 
win  give  the  complete  product.! 

EXAMPLES. 

(1)  (2) 

Multiply    a*+ah   +6»  Multiply       a»— 2a6    +6« 

By  4a By  3^ 

Product,  4ag+4a»&+4aft».  Product,  3a»ry — 6a5a:y + 3Wgy> 

(3)  Multiply  5mn-f  3m*— 291^  by  I2ahn. 

(4)  Multiply  3ax^5by+7xy  by  -^lahry. 

(5)  Mnltifdy  —  15a<(+3a&3— 12&>  by  -.5a5. 

(6)  Mnltip^  a3?'~l7?'\'Cx^d  by  —a*. 

(7)  Multip^  -/a+5+  ya*— y»— 3a:y  by  -.2Vic« 

(8)  Multiply  a'»af'+5"y»— c»y""— ^"z™  by  a*»y». 

*  Let  m,  in^  be  two  monoimal  quantities  whose  product  is  required.  If  m,  tni'  are  both  addi* 
tlve  quantities,  tlie  product  mwf  is  an  additiTe  qaantity.  This  is  the  case  of  arithmetia 
If  the  mnltipKcand  m  is  an  addittve  quantity,  and  the  multiplier  m'  a  subtractive  quantity, 
tiie  expression  ifiX( — mO  indicates  that  the  multiplicand  m  is  to  be  subtracted  as  maigr 
times  as  there  are  units  in  m%  or  that  m'  repetitions  of  the  quantity  m  are  to  be  subtracted^ 
which  is  expressed  by  — mm'. 

If  m  is  subtractive  and  m'  additive,  — m  taken  once  is  — m;  taken  twice  is  --2111;  tak- 
en in'  times  is  — m'm. 

If  m  and  m'  are  both  subtractivoj  the  quantity  — m  is  to  be  subtracted  m'  times.  Kow 
— m  subtracted  once  is  -^-m,  twice  is  -f^^/  "nd  m*  tinges  is  -f-m'm. 

t  1st.  Suppose  Ae  signs  to  be  all  plus.  The  ^4iole  multiplicuid  being  to  he  taken  as 
many  times  as  is  denoted  by  the  mnlttplier,  each  of  its  parts  or  terms  must  be  taken  so 
many  times.  8d.  Par  the  case  whwe  sons  of  the  signs  are  negative,  see  the  demonstr^ 
tion  in  the  I  ext  note. 
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13.  When  both  miMpUcand  and  mul^lier  are  compound  quaniitiea. 
Multiply  each  term  of  the  multiplicand,  in  ancceasion,'  by  each  term  of  liia 
multiplier,  and  the  aum  of  theae  partial  prodacta  will  give  the  complete  prod- 
ttct.* 


EXAKPUES. 


(1) 

(2) 

(3)t 

a+  b 

a+b 

a—  b 

a+h 

c-6 

a—  b 

«•+  ah  a^-^ah  a" —  ab 

• 

(4)  (6) 

a  h  +cd  a*+2a  h+  6« 

ab  '■^cd  a« —  6" 

a^b^+abcd  a«4-2a^&+  a*b* 

^abcd-^<?d^  —  fl«6»— 2a&'— fc* 

(6)  Multiply  4a>— 5a*&— 8a&s+2&s  by  2a*— 3a&— 46*. 

4a»—  6a«i—  8a6»+  26» 
;  2a«—  3a6  —  46« 

8a»— 10a*6— 16a»ft»+  4a«6» 

— 12a<6+16a«6"+24a«5»-  6a&< 

— 16a»6«+g0g'^+32aM— 85» 

8a*— 22a«6— 17a>6"4-^Qg*^+^6a6*— 8^=  product 

*  Ift  Suppose  an  the  temia  of  the  multiplier  to  be  affected  with  the  sign  -f^  Tlia  i 
tiplicend,  being  to  be  taken  as  many  times  addidvely  as  is  denoted  by  the  multiplier, ; 
be  taken  as  many  times  as  is  denoted  by  each  term  of  the  multiplier  separately,  and  the 
aeparate  results  added  togeAer.  fid.  When  lliere  axe  bodi  additiye  and  subtnfctiTe  tenaa 
fai  tiie  multiplier  and  mnltipUcand.  -Hie  rale  kfi  the  signs  may  be  thus  demonstrated.  Lei 
a— ^  be  mnltipHed  by  e— d.    Fiiat  multiplying  a  by  c,  the  product  a  — b 

is  ae;  but  b  should  have  been  subtracted  fiom  a  befi>re  die  multi-  e  — d 

plication ;  b  units  hare«  there&re,  been  takeUjC  times  in  the  <i,  which  ac — be 

ought  not  to  hare  been  so  taken ;  hence  b,  taken  c  times,  must  be  qd — M 

aabtraoted,  and  there  results  ae — be  aa  the  product  of  a—b  by  c  ae^^ — od-fM. 

But  the  multiplier  was  e — d  instead  of  es  ^beareSot^  the  multiplicand  has  been  taken  • 
tiBMS  too  often;  d  times  the  mnltiplioand,  whiefa  will  be  ef  the  same  ionn  aa  e  times  the 
amltiplicand,  via.,  ad-^  must  be  subtracted,  and  the  rule  finr  subtraction  is  to  change  the 
algns  of  tiie  quantity  to  be  subtraeted.  The  result  tM,  therefore,  ao«.-6i>— dd-f-^ ;  com- 
paring which  with  the  given  quantities  we  perceive  that  like  signs  have  produced  -|-  uid 
aalike  — .  To  render  the  demooatration  stftt  more  general,  a  may  represent  the  assem- 
blage of  the  additive  tenns  of  the  multiplicand,  and  b  Chat  of  the  sohtractive;  e  and  d  the 
same  £at  the  multiplier. 

t  The  results  in  examples  (1),  (S),  and  (3)  show,  1.  That  the  square  of  the  sum  of  two 
oambers  or  quantities  i^  equal  to  the  square  of  the  fiiat  of  the  two  quantities  plus  twioa 
tiie  piodofit  of  the  fint  and  secood,  plus  tiie  square  cf  the  secoiid.  2.  That  the  prodnot  of 
the  Bom  and  difference  k  equal  to  tiiedH&rence  of  the  squares;  and,  3.  That  the  aqoara  «f' 
the  diffsrenoe  is  equal  to  the  sum  of  the  squares  minus  twice  the  prodoot 
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{I)  Multiply*a'6— ab'by  VA— A/f. 

a'hh'k^ah'h'k 

afhh'k-'ab'hfk^a'bhkf+ab'hJd^  prodnct 

(8)  Multiply  j:«+:c»-iy+x'«3^+i«»-y4.  &c.,byx+y. 

a?  +y  ^ 

3-4-1+  -p«y+  x«-y-|-  ar"-y+ 

+  a:"y+  a^y+  a:'''-y+ 

(9)  Multiply  a*+y»  by  a«— y». 

(10)  Multiply  i»+2a:y+y»  by  z— y. 

(11)  Multiply  5a*— 2a»6+4a'6;  by  a»— 4a«6+2M. 

(12)  Mnltip^  ar*+2a:»+3a:»+2r+l  by  a*— 2r+l. 

(13)  Multiply  |a*+3ar— }aH)y  ar«— oar— 1«». 

(14)  Multiply  ^+2a6+6«  by  d»— 2a6+6«. 
(16)  Multiprya«+a:y+y»bya«— 2y+y». 

(16)  Multiply  a«-fy»+2«— a:y— 22— yc  by  x+y+z. 

(17)  Multipfy  together  x-^a,  x— &,  and  z— c. 

(18)  Multiply  together  ^+A,  ^+Ai  ^— ^)  and  g^h. 

(19)  Multiply  togetherp4-9«l'+^9ti'+39,  and jp-f49. 

(20)  Multiply  together  z— 3,  z— 5,  z— 7,  and  z— 9. 

(21)  (a-— a»+a*)x(a"— a). 

(22)  (5aV— 46y)  X  (6a*2:»+46y)  as  ex.  2. 

AN8WXRS. 

(9)  x*-y*. 

(10)  a:»+z^— zy«— y». 

(11)  Sa'— 22a»6+12a»6"— 6a*6*— 4a»6«+8flV. 

(12)  z«— 2a:»+l. 

(13)  5a:*+fM:»— »/yd»2«+|a»x+Ja«. 

(14)  a*— 2a«i»+5*. 
(16)  a:*+a^«+y*. 

(16)  z»+y»+z»-3xyz. 

(17)  a:»— (a+6+c)«»+(a6+ac+6c)x— aJc 

(18)  g*-2g«A«+fc*. 

(19)  -p*+iqp»g+36p«5»+60^+245'«. 

(20)  2*— 242'+206z«— 744r+945. 

(21)  a*»— a"^+a«+«— a^+i+a^+J— o^. 

(22)  26aWa:«— 165y'>. 

When  the  multiplicand  and  multiplier  are  each  homogeneous,  the  product 
win  be  also ;  and  the  degree  of  each  term  of  the  product  will  be  equal  to  the 
0um  of  the  degrees  of  a  term  in  the  multiplier,  and  a  term  in  the  multiplicand. 

This  serves  conveniently  to  verify  tflb  accuracy  of  the  operation.  It  is  ^h 
plicaMe  in  the  above  examples  to  all  except  the  12th,  20th,  2l8t,  and  22d. 
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lo  mnltiplymg  one  polynomial  by  another,  there  are  alwaya  two  terms  of  the 
total  product  which  are  not  produced  by  the  reduction  of  simifar  terms  in  ibe 
partial  products.  These  two  terras  are  the  term  affected  with  the  highesi 
exponent  of  any  letter,  and  the  term  affected  with  the  lowest  exponent.  If 
the  terms  of  the  multiplicand,  multiplier,  and  product  be  arranged  in  the  order 
of  the  powers  of  some  letter,*  as  is  usual,  and  as  may  be  seen  in  the  above  ex 
amples,  then  the  two  terms  in  question  of  the  product  will  be  the  first  and 
hst,  the  one  being  produced  by  the  multiplication  of  the  first  of  the  mubipfi- 
cand  by  the  first  of  the  multiplier,  and  the  other  by  the  multiplication  of  the 
iMt  of  the  multiplicand  by  the  last  of  the  multiplier.  The  first  of  the  multi 
plicand  by  the  second  of  the  multiplier  usually  produces  a  terra  similar  to  that 
which  is  produced  from  the  multiplication  of  the  second  of  the  multiplicand  by 
the  first  of  the  multiplier.  The  same  is  the  case  with  the  first  and  third  of 
each,  the  first  and  fourth,  the  second  and  fourth,  the  third  and  fourth,  and  so  on. 

When  a  polynomial,  arranged  according  to  the  powers  of  some  letter,  con- 
tains many  terms  in  which  this  letter  has  the  same  exponent,  these  terms, 
after  suppressing  from  them  the  letter  of  arrangement,  may  be  placed  in  a 
parenthesis,  or  in  a  Tortical  cohmm  with  a  yinculum  placed  vertically  on  the 
rig^t,  and  the  letter  of  arrangement,  with  its  proper  exponent,  following  after. 
The  polynomial  in  the  parenthesis,  or  veftical  column,  is  to  be  regarded  as  the 
ooefllcient  of  the  power  of  the  letter  which  follows,  and  is  to  be  operated  with 
exactly  as  we  do  with  a  numerical  coefllcient;  t.  e.,  multiply  the  coefficient 
of  the  letter  of  arrangement  in  the  multiplicand  by  the  coefficient  of  the  i 
letter  in  the  multiplier,  and  afterward  add  the  exponents  of  this  letter. 
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Multiplicand 

i      26 

a«—  46» 

If 

a+  86» 
-  46« 

Multiplier 

26 

a—  46» 
+  1 

Product  of  the 
multiplicand  by 
26  a       ^ 
+  1 

r    46« 

-26 

a»—  86» 
+  46« 

-  26 

-  46» 

±? 

a«+166* 

-  86» 
+  86» 

-  46« 

a 

Product  of  the 
multiplicand  by 

+1 

-  86» 
+  46« 
+  26 

—  1 

+  166* 
-86» 
+  46« 

-  46« 
+  26 

—  1 

—326* 
+166* 
+  86» 
-  46« 

Total  product 
simplified    < 

r    4^ 

—1 

a»— 166> 
+  46« 
--  26 
—  2 

tf«+326*| 

-  86> 

-  46« 
+  26 

-  1 

a— 326» 
+166* 
+  86» 
-  46* 

*  Ilia  letter  ofaotenfoi 

thSspii] 

poseisca]] 

ledthelett 

erofa^igeinei* 
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MULTIPLICATION  BY  DBTAGHBD  COBFFICXSITra 

14.  In  many  cases  the  powers  of  the  qTiantity  qir  quantities  in  the  nmltipll- 
cation  of  polynomials  may  be  onutted,  and  the  operation  performed  by  the  co- 
efficients alone ;  for  the  same  powers  occupy  the  same  yertical  cohimns,  when 
the  polynomials  are  arranged  according  to  the  snccessiye  powers  of  the  letters; 
and  these  successive  powers*  generally  increasing  or  decreasing  by  a  common 
^fifferencoy  are  readily  supplied  in  the  final  product 


(1)  Multiply  a*+a^+ay+3^  by  z-y. 
CoetBcients  of  multiplicand  1  -}- 1 + ^ + ^ 
■  multiplier     1 — 1 

1+1+1+1 
—1—1—1—1 

1+0+0+0—1 
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Since  2*  X  xssz*,  the  highest  power  of  z  is  4,  and  decreases  snoceniTely  fa^ 
miily,  whiie  that  of  y  increases  by  unily ;  hence  the  product  is    • 
a:*4-0jfy+0.ay+0.ry*—y*=a:*—y*s=  product. 
(S)  Multiply  3tf«+4ax— 5a«  by  2tf»— 6ax+4x«. 
3+  4—  6 
2—  6+  4 
6+  8—10 
—18—24+30 

+  12+16—20 
6—10— 22+46— 20 
•.  Product  =r6««— 10a>x— 22a*a*+46a2»— 20x*. 

(3)  Multiply  2a»— 3a5«+66»  by  2a«— 6&«. 

Here  the  coefficients  of  a'  in  die  moltiplicand,  and  a  in  tfao  muldplier,  are 
each  zero;  hence 

2+0—  3+  6 
2+0—  5 
4+0—  6+10 

—10—  0+15—25 
4+0—16+10+15—25 
Hence  4a*— 16a*&>+l0a*&>+15afr«— 256<»=:  product 
The  coefficient  of  a*  being  zero  in  the  product,  causes  that  term  to  die* 
appear. 

(4)  Multiply  a:»— 32«+3x— 1  by  a*— 2x+l. 

(5)  Multiply  y«— ya+ifl*  hy  ^+ya— Ja'. 

(6)  Multiply  ox— 52«+ci»  by  1— ar+a«— a«+x«. 

(7)  (a:»— ai!»+5x— c)x(a»— rfar+c)! 

AAswxaa. 

(4)  a*— 6a:*+104*— I0a*+6r— 1. 

(5)  y*-«y+Wy-TV^. 


(6J  or- a 


2<+a 
h 


a:»— a 
— c 


h 


—  c 


a^+ca^ 


Or,  «:— (a+6) 2<+(a+6+c) a:»— (a+6+c)a:«+(a+6+c) a*— (6+c) «• 
(7)a*-(fl+rf)r«+(5+fli+«)a«— (c+W+««)a-+(ci+e5)r-cc 


DIVISION. 

15  The  object  of  algebraic  division  is  to  discorer  one  of  the  frctcn  of  a 
l^en  product,  the  other  factor  being  given ;  and  as  multiplication  is  divided 
into  three  cases,  so,  in  like  manner,  is  diviabn. 

(1)  When  both  dindend  and  divisor  are  mononiials. 

(2)  When  the  dividend  is  a  polynomial,  and  the  divisor  a  "»<^<yW 

(3)  When  both  dividend  and  divisor  are  polynomials. 

CASE  I* 

16    When,  both  dividend  and  divUor  are  manenddU, 
Write  the  divisor  under  the  dividend,  in  the  form  of  a  fraction ;  cancel  like 


DIVISION.  21 

quantities  in  both  divisor  and  dividend,  and  suppress  the  greatest  ftctor  com- 
^  men  to  the  two  coefficients. 

17.  Powers  of  the  same  quantity  are  divided  by  subtracting  the  exponent 
of  the  divisor  from  that  of  the  dividend,  and  writing  the  remainder  as  the  eir 
ponent  of  the  quotient.* 
Thus,  a'' rsaaaaaaa ;  a^:scuiaa 

a*     aaaaaaa  .       ^, 

.-.  —  = ^aaassc^ssscJ'-^- 

a*        aaaa 

Genendlyt    a^=iaaaa tomfiictors;  a^ssaaa ,,.. to  n&etan; 

h9=sbbbh top  factors;  M  ^666  ....to  g  factors; 

aH^     gaa....tomfactor8X^ft^«"»tojp  factors; 
a»6'» ^^aaa....to  n  factors x &&&-•••  to  ^ factors; 

zsaaa ...  to  (m — n)  factors  X  hbh ....  to  (p— a)  ftcton , 

When  a  quantity  has  the  same  exponent  in  the  dividend  and  divisor,  we  have 

a"  a" 

-— ssra'^-^sa";  but--ssl. 
a"  a" 

.-.  a»=l. 

Henee  every  quantity  whose  exponent  isOis  equal  to  J. 

(fi      aaa        1       1 

ay^aaaaaT'aa     a*' 

But  we  may  subtract  5,  the  greater  exponent,  from  3,  the  less,  and  affeet 

^  difference  with  the  sign  — ;  hence 

c?  a*     1 

.5=«"=«-*5but^=:^; 

a* 

*  The  role  fat  diyiAon  Iblkiwa  fkon  its  object,  which  is,  having  one  of  the  (acton  of  a 
piodact  given  to  find  tiie  other.  As  in  moltiplicfttian  we  jomtogetiier  the  bcton  of  a  piod- 
oct  witbomt  any  sign,  and  without  regard  to  order,  in  division  we  suppress  from  the  prod- 
ac^  t.  tu  the  dividend,  one  of  the  factors,  t.  e^  the  divisor,  to  obtain  the  other,  which  is  die 
quotient.  jVbfa.-p-The  quotient  must  contain  those  factors  of  the  dividend  which  are  not  in 
the  divisor.  Note,  also,  that  dividing  one  of  the  factors  of  a  prodoct  divides  the  whole 
prodnct  Thos,  dividing  a^be  by  d^.  we  divide  the  single  fttitae  cfi,  and  get  tfihe ;  so  to  di- 
vide 16X13  by  8,  we  divide  16  alone,  and  get  3X19  for  the  qootient 

When  there  are  factors  in  the  divisor  which  are  not  in  the  dividend,  the  quotient  may 
be  expressed  in  the  form  cf  a  fraction,  as  has  been  previoosly  shown  (8,  V.).  Soppressii^ 
the  oommcm  ftcton  in  this  case  amfwints  to  dividing  bodi  nnmerator  and  denominator  bf  tiw 
same  quantity.  That  soch  a  division  does  not  alter  the  value  of  the  fraction,  will  be  obvioos 
from  the  following  oonsideratioDS : 

1.  If  tiie  numerator  of  a  fraction  be  increased  any  nnmber  of  times,  the  fraction  itself  will 
be  increased  as  many  times ;  and  if  the  denominator  be  diminifhed  any  nomber  of  times, 
tiie  fraction  most  still  be  increased  as  many  times. 

S.  If  tiie  denominator  of  a  fraction  be  increased  any  ninnber  of  times,  or  tiie  nnmerator 
diminished  the  same  nomber  of  times,  the  fraction  itielf  wxU,  in  either  case,  be  diminished 
the  same  number  of  times. 

3.  If  the  numerator  of  a  fitiction  be  increased  any  number  of  tunes,  the  fraction  is  in^ 
creased  tiie  same  number  of  timef ;  and  if  the  denominator  be  increased  as  many  times,  the 
fivction  is  again  diminished  the  same  number  of  times,  and  must  therefore  have  its  original 
value.  Hence  both  terms  of  a  fraction  may  be  multiplied  by  the  same  number,  and,  hf 
similar  considerations,  it  vrill  appear,  may  be  divided  by  the  same  nomber  without  changing 
the  value  of  the  fraction. 

CoroUary.r^Rvle,  To  multiply  a  fittction  by  a  whole  number,  multiply  the  nnmerator  of 
tfie  fraction,  or  divide  its  denominator  by  the  whole  number.  To  divide  a  fractioOf  divide 
ffts  numerator,  or  multiply  its  denominator. 
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c      ,  a»       1        1 

So,  >bo,      ^=—=—5 


But 


From  tfaifl  it  appears  that  a  &ctor  may  be  Izaiisfened  finom  the  deooniiiiatar 
lo  the  nmneifctor,  and  vice  versa,  by  changing  the  sign  of  its  exponent. 

XXAMFLE8. 

(1)  Write  d^l^c  with  the  fiustors  all  in  the  denominator. 
*  (2)  Write  -^-^  with  the  &ctors  all  in  one  line,  and  also  all  in  the  denomi- 

OBtor. 

For  more  of  the  theory  of  negcUxot  expmenU,  see  a  subsequent  article. 

18.  In  multii^ication,  the  product  of  two  terms,  having  the  same  sign,  is 
affected  with  the  sign  -}- «  &nd  the  product  of  two  terms,  having  iifierent 
signs,  is  affected  with  the  sign  — ;  hence  we  may  conclude, 

(1)  That  if  the  term  of  the  dividend  have  the  sign  +•  uid  that  of  the  di- 
mor  the  sign  -)-,  the  resulting  term  of  the  quotient  must  have  the  sign  -}-  t 
because  +  X  +  g^^es  -f. 

(2)  That  if  the  term  of  the  dividend  have  the  sign  -f-i  aod  that  of  the  divisor 
the  sign  — ,  the  resulting  term  of  the  quotient  must  have  the  sign  •— ;  because 

-X— gives +. 

(3)  That  if  the  term  of  the  dividend  have  the  sign  ^,  and  that  of  the  di« 
Tisor  the  sign  -(-•  the  resulting  term  of  the  quotient  must  have  the  sign  —  - 
because  4-  X  —  gives  — • 

(4)  That  if  the  term  of  the  dividend  have  the  sign  — ,  and  that  of  the  di 
visor  the  sign  «>,  the  resulting  term  of  the  quotient  must  hare  the  sign  -{-• 

BULE  OF  Sieirs  IN  DITI810IV. 

4-  divided  by  -f-i  (ui^  —  divided  by  — ,  give  -f-* 
—'  divided  by  -f-i  &Q<1  +  divided  by  — ,  give  — ; 

:ike  signs  give  -|-f  and*unlike  — ,  the  same  as  in  multiplication. 

±^5-4.5.  Hf^— 4.5.  -^^^ 5.  +gft . 

+a      "*"   '  —a  """*"   '  +a  ""       '  —a  *" 

SZAMPLE8. 

(I)  Divide  48a»6V<i  by  12a5»c. 

48a'6'c«i     iSaaahbhccd     ,     ,    , 

150a"6*c(2' 
(3)  ■-— j^^^=4a»-»6»-»c^>=4a6c. 


DIVISIOK. 

— 48a»6»- 

(7)  a'-iV-ra'&^cssa^-V-*. 

(8)  a*"6»+»c'-^»-i.a»6»c=a*»6c^. 

(9)  5aP^3aH*6tf-»s=s4a-'5-»c, 

(10)  a"— -i-ai^=tf'»-'^-H^. 

(11)  a6-^— a&=— 1. 

(12)  — a6c^a^c=— 1. 

(13)  — 5»-^— 6«=-i. 

(16)  ar-«y— ar^-^-s-r-^y—^-Pasjfy  "^  <  >. 

CASE  II. 

19.  FFft^n  (A«  dividend  is  a  polynomial^  and  ike  divisor  a  1 
Divide  each  of  liie  terms  of  the  dividend  separately  by  the  diYisor.* 

EXAMPLES. 

(1)  Divide  6a*ry — I2a«a:y+15a*zy  by  SaVy*. 

(2)  Divide  15a«ic— 20<icy«+5c4*  by  ^5abc.  Ans.  — 3a+4j — -r. 

(3)  Divide  a-H-i^ar-Hi+ar-K^a^H  by  2*.  Ans.  z— a*+2»— x*. 

(4)  Divide  5(a+5)'-10(a+6)»+15(a+5)  by  — 5(a+5). 

Ans.  — (a+5)»+2(a+5)— 3. 

(5)  Divide  12ay-.16ay+20ay— 28ay  by  — 4ay. 

Ans.  — 3y'+4ay»— Sa'y+Tfl^. 
CASE  in. 
20.  When  both  dividend  and  divisor  are  polynomials, 
'     1.  Arrange  the  dividend  and  divisor  according  to  the  powers  of  the  samii 
fetler  in  both. 

2.  J>ivide  the  first  term  of  the  dividend  by  the  first  term  of  the  divisor,  and 
the  result  will  be  the  first  term  in  the  quotient,  by  which  multiply  aU  the  terms 
in  the  divisor,  and  subtract  the  product  from  the  dividend. 

3.  Then  to  the  remainder  annex  as  many  of  the  remaining  terms  of  the 
dividend  as  are  necessary,  and  find  the  next  term  in  the  quotient  as  before. 

(1)  Divide  a*— 4a»x+6a«x«— 4<M«4.ar«  by  a«— 2ax+z«. 

a'— 2flz+x«)  a*— 4a^+6a«a;*— 4aj:»+a:«  (a«— 2ax+a* 

g*— 2g»r+  a»j< 

— 2a»x4.6a»a*— 4ar»  • 

— 2fl»x+4aV— 2«^ 


ah?^2a3?'\'X* 


*  Tbii  rale  follow!  fiom  that  for  maltiplication,  which  reqaires  each  tenn  of  tbe  maltipl^ 
Rsod  to  be  npeated  m  many  timei  as  is  ezpreiied  by  the  multiplier. 
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Amuffng  the  teims  according  to  the  descending  powen  of  x,  we  have 

— 2aa;»4-  6a*a* — 4a'x 

aV— 2a»ar+a* 

(2)  Diiride«*+a!y+y*»y^+^+y'- 

^•+^+y*)  ^+^+y*  (^-i^+y* 

*  It  has  been  ihown  (13)  that  when  the  dividend  (which  ii  the  product  of  the  divifor  and 
qootient)  is  amnged  ai  directed  in  the  role,  its  fint  teim  ia  produced  witboat  redactiaii  faj 
tfie  multiplication  of  the  fint  term  of  the  diviior  by  the  fint  of  the  qootient  Henee  tfao 
role  above  fiir  finding  the  latter.  Tbii  fint  term  of  the  quotient  bein^  ibnnd,  and  the  dir 
▼iaor  beings  taken  away  fixnn  the  dividend  aa  many  timea  aa  ia  expressed  by  this  term,  tfao 
remainder  mnat  contain  the  divisor  as  many  timea  as  is  expressed  by  the  second  and  re- 
maining terma  of  the  quotient.  Hence  the  remainder  may  be  regarded  aa  a  new  dividend, 
and  the  object  being  to  find  how  many  timea  it  contains  the  divisor,  it  most  be  arranged  in 
the  aame  manner  as  waa  the  given  dividend;  and  the  fint  step  will  be  the  aame  aa  befoe. 
Similar  reaaooing  will  apply  to  the  reat  of  the  process. 

Note,— 'The  arrangement  of  the  terma  is  for  convenience.  The  term  having  the  hig^ieat 
or  lowest  exponent  of  aome  letter  might  be  sheeted  from  the  dividend  and  remainden  wiu^ 
ma  any  arrangement  The  operation  most  always,  however,  begin  with  this  tenn,  as  • 
reference  to  the  laat  example  win  show ;  for  if  we  attempt  to  commence  with  the  tern 
ttfiafi,  the  third  of  the  dividend,  for  instance,  we  peroeive  that  this  is  produced  by  reductioB 
from  the  tenn  efia^  in  the  second  line,  the  tenn  4efi^  in  the  fourth  line,  and  the  term  tfhfi 
hi  the  aixth.  The  fint  of  these  is  produced  by  the  multiplication  of  die  fint  of  the  qootieoft 
by  the  laat  of  the  divisor,  the  second  by  the  multiplication  of  the  second  of  the  quotient  by 
the  second  of  the  divisor,  and  the  third  by  the  last  of  the  quotient  and  fint  of  the  divisor. 
It  ia  not  tiU  the  fint  and  second  terms  of  the  quotient  have  been  found  by  the  rule  above 
given,  that  any  portion  of  the  term  €afljfi  presents  itself  to  be  divided,  or  that  we  can  know 
what  part  of  it  ia  to  be  uaed  aa  a  dividend. 

In  the  same  numner,  it  may  be  shown  that  it  would  be  impossible  to  begin  with  the  second 
term  of  the  dividend  iasfi  until  the  fint  term  of  the  quotient  has  been  found,  which,  multi- 
plied by  the  second  of  the  divisor,  produces  — 2(ufl,  a  part  of  — 4ax3,  and  the  sabtracticn 
leaves  the  other  part  — 2aafl,  which  now  we  know  is  the  product  of  the  fint  of  the  divisor 
by  the  second  of  the  quotient,  which  latter  we  may  then  find. 

The  fint  oi  &e  divisor  ipultiplied  by  the  seoond  of  the  qootient,  and  the  second  of  the 
divisor  by  the  fint  of  the  quotient,  usually  produce  the  same  power  of  the  letter  of  arrange* 
ment,  and  reduce  together ;  the  fint  and  third  of  each,  together  with  the  two  second  terma 
of  each,  usually  produce  the  same  power,  and  so  on.  It  is  only  the  fint  of  the  divisor  and 
fint  of  the  quotient,  or  last  of  the  divisor  and  last  of  the  quotient,  which  always  produce  ft 
term  that  does  not  reduce  with  any  other  term. 

K.B.— The  arrangement  may  begin  with  the  bwest  aa  well  as  the  highest  power  of  aqy 
letter,  and  go  on  increasing  instead  of  decreasing.  When  either  of  these  arrangementa  ia 
obaerved,  if  the  fint  term  of  the  divisor  in  any  part  of  the  operation  is  not  contained  exactiy 
in  the  fint  term  of  the  remainder,  the  division  is  impossible.  By  varying  the  arrangement 
therefore,  or  simply  considering  which  terma  would  come  fint,  using  different  letten  of  ^ 
faagement,  we  may  often  determine  beforehand  by  inspection  whether  the  division  ia  poi^ 
iiUeornot 
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Another  form  of  the  work  which  has  the  convenience  of  placing  i^^e  qaotient 
which  is  the  multiplier,  mider  the  divisor,  which  is  the  multiplicand,  is  the 
following. 

Dividend,  a:*+a*y«+    y^U^-^-xy+y^,  divisor. 
x*+3^  +^'|^--i3H-y'»  quotient. 

•  ^+y*  ~ 

(3)  Divice  a»— a»6«+2a«63— a6*+6»  by  a«— a5+6«. 

a*6  — 2a»6«+2a«6> 
g4fe  -,  a86«+  g'fe^ 


+&». 


Arranging  the  terms  according  to  powers  of  5,  we  get 
y— a&44,  fl«63 


The  results  we  have  obtained  in  these  two  arrangements  are  apparentlj 
diiferent ;  but  their  equivalence  will  be  established  as  follows : 

(1)  (<<»— a6+6«)  (a»+d»5— a6«)=a»— a36»+2a'»i8— fl  6* 

Add  remainder  = -^h^ 

Proof a^—a^b*+2a^b^~'  a  b*+hf^ 

(2)  (h^^ah+oT)  (65+a»ft)         =&«— a  6*+2a»2r»— a36«+a** 

Add  remainder                 =  ^a^5-|.as 

Proof fcg,.a  b*+2a^b»^cfib^+a^'. 

The  moment  we  arrive  at  a  term  of  the  quotient  in  which  the  exponent  of 
tlie  letter  of  arrangement  is  less  than  the  difference  of  the  exponents  of  this 
letter  in  the  last  terms  of  the  divisor  and  dividend,  we  may  be  sure  that  the 
division  will  not  terminate.  If  the  divisor  and  dividend  be  arranged  in  the  re- 
verse order,  that  is.  beginning  with  the  lowest  power  of  a  letter,  then  tlie 
division  will  not  terminate  when  the  exponent  of  this  letter  in  the  term  of 
the  quotient  is  greater  than  the  difference  of  its  exponents  in  the  last  terms  of 
the  divisor  and  dividend. 

Thus  in  tbe  following  example. 


x*+3f^+a 


—a*—  x^—  ax* 

"  2x»— 2ax«+2ax«. 
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The  hst  term  of  the  quotient  must  be  x*^  in  order  that,  multiplied  by  n,  tli* 
last  of  the  divisor,  it  may  produce  the  last  of  the  dividend.  If,  therefore,  thm 
division  is  not  completed  when  this  term  containing  x*  is  obtuned,  it  will  not  bs 

EXAMPLES  FOR  FRACTICK. 

(1)  Divide  a«— 2a6+ft«  by  a— 6. 

(2)  Divide  cfl+iax+ijfi  by  a+2x. 

(3)  Divide  12x«— 192  by  px— 6. 

(4)  Divide  6a<— 6/  by  2a«— 2y«. 

(6)  Divide-a«— 3a*fe«+3a«6*— 68  by  c»— 3a«&+3a6«— ft". 

(6)  Divide  a:*+5afy+5ry«+y»  by  i»+4a:y+y«. 

(7)  Divide  2*— y"  by  x— y. 

(8)  Divide  a<— M  by  a»+d«&+a6»+6». 

(9)  Divide  a:»— 9x»+27x— 27  by  x— 3. 

(10)  Divide  x*+y*  by  x+y. 

(11)  Divide  48x>— 76flx«— 64a«x+105a'  by  2x— 3a. 

(12)  Divide  |x»+x»+ix+|  by  jx+l.  ^ 

(13)  Divide  62m»  — 93m*^— 70fiiV  +  48m«|?»  — 27iiip<  by  13iii»  — 7m»f 
4-3mp*. 

(14)  Divide  33a»5'— 77a«6*+121a«6«  by  3a«5— 7a5«+lla6». 
(16)  Divide  (ef*^12pf^^q+l2^)  by  (jp— ^). 

(16)  Divide  (100a»— 440a«it+235tf»A:«— 30a»*»)  by  (5a»— 2a«Zr). 
.  (17)  Divide  (g^^Ag^h+e^h^-^Agh^+h*)  by  (^«— 2Ag+g«). 

(18)  Divide  (37<i«m«— 26a*ni+3a*— 14fli»»)  by  (3<i»— 5am+2#M«). 

(19)  Divide  (a«— 5»)  by  (a— 6)  and  (a«+^*)  ^7  (^+6). 

(20)  Divide  (a'— 5^  by  (a— 6)  and  (fl'+6^)  by  (a+6). 

(21)  (t-.62«+272*)  -r  (J+2z+3z«)=l-6z+9t«. 

ANSWERS. 

(1)  a-5. 

(2)  a4-2x. 

(3)  4x»+8x«+16x^,32. 

(4)  3x*+3x»y»+3y*. 
(6)  a»+3a>5+3a5«+6». 

(6)  x+y. 

(7)  x*+x»y+xy+xy»+y*. 

(8)  a— 6. 

(9)  a«— 6x+9. 

(10)  x3-x^+xy»-y»+^. 

(11)  24x«— 2ax— 35a«. 

(12)  x«+f. 

(13)  4m«— 6OTJP— 9p«. 

(14)  lla6«. 
(16)  6p3— 12f. 

(16)  20<2«— 80aft+15A*. 

(17)  g«-2gA-f  A«. 

(18)  a»— 7a77i. 

f  a»  +  a*6  +  a'J«  +  a«ft3  +  aM  +  6»,  and 

'1^)   )a»-.a*6  +  a'6«-a«6'  +  a5*-l^+-^- 
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ra»+a»5-ftf*6«+«'6*+«»i*+a6»+&»,  and 

SXAMPLES  WITH  LITERAL  EXFONEIITS. 

(1)  Dhide  2a*'— 6a9»6»+6a»fe*'— 26»»  by  a»— 6". 

tf«— 6-)  2a»"— 6a*'5-+6a"6«-— 2i»»  (2a*»— 4a»6"+2i^ 
2a»»-»2a«°6» • 

— 4ate6«4-4g'y 


2a»63B«.26*' 
2a''6*»— 2&3». 

(2)  Dhride  a**'*+a«y+a:y"+y°+»  by  x«+y». 

(3)  Diride  a"— a:"  by  a— x. 

(4)  Dhride  x«"+x»y«»+y*»  by  a«"+xY»+y«". 

(5)  Divide  a»+-6-  — 4a'»+»-»6«»  — 27a»+»-«6'»+42a«+— »fc*  by  a«B« 

(6)  Divide  a*"-*"6«Pc— a****-»6»-Pc»  +  <r-»6-'c"  +  a**-"i»+V  — ra****"^^' 
ete-14.  JH-ic»+^»  by  a-»6-p-*+ 6(*->.  '' 

ANSWERS. 

(2)  x+y. 

(3)  a--*+a»-«x+a-V4- . 

(4)  x»— x»y°+y»». 

(6)  a"»+3a«»->6»— 6a'»-«6*». 

(6)  a^»-»6*+ic— a*»+»»-i6«c"+6Pc». 

EXAMPLES  WITH  LITERAL  COEFFICIENTS.* 

(1)  IXride  ax»+ax«+&x*+ax»+6a»+cx»+aa«+6x«+ca*+6x+cx+c  by 

Airuige  the  teims  of  the  diridend  in  the  following  manner,  in  order  to  keep 
the  operation  within  the  breadth  of  the  page. 


aafi+bx+c)  <ufi+a\x*+a 
b\        b 


x8+a 
b 


3^  +  b\x+C  (X»+X«+X+1. 


cix»+ftx*+cx» 

ax*-f  ax»+<' 

6         b 

c 

ax*+5x»+c 

x« 
x« 

ax^+ax'-l-frx 

b         c 
ax'+6x»+cx 

a 
a 

3^+b  x+c 
x*+bx+c. 

*  The  Uteral  moltiplien  of  each  power  of  the  letter  of  arrangement  are  to  be  collected 
together,  and  regarded  ai  a  polynomial  coefficient  of  that  power,  which  ia  to  be  treated 
aiafltiy  in  the  proceu  of  diviiion  as  a  nomerical  coefficient  would  be,  obaerring  only  the 
km  gRnmd  mlea  applicable  to^  polynomials  inatead  of  nomben. 


as 


Difid. 


Product 
to  sub- 
tzact. 


Istrem. 
or  2d 
divid. 


Product 
to  sub- 
tract. 


2d  rem. 
or  3d 
divid. 

Product  I 
to  8ub-< 
tract.     I 

3d  rem.    . 
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45* 
-  c» 


+  46*c 
+  26c» 

—  2c» 

+  85» 

—  4Wc 

—  2b<* 
+     C 


a«+325* 

—  85>c 

—  4&«c» 
+  26c» 

—  c* 


(2)» 
a— 32M 

+  86»c« 
-  4i«c» 


(      26 
+ 


26  a' 


a— 46« 


t«— 46« 
+26c 


a+86» 


+86»   i 
— 46«c| 


-  86» 


a»+326* 

—  86>c 

—  46^^ 
+  26c» 

—  c* 
— 166< 
+  8fr'c 

—  46«tf« 
+  46«c« 

—  26c» 
+     c* 


a— 326» 
+166*c 
+  86»tf« 
—  46«c» 


+166* 
—  46»c« 


a— 326» 
4.166«c 
+  86»c« 

—  46«c» 
+326» 
— 166*c 

—  86><J» 
+  46«c» 


Ist  Partial  Division. 
^46»-.  c»  (  2b+c 
—26c  (  26  -c 
— 26c— tf» 


^2d  Partial  Division. 
—86'—  c»   (  26+c 

+46«c  \  — 46«+?6c— <• 
+45«c—  c» 
— 26d» 


— 26c»—  c» 

0. 

3<i  Partial  Division. 
165*— 46«c»  i  25+c 
— 86»c  I  86'— 46«c 


.86»c— 46«c» 
+45M 


(3)  Divide  a*+aa*+5r+cb7ar—r. 

x.-r)  a»+ax»+5a:+c  (x«+(r+a)z+(T«+ar+5) 

(r+a)a«+6r 
(r+gja*— (T*+ar)r 


(r«+ar+6)x+c 
(T<4-flr+5)a:— (r«+a7^+5r) 

f^^ar^+br-\^c,  remaiudflr 

In  the  preceding  and  similar  examples,  the  remainder  differs  only  from  the 
dividend  in  having  r  instead  of  x.  That  this  is  always  the  case  when  the 
4ivisor  is  x  minus  some  quantity,  will  be  shown  herea^r.  (Art.  238,'  Pr.  I.^ 

(4)  Divide  s? — aa:*+5x— c  by  x— r. 

(6)  Divide  a?— (a+5+c)a:»+(fl5+5c+ca)x— a6c  by  a:— a. 

(6)  Divide  z»— (a+2)a«+(2a+6)ar— 25  by  x— 2. 

(7)  Divide  lla«6— 19a6c+10fl»— 16a«c+3a6«+166c»— 56»c  by  5a*+da» 
—56c. 

(8)  Divide  a^—(a+h+d)2^+{ad+bd'{:c)X'^cd  by  a«— (a+6)r+c. 

(9)  Divide  3^+p2f^^+q3f*^'{-r2f^+,  &c [-tx+u  by  x— a. 

*  N.B.  The  rigna  of  the  productB  to  f  abtriict  are  actaally  changed  in  this  example  beifara 
ihej  are  written;  a  me&bd  which  is  oometiinef  practised,  llieir  fint  terms  need  not  be 
written,  since  they  are  cancelled  by  the  first  tenna  of  the  cotresponding  dividendi. 
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tlO)  Divide 


^When  there  are  negative  exponents  of  the  letter  of  arrangement,  they 
oome  after  the  term  containing  2^,  t.  e.,  the  term  in  ^diich  x  does  not  appear, 
lluMe  which  have  the  greatest  absolute  value  being  placed  last. 

(11)  Divide  —a:»—x»+10a:+f— "/*"*— Var«+3r-«  by  a*—2r—2+i«-' 

•     AirSWEBS. 


(4)  a.+(r_a)x+(.*- 

-ar-|-&)f  and  renuunder  is  t*— a>*+&r— e. 

(6)  a^_(6+c)x+6c. 

(6)  3fi—ax-\-h. 

(7)  2a+6— 3c. 

(8)  X-* 

(9)  *— >+aJ--«+<^ 

«— +«» 

a"^+,aEc +a'^« 

^P         +«P 

+a«p 

+«-* 

+J 

+«? 

+a-»g 

+r 

+a»-<r 

(10)  a«|2»— a»6|x+6<. 

(11)  —r— 3+2r-». 


+<. 


21.  In  those  cases  in  which  the  divinon  does  not  terminate,  and  the  quotient 
maj  be  continued  to  an  unlimited  number  of  terms,  the  quotient  is  termed  mi 
m/lMtte  ftfrief,  and  then  the  successive  terms  of  the  quotient  are  gaoorally  rag- 
akited  by  a  law  which,  in  most  cases,  is  readily  discoverable. 

XZAMPIXir. 

(1)  Divide  1  by  ^—x. 

1— x)  1        (l+x+x«+x»+x«+x»+ 

l->x 
+x 
+x— x» 

S  +2- 

+X'— x» 
+x» 

The  quotient  in  this  case  is  called  an  infinite  series,  and  the  law  of  formation 
of  this  series  is,  that  any  term  in  the  quotient  is  the  product  of  the  immedi- 
ate^ precedmg  term  by  x. 

(2)  Divide  1  by  1+x.  Ans.  1— x+x*— x»+x< — .. 

(3)  Divide  1+x  by  1— x.  Ans.  l+2x+2a*+2x»+2x*+.. 

(4)  Divide  1  by  x+1.  Ans.  ar-»— ar»+x-»— ar-^+X"*— .. 

(5)  Divide  x— a  by  x^&. 

Ans.  1— (a— 5)x-»— (a— 5)ftx-«— (a— 6)Mr-« — 
(e)  Divide  1  by  1— 2x+x«.  Ans.  l+2x+3x«+4x»+6x*+.... 


30  ALGEBRA. 

22.  When  a  polynomial  is  the  product  of  two  or  more  factors,  it  is 
requisite  to  resolve  it  into  the  factors  of  which  it  is  composed,  and  merely  ti 
indicate  the  multiplication.  This  can  frequently  be  done  by  inspection,  aai 
by  the  aid  of  the  foDowing  formulas : 

{x+a)(x+h)=za^+(a+b)x+ah (1) 

{z+a)(z^h)z=3fi+(a'^b)X'^ab (2) 

(x— a)(x+6)=2*— (a-.5)x— aft (3) 

(x— a)(z— 6)=z«— (a+6)r+«5 (4) 

(a+6)(a-.6)=a«— 6« (5) 

(n+l)(n+l)=n«+2n+l (6) 

(n— J)(n— l)=n»-.2n+l (7) 

EXAMPLES. 

(1)  Resohre  02*+ ^^-^^^  ^^  ^^  component  fiustors. 

Here  aa«4-&3«— ci«=x»(a+5— c). 

(2)  Transform  the  expression  n'4-^*+A  >nto  fiufton. 

Here  n»+2n"+n=n(n«+2n+l) 

=n(n+l)(n+l)by(6) 
=n(n+l)«. 

(3)  Decompose  the^xpression  z>_x— 72  into  two  fiwtors. 

By  inspecting  formula  (3),  we  have  —1^—94-8,  and  — 72ss«-9XB 
hencex*— X— 72s=(x— 9)(x+8).  ^ 

(4)  Decompose  5Mc+l0abH'\'15abc*  into  two  factors. 

(6)  Transform  3m*n«— Sm^n^-f  3m«ny  into  fectors. 
'  (6)  Transform  3&'c— 3&c'  into  factors. 

(7)  Decompose  x'4'83:+^^  ^^  ^^^  factors. 

(8)  Decompose  r* — 2x* — 15x  into  three  factors. 

(9)  Decompose  2^-^x— 30  into  fiictors. 

(10)  Transfonn  a«— &«-f2^_c>  into  two  faoton. 

(11)  Transform  a'x—z' into  fiictors. 


ANSWERS. 


(4)  5a5c(a+26+3c). 

(5)  3m«n*(mii-.|))«. 

(6)  36c(^+c)(6— c). 

(7)  (x+3)(x+6). 


(8)  x(x+3)(x-,6). 

(9)  (x+6)(x-6). 

(10)  {a+b^c){a^b+e). 

(11)  x(a+x)(a-x). 


23.  By  the  usual  process  of  division  we  might  obtain  the  quotient  of  a"— ft* 
divided  by  a— 6,  when  any  particular  number  is  substituted  for  n;  but  we 
shall  here  prove  generally  that  a" — &"  is  always  exactly  dhisible  by  a — ft,  and 
exhibit  the  quotient. 

Tt  is  required  to  divide  «■ — &■  by  «— 5. 
a^^ar-^b 


Rem.        a"~*6 — 5"; 
Rem.  under  another  form,  6(a"~*  —  ft*"*), 

a-— 6-          ,    .  6(a»->— ft*->) 
Hence,  'JZZr^^^'-'  +       a^b         ^ 
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Now  it  appears  from  tlua  result,  that  a"— &"  wifl  be  exactly  diTisiUe  by 
a.— 6,  if  a**"^— &"~~^  be  divisible  by  a— 6 ;  that  is,  if  the  difference  of  the  same 
powers  of  two  quantities  is  divisible  by  then:  difference,  then  the  difference 
of  the  powers  of  the  next  higher  degree  is  also  divisible  by  that  difference. 

But  a* — &>  is  exactly  divisible  by  a~5,  and  we  have 

-;53i-=«+^ (2) 

And  since  a'— 6*  is  divisible  by  a— 6,  it  appears,  from  what  has  been  jnat 
proved,  that  a'— &'  must  be  exactly  divisible  by  a— 6 ;  and  since  a* — Ifl  is  di- 
visible, a* — h^  must  be  divisible,  and  so  on  ad  infiniium. 

Hence,  generally,  a".— &°  will  always  be  exactly  divisible  by  a— 6,  and  give 
the  quotient  , 

^5-^=a— »+a"-^6+a«-»6*+ tf»6»-«+a5"-^-f  6»-» (5) 

In  a  similar  manner,  we  find,  when  n  is  an  odd  number, 

^^^i^=a— >— a-*ft+a— »6»— . f.a«6»-»— aJ-^+fc"^'  .  .  .  .  (6> 

And  when  n  is  an  «ven  number 

^^=a— »— a^6+a-^6*-. -.a«6»-«+a6-»— ft— »  ....  (7) 

By  substituting  particular  numbers  for  n,  in  the  formulas  (5),  (6),  (7),  wo 
uiay  deduce  various  algebraical  formulas,  several  of  which  win  be  found  in*  the 
following  deductions  from  the  rules  of  multiplication  and  division. 

USEFUL  ALGEBRAIC  FORMULAS. 

(1)  a»— ft«=(a+ft)(a— ft). 

(2)  a<— ft«=(a«+ft*)(fl*— ft*)=(a«+ft«)(a+ft>(a— ft). 

(3)  a»— ft»=(a«+aft+ft*)(a— ft). 

(4)  a»+ft»=(a«— aft+&«)(a+ft). 

(6)  ii»-6«=(a»+ft')(a»— ft»)=(a?+ft»)(a«+aft+ft«)(a— ft). 

(6)  a«— 6«=(a'+6>)(a»— ft>)=(a»— ft»)(a«— aft+ft*)(a+ft), 

(7)  a«— ft«=:(a»+ft»)(a»— ft>)=(a«— ft«)(a<+c^ft»+ft*). 

(8)  a»— ft«=(a+ft)(a— ft)(a»+aft+ft«)(a«— aft+ft»). 

(9)  (a«— ft*)-^(a— ft)=sa+ft. 

(10)  (a»— ft»)^(a— ft)=a«+aft+6«. 

(11)  (a»+ft»)-r(a+ft)=a'— aft+ft>. 

(12)  (a*— ft^)^(a-f  ft)=a»— a«ft+aft»«6>. 

(13)  (a»— ft»)^(a— ft)=a5+a'ft+a«ft»+aft»+ft*. 

(14)  (a»+fts)-i-(a+&)=a*— o^ft+fl'^— fl^+**- 
(16)  (a«— ft«)-i-(a«-.ft«)=a*+a«ft«+ft*. 

DIVISION  BT  DETACHED  GOEFFICIENTa 
24.  Arrange  the  terms  of  the  divisor  and  dividend  according  to  the  success- 
ive powers  of  the  letter,  or  letters,  conunon  to  both ;  write  down  simply  the 
coefficients  with  thebr  respective  signs,  supplying  the  coefficients  of  the  absent 
terms  with  zeros,  and  proceed  as  usual.'  Divide  the  highest  power  of  the 
omitted  letters  in  the  dividend  by  that  of  the  omitted  letters  in  the  divisor, 
and  the  result  will  be  the  literal  part  of  the  first  term  m  the  quotient.    The 
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hteral  parta  of  the  miccessiye  terms  follow  the  same  law  of  increase  or  de» 
crease  as  those  in  the  dividend.  The  coefficients  prefixed  to'the  literal  parts 
will  give  the  complete  quotient,  omitting  those  terms  whose  coefficients  are 
aero. 

EXAMFLXS. 

(1)  Divide  6a«— 96  by  3a^6. 

3—6)  6+  0+0+0—96  (2+4+8+16 
6—12 
12 
<  12—24 


24 
24—48 


48—96 
48—96 
But  a*-£-a=:ai^,  and  the  literal  parts  of  the  successive  terms,  axe,  tharolan 
^,  1^,  aS  €fit  or  a',  a*,  a,  1 ;  hence,  2a'+4a*+8a+16=  quotient. 

(2)  Divide  8a»— 4a*z— 2a»a:«+a«a:»  by  4a«— a«. 

4+0—1)  8—4—2+1  (2—1 
8+0—2 
-4+0+1    > 
—4—0+1 

Now,  €fi-^€fi=^c? ;  hence  a?  and  a*x  are  the  literal  parts  of  tihe  taims  in  the 
quotient,  for  there  are  only  two  coefficients  in  the  quotient ;  therefore 
2a'^a'x=  quotient  required. 

(3)  Dividea:*- 3ai»— 8a«a«+18a»x— 8a<bya«+2ax— 2a(».  ' 

(4)  Divide  3y»+3ay— 4i«y— 4a:»  by  x+y. 

(6)  Divide  10a«— 27a3z+34a»a«— ISoi*- 8a:«by  2<i»— 3ar+4a«. 
(6)  Divide  a«+5a*+a+5  by  o^+l. 

ANSWXBS. 

(3)  2«— 6ar+4(t*.  I    (5)  6a»— 6ax— 2a«. 

(4)  -.4x«+3y«.  I    (6)  fl+6. 

STNTHETIO  DIVISION. 

BULB.* 

26.  (1)  Divide  the  divisor  and  dividend  by  the  coefficient  of  the  fint  term  in 

*  The  rale  here  given  for  Synthetic  Dtpuion  is  dae  te  the  late  W.  G.  Homer,  Eiq^  of 
Bath,  wbcwe  reieBTcfaei  in  icieDce  have  isiued  in  aeyeral  elegant  and  naefhl  procetseir 
ef  ^edally  in  the  higher  branchea  of  algebra,  and  in  the  evolation  of  the  roota  of  eqaation  of  all 


In  the  comnum  method  of  diviaion,  the  aeveral  teima  in  tlie  divisor  are  mnltiplied  by  the 
fint  term  in  the  quotient,  and  the  product  mbtracted  from  the  dividend;  but  aobtraction  ia 
peifimned  by  changing  all  the  signa  of  the  qaantities  to  be  anbtracted,  and  then  adding 
the  aeveral  terma  in  tiie  lower  line  to  the  eimilar  terms  in  the  higher.  !(  therejbre,  the 
aigna  of  the  temu  in  tiie  diviBor  were  changed,  we  should  have  to  €utd  the  piodnct  of  tfie 
divisor  and  quotient  instead  of  anbtractlng  it  By  tills  process,  then,  the  aeoood  dividend 
wonld  be  idenHeaBy  the  same  as  by  the  nanal  method.  We  may  omit  altogether  tha 
prodnota  of  the  first  term  in  the  diviaor  by  the  auoceaBive  terms  in  the  quotient,  becanse 
fai  the  oaual  method  the  first  term  in  each  successive  dividend  is  cancelled  by  these  prod- 
nets.    Omitting,  therefore,  these  products,  the  coefficient  of  the  first  term  in  any  dxvldeiitf 
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the  diTisor,  which  win  make  the  leading  coefficient  of  the  divisor  diLity,  and 
the  first  term  of  the  quotient  will  be  identical  \fith  that  of  the  dividend. 

(2)  See  the  coefficients  of  the  dividend  in  a  horizontal  line  with  their  proper 
signs,  and  those  of  the  divisor,  with  the  signs  all  changed  except  that  of  the 
first,  in  a  vertical  column  on  the  right  or  left,  drawing  a  line  mider  the  whole, 
underneath  which  to  write  the  quotient. 

(3)  Multiply  all  the  terms  so  changed  by  the  first  term  in  the  quotient,  and 
place  the  products  successively  under  the  corresponding  terms  of  die  dividend, 
in  a  diagonal  column. 

(4)  Add  the  results  in  the  second  column,  which  will  give  the  second  tenn 
of  the  quotient ;  and  multiply  the  changed  terms  in  the 'divisor  by  this,  placing 
the  products  in  a  diagonal  series,  as  before. 

(5)  Add  the  results  in  the  third  column  for  the  next  term  in  the  quotient, 
by  which,  again,  multifdy  the  changed  terms  in  the  divisor,  placing  the  prod- 
ucts as  before. 

(6)  This  process,  continued  till  the  last  ]ine  of  products  extends  as  far  to  the 
right  as  the  dividend,  will  give  the  same  series  of  terms  as  the  usual  mode  of 
division. 


EXAMPLES. 

(1)  Divide  a»— 5tf<z+10<^2"^10a^-|-6az*— x*  by  a«— Sox+ai". 
1-.6+10— 10+6— 1 
+2—  6+  6—2 
^  14,  3—3+1 


1 
+2 
— 1 


1—3+  3—  1     •     • 
Hence  a'— 3a'x+3a3^ — 2:"=  quotient 

In  this  example  the  coefficients  of  the  dividend  are  written  horizontally,  ana 
those  of  the  divisor  vertically,  with  all  the  signs  of  the  latter  changed,  except 
the  first.  Then  +2  and  — 1,  the  changed  terms  in  the  divisor,  are  multiplied 
by  1,  the  first  term  ni  the  quotient,  which  is  written  in  the  horizontal  line  at 
the  bottom,  and  is  the  same  as  the  first  term  of  the  dividend;  the  products 
+2  and  —1  are  placed  diagonally,  under  —5  and  +10,  the  corresponding 
terms  of  the  dividend.  Then,  by  adding  the  second  column,  we  have  —3  for 
die  second  term  in  the  quotient,  and  the  changed  terms  +2  and  — 1  in  the 
divisor,  multiplied  by  —3,  give  —6  and  +3,  which  are  placed  diagonally  un- 
der +10  and  —10.  The  sum  of  the  third  column  is  +3,  the  next  term  in 
the  quotient,  which,  multiplied  into  the  changed  terms  of  the  divisor,  gives 
+6—3,  for  the  next  diagonal  column.  The  sum  of  the  fourth  column  is  —1, 
and  by  this  we  obtain  the  last  diagonal  colmnn  —2+1.  The  process  here 
terminates,  and  the  sums  of  the  fifth  and  sixth  colmnns  are  zero,  which  shows 
that  there  is  no  remainder.  If  the  last  terms  did  not  reduce  to  zero  by  addi- 
tion, their  sum  would  be  the  coefficients  of  the  remainder ;  the  quotient  is  com- 
pleted by  restoring  the  letters,  as  in  detached  coefficients. 

Having  made  the  coefficient  of  the  first  term  in  the  divisor  unity,  that  co- 

wiU  be  tbe  coeffideat  of  the  raoceeding  term  in  tbe  qnotientr  the  coefficient  in  the  fint 
lam  of  the  divisor  beixig  unity ;  for  in  all  casei  it  can  be  made  unity  by  dividing  both 
divisor  and  dividend  by  the  coefficient  of  the  first  term  in  the  divisor.  The  operation,  ibns 
simplified,  may,  however,  be  farther  abridged  by  omitting  the  successive  additions,  except 
■o  amdi  o)dy  as  is  necessary  to  show  the  first  term  in  each  dividend,  whidi,  ai  before  re- 
marked, is  also  the  coefficient  of  the  succeeding  term  in  tfaqa^aotient 

C 


54  ALGEBRA. 

effieient  may  be  omitted  entirety,  since  it  is  of  no  use  whatever  in  continma 
the  operation  here  described. 
(2)  Divide  a*— 6a*+16a:*-.24a«+272«— 13a:+6  by  ««—2i»+4z»— 2x4-1 
1—6+16—24+27—13+6 
+2    +2—  6+10 
^4  —  4+12—20 

+2  +  2—  6+10 

—1  —  1+  3—6 


1—3+  6       0       0       0     0 
Hence  2* — 32:+  6  3:  quotient  reqtured. 

(3)  Divide  a»+2a*6+3a'6«— a»5>— 2a5*— 36»  by  fl»+2a6+36«. 
1+2+3—1—2—3 
—2+0+0+2 
—3+0+0+3 


—2 
—3 


1+0+0—1 
Hence  a'+0-a*5+0*a^— &s=a'— 5^=5  quotient. 

(4)  Divide  1— x  by  l+r.  Ant.  1— 2x+2i«— 22»+,  &c 

(6)  Divide  1  by  1— x.  Ans.  l+x+z«+a:»+,  &c 

(6)  Divide  x»-y»  by  x-y.    Ans.  2«+j«y+a:y+a:y+xy+xy»+y-. 

(7)  Divide  a«— 3a*c«+3a«a:*— 2«  by  a»— 3a?x+3aj*— a«. 

Ans.  a»+3a»x+3aa*+x». 

(8)  Divide  a»^6a*x+10a»x«— 10a«a*+6ax*— x»  by  a*- 2ax+a*. 

Ans.  a*— 3<3^x+3aa«— a*. 

(9)  Divide  4y«— 24y»+60y*— 80y»+60y«— 24y+4  by  2y«— 4y+2. 

Ans.  2y«— 8y»+12y«— 8y+2 

THB  eaSATEBT  COMMON  MBASUBB. 

26.  A  meeuure  of  a  quantity  is  any  quantity  that  is  contained  in  it  exactly, 
or  divides  it  without  a  rema^der ;  and,  on  the  other  hand,  a  multipU  of  a 
quantity  is  any  quantity  that  contains  it  exactly.  Thus,  6  is  a  measure  of  16, 
and  16  is  a  multiple  of  6 ;  for  6  is  contained  in  16  exactiy  3  tames,  and  JS  con 
tains  6  exactly  3  times,  or  is  produced  by  muUiplying  6. 

27.  A  common  measure,  or  common  divisor,  of  two  or  more  quantities,  is  a 
quantity  which  is  contained  exactly  in  each  of  them. 

28.  The  greatest  common  measure,  of  two  or  more  quantities,  is  composed 
of  aO  the  prime*  factors,  whether  nimierical,  monomial,  or  polynomial  fiictorB, 
aommon  to  each  of  the.  quantities ;  3x  is  a  common  measure  of  12ax  and 
186x,  and  6x  is  the  greatest  conomon  measure  of  12ax  and  185x.  The  great- 
est common  divisor  of  2X7a(5+c)J  and  2X3am(5+e)  is  composed  of  the 
common  prime  factors  2ix(5+c) ;  the  &ctors  Id  of  the  one  and  3  of  the  other 
make  no  part  of  the  common  ^visor. 

29.  To  find  the  greatest  common  measure  of  too  polynomials. 

Arrange  the  polynomials  according  to  the  powers  of  some  letter,  and  divide 

that  which  contains  the  highest  power  of  the  letter  by  the  other,  as  in  divisioD; 

then  divide  tiie  last  divisor  by  the  remainder  arising  finom  the  first  division ; 

consider  the  remainder  that  arises  from  this  second  division  as  a  divisor,  and 

*  A  prime  xnunber  or  a  prima  tlgebraio  quantity  is  one  whidi  ii  divisible  only  by  itoetf 
orimity.  ^ 
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die  last  divisor  as  the  corrosponding  diTidend,  and  continue  this  process  of  di* 
vision  till  the  remainder  is  0 ;  then  the  last  divisor  is  the  greatest  common 
measure. 

NoU  1.  When  the  highest  power  of  the  leading  quantity  is  the  same  in 
both  polynomials,  it  is  indifferent  which  of  the  polynomials  is  made  the  divisor, 
the  only  guide  being  the  coefficients  of  the  leading  terms  of  the  polynomials. 

NoU  2.  If  the  two  given  polynomials  have  a  monomial  fJMtor  common  to  all 
the  terms  of  both,  it  may  be  suppressed ;  but  as  it  forms  part  of  the  common 
measure  (28),  it  must  be  restored  at  the  end  of  the  process  by  multiplying  it 
into  the  common  measure  which  is  in  consequence  obtained. 

NoU  3.  If  any  divisor  contain  a  factor,  which  is  not  a  factor  also  of  liie  divi 
dend,  that  fiictor  may  be  rejected,  as  such  factor  can  form  no  part  of  the  great- 
est common  measure,  which  is  composed  of  the  common  factors  alone. 

NoU  4.  If  the  coefficient  of  the  leading  tenn  of  any  dividend  be  not  divisible 
by  that  of  the  divisor,  it  may  be  rendered  so  by  multiplying  eveiy  term  of  the 
dividend  by  a  proper  factor,  to  make  it  divisible.  This  new  factor  thus  intro 
duced,  not  being  a  conunon  factor,  does  not  affect  the  conmion  measure. 

If  it  were  already  a  factor  of  the  divisor,  it  could  not  be  thus  used ;  the 
remedy,  in  this  case,  would  be  to  suppress  it  in  the  divisor,  according  to  Note  3* 

In  order  to  prove  the  truth  of  this  rule,  we  shall  premise  two  lemmas.* 

Lemma  1.  If  a  quantity  measure  another  quantity,  it  will  also  measure 
any  multiple  of  that  quantity.  Thus,  if  d  measures  a,  it  will  also  measure  m 
times  a,  or  ma ;  for,  let  a=shd,  then  mas=:mhdf  and,  therefore,  d  measures 
moy  the  quotient  being  mh. 

Lemma  2.  If  a  quantity  measure  two  other  quantities,  it  will  also  measure 
both  their  sum  and  difference,  or  any  multiples  of  them.  For,  let  asskdf  and 
b^sJcd,  then  d  measures  both  a  and  h ;  hence  a:izhssshdd:kdss:d(h^k), 
and,  therefore,  d  measures  both  a-^'h  and  a— 6,  the  quotient  being  k-^k  ia 
the  former  case,  and  h — k  in  the  latter :  and  by  lemma  1,  d  measures  any 
multiples  of  a-\-  b  and  a — &. 

Now,  let  a  and  h  be  two  polynomials,  or  the  terms  of  a  fraction,  and  let 

a  divided  by  h  leave  a  remainder  c 

b e d  b)a(m 

c d  leave  no  remainder,  as  is  shown  m  b 

in  the  mar^nal  scheme.    Then  we  have,  by  the  c)  b  (» 

nature  of  division,  tiiese  six  equalities,  viz. :  n  c 

a — mb  =c  ...»  (1)      a^mb-\'C  .  .  .  •  (4)  d)  e  (p 

b-^ne^zd  ....  (2)      bsznc^d  ....  (5)  pd^ 

e^fdssO  ....  (3)      csspd        ....  (6) 
where  the  equalities  marked  (4),  (5),  (6)  are  not  deduced  from  those  marked 
(1),  (2),  (3),  but  from  the  consideration  that  the  dividend  is  always  equal  to 
tiie  product  of  the  divisor  and  quotient,  increased  by  the  remainder. 

Now,  by  (6)  it  is  obvious  that  d  measures  c,  since  csspd ;  hence  (Lemma 
I)  d  measures  nc,  and  it  likewise  measures  itself;  therefore  (Lemma  2)  d 
measures  nc-^d,  which  by  (5)  is  equal  to  5 ;  hence,  again,  d,  measuring  b  and 
e,  measures  mb'\'C  by  the  Lemmas  1  and  2. 

*  A  kmma  is  a  preparatory  pnpositioD,  to  aid  in  the  demouftration  of  the  main  prooosk 
IkmwbkhfiDowBit 


26  ALGBBBJL 

.-.  d  measures  a,  which  is  equal  to  mh'\'C  by  (4). 

Hence  d  measures  both  the  polynomials  a  and  h^  and  is  coosequentl/  m 
common  measTure  of  these  polynomials ;  but  d  is  also  the  greatest  common 
measure  of  a  and  h ;  for  if  c^'  is  a  greater  common  measure  of  a  and  h  dian  it 
is,  it  is  obvious  that  by  (1)  d'  measures  a — mhy  or  c;  and  d'  measuiiog  both  b 
and  c,  it  measures  6— nc,  or  d  by  (2) ;  hence  d'  measures  d,  wbkh  is  absurd, 
since  no  quantity  measures  a  quantity  less  than  itself;  therefore  d  is  the 
greatest  conunon  measure.  Q.  £.  D.* 

30.  J£  the  greatest  common  measure  of  three  quanlsties  be  required,  find 
the  greatest  common  measure  of  two  of  them,  and  then  that  of  this  measure 
and  the  remaining  quantity  will  be  the  greatest  common  measure  of  all  three.f 

31.  If  the  two  polynomials  be  the  terms  of  a  fraction,  as  rt  and  d  their 

greatest  common  measure,  then  we  may  put  a^=da%  and  h=:dh^ ;  hence 

~=-!^=^,  and,  since  a',  5'  contain  no  common  factor  (28),  by  dividing  both 
b     do*     o 

numerator  and  denominator  of  a  fraction  by  their  greatest  common  measure, 
the  resulting  fraction  will  be  simplified  to  its  utmost  extent,  and  thus  the  pro- 
posed fraction  wiB  be  reduced  to  its  lowest  terms. 

*  These  letten  stand  for  tbe  Latin  words  quod  erat  demonstrandum,  sigpifying  whidi 
was  to  be  demonstrated.  Another  mode  of  demonstrating  the  same  is  ai  follows :  Let  A 
and  B  represent  the  two  giren  qaanties,  D  their  greatest  oomnion  divisor,  CI  the  quotient 
of  A  by  B,  apd  B  the  remainder.  We  shall  first  prove  Hiat  Ae  greatest  oommon  dxTisor 
of  A  and  B  is  the  same  as  the  greatest  common  divisor  of  E  sad  &.  Bcpiesont  the  latter 
byD'. 

*     «r>  .«       A    ^a.K      ^  A     Ba.  R 

A^Ba+B. .-.  5-3H-5. ^  5^=Dr+5>- 

A  ud  B  being  divisible  by  B,  R  most  be,  because  a  whole  number  can  not  be  equal  to 
a  wliole  number  plus  a  fractUm.  Again,  B  and  R  being  divisible  by  ly,  A  must  be,  for  the 
sum  of  two  whole  numben  caa  not  equal  a  firactiaiL  Finally,  D,  a  cammon  divisor  of  B 
and  R»  can  not  be  greater  than  their  greatest  common  divisor  jy\  and  D',  a«.  d.  of  A  sod 
B,  can  not  be  greater  than  their  ^.c«  c{  .D ;  i  e.,  D  can  not  be  greater  than  D^  and  I/can 
not  be  greater  than  D. 

Or  thus:  since 

A=Ba+R, 
the  greatest  oommon  divisor  DofA  and  B,  must  dividaR    Baptesent  the  three  quotients 
by  A',  B',  and  R';  then 

A'=B'a-fR'. 
B'  and  B/  have  no  farther  common  factor,  for  if  they  had,  it  must  by  this  equality  divide 
A;  then  A'  and  B^  would  have  still  a  common  factor,  and  D,  the  greatest  oommon  divisor 
of  A  and  B,  would  not  contain  all  the  oommon  foctors  of  these  quantities,  wfaidi  is  contraiy 
to  the  definition.  Since  B'  and  W,  which  are  the  qootients  of  B  and  R  by  D»  can  have  no 
far&er  common  factor,  it  follows  that  the  greatest  common  divisor  of  B  uid  R  is  equal  to 
D ;  then  it  is  the  same  as  that  of  the  quantities  A  and  B. 

In  pursuing  the  role  for  finding  the  ^ .  e .  c2 .,  we  arrive  at  a  remainder  which  exactly  di- 
vides  the  preceding  divis<nv  and  which  is,  therefore,  tiie  g .  c .  c2 .  of  itself  and  this  preced- 
ing divisor;  also  by  the  above  demonstration  of  that  divisor  and  its  dividend,  and  so  on  np 
to  the  given  quantities. 

t  For  suppose  we  have  the  three  quantities  A,  B,  C ;  let  D  be  the  greatest  common  di- 
visor of  A  and  B,  and  IK  that  of  D  and  G.  According  to  the  definition,  D  is  the  product  of 
the  commonfactorsofAandB,  and  ly  is  that  of  the  common  facton  of  D  and  C;  then  ly  is 
the  product  of  the  common  factors  of  the  three  quantities  ,A,  B,  C ;  therafore  IX  is  tibsir 
greatest  oommon  divisor. 
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EXAMPLES. 

(1)  What  is  the  greatest  common  measure  of  4a*y*3*  and  8xh/hfl1 

Here  4  is  the  greatest  common  measure  of  4  and  8,  and  s^yh^  is  that  of  the 
literal  parts ;  hence  is^j^^  is  the  greatest  common  measure  required. 

(2)  Find  the  greatest  common  measure  of  -3 — ^. 

xy'+y'=y«(x+y) ;  rejecting  the  factor  y» 

Hence  or-f-y  is  the  greatest  common  measure  sought,  and 

a^— y     (a:a-3/«)^(x+y)  a:-y 

(3)  Required  the  greatest  common  measure  of  the  two  polynomials 

6tf3—  6a*y+2ay«^2y«  ,..•(«) 
12a«— 15ay  4-3y*  ....  (b). 

Here  6a»-.  6a«y+2fly«— 2y»s=:2(3a»— 3a«y+ay«— y») 

12a«— 15«y  +3y»  s=3(4«»— 5ay  +y*) ; 

And  thwefore,  by  suppressing  the  factors  2  and  3,  which  have  no  common 
measure,  and  which,  not  being  common  ^tors  of  the  two  given  quantities^  do 
not  affect  the  conunon  divisor,  we  have  to  find  the  greatest  common  measure 
nf 

3a»— Sa'y+ay*— y'  and  4a'— Say+y^. 
4d*— 5ay+y)  3a'—  30^+  af^-^  y» 

4  • 

12a»— 12a«y+4ay»—  4y»  (3a 

12a»— 15a«y+3ay' 

3a«y4-  ay»—  4y9 
4 


12a^+  4ay»-16y»(3y 
12g^-15ay«+  3y» 

19ay«-19y»=19y»  (  a-y) 
Sni^reittng  IGy",  by  note  3,  rule, 

a — y)  4a»— 6ay4-y"  (4a — y 
4a*— 4ay 


Hence  a^y  is  the  greatest  common  measure  of  the  polynomials  a  and  h. 

The  factor  4  is  introduced  into  the  dividend  in  this  example  to  render  it  di- 
visible by  tihe  divisor.  This  can  be  done,  because  4  is  not  a  factor  of  every 
term  of  the  divisor,  and  therefore  not  a  factor  of  the  divisor.  The  quantities 
employed,  af);er  introducing  or  suppressing  factors,  are  different  from  tibe  giVen, 
but  as  they  have  the  same  greatest  common  divisor,  and  as  the  object  is  to  find 
this,  the  circumstance  b  immaterial. 

(4)  Required  the  greatest  common  measure  of  the  terms  of  &e  fraction 
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a«+^^ — ^^ — <*'^' 
Hera  a*  is  a  simple  factor  of  the  nameTator,  and  a'  is  a  factor  of  the  denonu- 
nator;  hence  a*  is  the  greatest  common  measure  of  diese  simple  fiictois,  which 
must  be  reserved  to  be  introduced  into  the  greatest  common  measure  of  tfa# 
other  factors  of  the  terms  of  the  proposed  fraction ;  yiz. : 
a* — ar*  and  0*+^*  — aa* — a*. 
a»+<i»x— aa*— a:*)  a<— a:*  (a— x 

0*4"  ^^"-<*'^  "-^"^ 
— a'x+a'i'+aE* — a:* 

2a*a*— 2ar«=:2a<  (fl«— z«) ;  rejecting  a^ 
€^•^7?^  o^+a'ar— aa«— a;«  (<>+^ 

Therefore,  restoring  a%  the  greatest  conmion  measure,  is  cr'(a* — z*). 

ADDITIORAI.  XXAMFLES. 

(1)  Find  the  greatest  common  measure  of  2a'z',  ish^^  and  6afy. 

(2)  Find  the  greatest  common  measure  of  the  two  polynomiata  a*— c^ 
4-3a5*— 3&S,  and  a*— 5a5+4&>. 

(3)  What  is  the  greatest  common  measure  of  a:'— ar^  and  T^^^lxy^jft 

(4)  Find  the  greatest  common  measure  of  a:* — y>  and  7^^jf*> 

(5)  Find  the  greatest  conmion  measure  of  the  polynomials 

(6-.c)x«— 5(25— c)ar  +6» (a) 

(5+c)a?— 5(25+c)a<+5>x (5). 

(6)  Find  the  greatest  common  measure  of  the  polynomials 

x«—  8a*+21a<— 20r+4 (a) 

2a:8-.12a«+21x  — 10  .*....  (5). 

(7)  ^— 6y^— 4yz«+22»and7y»z+10y2«+32». 

(8)  Also  of  (a:*+a«a«+a*)  and  (a;*+aa*— a»z— a*). 

(9)  Also  of  (7a«— 23a5+65»)  and  (5a»-.185a»+lla5«— 65»). 
(10)  Also  of  (5a»+10a*5+5«?5«)  and  (a»5+2a«5«+2a5»+5«). 

(11).  Also  of  (6a»+16a*6  — 4a»c«-.10a«6c»)  and  (9a»5  —  27a«5c  —  6a5c« 
+186c»). 

(12)  Also  of  (a«+y+ay5^+a«6*+5'*+^)  and  (c^+€^n'\'}fim'\'lPn). 

(13)  Find  the  g,  c.  d.  of  the  three  quantities  a>+3a*5+ 305*4-6*,  a*+2a5 
4-5>,  and  a«— 5*. 

ANSWEBS. 

(1)  2x".  (6)  r— 5.  (8)  a:"+ax+a«.       (11)  3fl«— 2c». 

(2)  a— 5.  (6)  X— 2.  (9)  «— 35.                (12)  t^+B^ 

(3)  x+y.  (7)  y+z.  (10)  a+5.  '  (13)  a+5. 

(4)  x-y. 

A  quantity  is  said  to  be  independent  of  a  letter  when  it  does  not  contain  this 
letter,  and,  therefore,  does  not  depend  upon  it  for  its  value. 

Note.— la  feeking  for  a  oommon  diri«or,  we  find  oanelTet  often  working  with  polynomi- 
til  different  from  the  giyen,  bat  always  with  ladi  aa  have  the  same  '^"""a"  meainre  witk 
Ibe  given  polynomials. 
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#  Proposition. — ^A  divisor  of  a  polynomial,  which  is  independent  of  the  letter 
of  arrangement  of  that  polynomial,  must  divide  separately  each  of  the  mnhi- 
pliers  of  the  different  powers  of  that  letter. 

Demonstration. — ^Let  Ax^+Ba^'^^+Ca*-',  &c.,  be  the  polynomial,  and 
I>  the  divisor.  The  quotient  must  contun  every  power  of  die  letter  of  ar- 
rangement that  the  dividend  does,  since  the  quotient,  multiplied  by  the  divisor, 
must  produce  the  dividend,  and  the  letter  of  arrangement  is  not  contained  in 
the  divisor.  The  quotient  must,  therefore,  be  of  the  form  Afj^-^-B^af*-^ 
-f-Cx"*-^,  &c.,  multiplying  which  by  the  divisor  gives  DA'a:"+DB'2*»-* 
-f-DC'af*~*,  &c.,  the  original  dividend,  the  multiplier  of  each  power  of  x  in 
^rhich  is  evidentiy  divisible  by  D.  Q.  E.  D. 

N.B.— A'  ia  a  different  qoantity  from  A,  B'  from  B,  &c. 

EXA1IFI.E8. 

(1)  Fmd  a  conmion  divisor,  independent  of  the  letter  a,  of  the  two  quantities 
b  a«— ca«+5»a— c»a+6»— 2&c-j-(*  and 

Collecting  together  in  the  first  of  these  two  quantities  the  multipliers  of  efi  and 
Ot  and  observing  that  5* — 2&c-|-<^  is  the  square  of  h — c,  we  hav 

(6— c)a«+  (6«— c»)a+  (6— c)% 
and  firom  the  second  by  a  siniilar  process, 

(5— c)»a»+ (ft*— c*)a>+  (l^^(fl)a+  (6— c)». 
The  multiptiers  of  the  different  powers  of  a  in  the  two  quantities  are,  there- 
fore, 6— c,  6»— cS  (ft— c)«,  (6— c)',  6*— c«,  and  ft»— c».    The  only  number 
which  will  divide  them  all  is  their  common  divisor  ft — c,  which  is,  therefore 
the  answer  required. 

(2)  Find  the  greatest  common  divisor  of 

(ft  — c  )a»— 2ft  (ft  — c)a+ft«(ft— c)  and 
(ft»— cV—  ft«(ft»— c»). 
Here  the  conmion  divisor,  independent  of  a,  is  ft — c;  suppressing  which,  we 
bare  left  ike  two  quantities 

a"— 2fta+ft'and 
(ft  +c)(a«— ft»). 
Suppressing  the  factor  (ft-f*^)  not  common  to  both,  we  shall  find  the  conmion 
'divisor  of  these  last  two  quantities  to  be  a— ft,  and  the  greatest  common 
divisor  of  the  two  original  quantities  is 

(ft — c)  (a— ft)  or  ah — ac— 6*+ftc. 

The  raoceu  of  the  proceu  fiir  finding  a  greateit  common  diviior  dependa  upon  the  fact 
that  the  qaantitiea  being  uranged  according  to  the  powen  af  aome  letter,  each  division 
leada  to  a  remainder  of  a  degree  inferior  to  the  diviaor.  When  the  polynomiala  contain 
many  terma  of  the  aame  degree,  a  precantion  ia  neceasary,  witboot  which  thia  rednctian 
would  not  alwaya  obtain,  which  conaiata  in  uniting  all  these  terma  nnder  a  single  multiplier 

IfOt  there  be  the  two  polynomiala :  ^^ 

B=ya:9-f-^  -J-J^^+y* -|-*    +y- 
I  write  them  thus: 

A=a^{y+l)h^{^»—9y)x-^^  +yi 
B=  (y+l)a^+(y«+y  +l)x^y. 
The  first  term,  a^,  not  being  divisible  by  (y-]-l)a^,  on  account  of  the  factor  y-h^,  I  know 
(Prop,  above),  that  if  a  quantity  ia  arranged  like  the  preceding,  every  diviaor  of  tiiia  quantity, 
independent  of  x,  must  divide  separately  the  multiplier  of  each  power  of  x.  From  ttaa  it 
felbwa  that  y-|~^  baa  no  common  factor  widi  B,  because,  if  it  had,  thia  factor  would  be 
fi)und  in  ya-|-y^i  and  in  y ,-  but  it  is  evident  that  y  haa  no  factor  common  with  y+l 
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We  can  then  nmltiply  A  by  ^-{-1  witfaont  affecting  the  oommon  divifor  eoogfat;  and  mm 
It  would  be  necessBiy  to  multiply  again  by  ^-|-lr  we  multiply  at  once  by  (y+l^y^v  <* 
t/^^y-\-l*    In  this  manner  we  anive  at  the  remainder 

Before  passing  to  the  second  division,  it  is  necessary  to  sappreai  in  R  the  facton  oom> 
man  to  the  moltipliem  of  the  powers  o[z.  Bat  the  two  parts  of  A  are  evident^  divisibte 
by  — y* — ^y'-hy'f  w»d  after  this  sunplificatbn  there  remains  X'\-y.  We  can  then  take 
x-f-sr  lor  a  divisor,  and  as  the  division  is  effected  exactly,  it  foUowa  tiiat  the  oomqioD  di- 
Tiaor  Booght  is  x-\-y. 

The  process  is  not  always  so  easy.  To  devebp  the  general  method  to  be  panned  in 
foch  cases,  let  as  consider  the  polynomials  A  and  B,  which  contain  two  letters,  x  and  jr. 
Take  first  the  greateat  monomial  common  dhrisor  of  the  terms  of  A;  let  a  be  thiA  diriaor, 
and  A'  the  qaotient  of  A  by  a :  we  shall  have  A=a  A^  Arrange  A  according  to  the  pow- 
ers of  :c,  taking  care  to  collect  all  the  terms  containing  a  same  power  of  this  letter,  and  let 
HI  inppose,  for  example,  that  we  have 

A'=La^-fMx+N. 

AH  the  factors  of  A^  independent  of  x,  most  be  factoca  of  the  qoamtitiea  L,  U,  N»  wlucli 
multiply  the  different  powers  of  x.  These  qaan^es  containing  only  the  single  letter  y,  ft 
will  be  easy  to  find  their  greatest  common  divisor;  let  as  name  this  divisor  of,  and  tbe 
quotient  of  A'  by  (/,  A."\  we  shall  have  h!-=cik!'t  and,  consequently, 

A.=aafX". 

a  will  be  the  product  of  the  monomial  factors  of  A,  cf  the  product  of  tiie  polynomial  fto 
tort  which  do  not  contain  x,  and  Af'  the  product  of  the  factors  which  contain  x. 

Let  ua  efibct  the  aame  decomposition  of  the  polynomial  B,  and  let 

B=/?|^''. 

Then  I  determine  the  greateat  oommon  divisor  of  the  monomials  a  and  /3,  as  well  as  ditt 
of  the  polynomials  </  and  ^,  which  contain  only  the  letter  y ;  and  if  I  can  also  find  that 
of  the  polynomials  A'^  and  W*,  which  contain  y  and  x,  I  shall  have  three  quantities,  tiie 
product  of  which  will  be  the  greatest  common  divisor  of  A  and  B. 

But  I  say  that  we  can  find  the  greatest  common  divisor  of  the  quantities  X"  and  W\  in 
subjecting  them  to  the  same  calculus  as  the  preceding  examples.  It  is  clear,  indeed,  that, 
these  quantitiea  having  no  longer  either  monomial  factors  or  polynomial  independent  of  x, 
it  will  be  proper  to  multiply  the  partial  dividends  of  the  first  division  by  the  polynomial  • 
<  which  is  placed  before  the  highest  power  of  x  in  the  divisor,  and  tiiat  we  r^all  thus  arrive 
at  a  remainder  of  a  degree  less  in  x  than  the  divisor.  It  will  be  easy  to  take  from  this  re- 
mainder all  the  nx)nomial  factora  which  it  contains,  as  well  as  the  pdynomial  factors  inde- 
pendent of  X,  and  then  proceed  to  a  teoond  division,  taking  for  a  divisor  this  remainder  sim- 
plified. We  operate  as  in  the  first;  then  we  pass  to  the  third,  and  continuing  always  in 
this  manner,  we  are  sure  of  arriving  finally  at  a  remainder  sero,  or  independent  of  x. 

In  the  first  case  the  quantities  A^'  and  W'  have,  for  greatest  common  divisor,  the  divisor 
of  the  last  division. 

We  have  thus  seen  that  the  finding  of  a  common  divisor,  when  the  polynomials  cootain 
two  letters,  depends  upon  finding  it  when  they  contain  one;  so  the  case  where  they  con- 
tain Uiree  dependa  upon,  that  where  they  contain  two^  and  so  on,  whatever  be  the  number 
of  letters. 

There  is,  therefore,  no  case  in  whidi  the  common  divisor  can  not  be  found  by  the  above 
ralei. 

THE  LEAST  COMMON  MULTIPLE. 
32.  We  have  already  defined  a  multiple  of  a  quaotity  to  be  any  quanti^ 
that  contains^ it  exactly ;  and  a  common  multiple  of  two  or  more  quantities  is  a 
quantity  that  contains  each  of  them  exactly. 

*  Let  N  be  the  dividend,  D  the  divisor,  c  the  Efficient  of  the  first  term  of  the  divisor. 
Multiplying  by  the  square  of  thia  coefficient,  the  dividend  becomes  c>N.  The  first  tenn  of 
the  quotient  will  contain  the  first  power  of  c.  Multiplying  the  whole  divisor  by  this  term 
of  the  quotient,  every  term  of  the  product  will  contain  the  first  power  of  c,  and  the  whole 
product  may  be  represented  by  cP.  Subtracting  this  fratn.  the  dividend,  the  remainder  is 
C^N — cP,  every  term  of  which  contains  c,  and,  therefore,  its  first  term  is  ready  for  division 
without  multiplying  again  by  c. 
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The  least  common  multiple^  of  two  or  more  quantities,  is,  therefore,  tJie  leas* 
quantity  that  contains  each  of  them  exactly. 

N.  B.  The  least  common  multiple  must,  from  its  nature,  contain  all  the  dis- 
tinct factors  in  either  of  the  quantities. 

33.  To  find  the  least  common  multiple  ofttco  quantities. 
(l)t  Divide  the  product  of  the  two  proposed  quantities  by  their  greatest  com 
tnon  measure,  and  the  quotient  is  the  least  common  multiple  of  these  quanti* 
ties ;  or  divide  one  of  the  quantities  by  their  greatest  common  measure,  and 
multiply  the  quotient  by  the  other. 

Let  a  and  b  be  two  quantities,  d  their  greatest  common  measure,  and  m 
their  least  common  multiple ;  then  let 

a=:hd,  and  hz=.1cd; 
and  since  d  is  the  greatest  conmion  measure,  h  and  k  can  have  no  common 
factor,  and  hence  their  least  common  multiple  is  hk ;  therefore,  hkd  is  the 
least  common  multiple  of  hd  and  kd ;  h^nce, 

kkd!"     hdxkd     axb     db  ^  x»  -r. 

'"=^^^=-5"=— J— ^^7"=T  ^-  ^-  ^- 

(2)  Also,  the  least  common  multiple  is  composed  of  the  highest  powers  of  aD 
the  &ct0(r8  which  enter  into  the  given  quaatitiea.* 

EXAMPLES. 

(1)  Find  the  least  common  multiple  of  Sta*x  and  8(^x3/ 

_-  ab     2a^xx^^^     «  ,  ,      . 

Here  m=--7= — =8a'x*=  least  conomon  multiple ; 

or,  by  (2),  the  two  quantities  being  2a'ar  and  2'a'a*,  2'a'a:*  is  the  i.  c  m. ;  be- 
cause 2^  is  the  highest  power  of  2,  a'  the  highest  power  of  a,  and  a:^  the 
highest  power  of  or,  in  either  of  the  given  quantities. 

(2)  Find  the  least  conMnon  multiple  of  42s(a:«— y«)  and  12oi?(3?^'f). 
Here  d^z\3^{x — y),  and,  therefore,  we  have 

ab     4a*(a:«— y«)xl2r»(x»— y>)     ,«  „    .    ^  /  ,       ,v 

or,  m=12x7+12a:^— 12ary— 12a:y; 

or,  the  two  given  quantities  being  2*a;'(ar+y)(r — y)  and  2* .  3:r*(ar— y)(a^-|-Ty 

-f  y«),  the  f.  c.  m.  is  2» .  3a:»(r+y)(x— y)(a«+a^+y«). 

(3)  Find  the  least  common  multiple  of  x»-f-2a:y4'y^^dx'—a:y». 
Here  J=x-|-y,  and,  therefore,  we  get 

d  x+y       ^         ^' 

s=:x(x-|-y)  (x^— y^)=  least  common  multiple 
or,  the  two  given  quantities  being  (x-f-^)^  and  x(x-^y)  (x^y),  the  L  c.  m.  is 
T(x-»-y)«(x-y). 

(4)  What  is  the  least  conmion  multiple  of  x*— 5r*-f-9x*^7x-|-2,  and 
r»— 6x«.}-8x— 3? 

By  the  process  for  finding  the  greatest  common  measure,  we  find 
J=r»— 3x8+3x— 1 
ar«— Sx'+Ox*— 7x+2,_,     ^_,  .  ^       „, 
-  '"=-^— 3>+3i:^(^--^^+^^--^) 
=(x— 2)  (x*— 6x«+8x-3) 
==x*— 2x*— 6x'-}-20x«— 19x+6,  the  least  common  multiple. 

*  Xha  ordinary  aritfametaifi  ajeOnd  depends  on  tUs  priadifle. 
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(5)  Find  the  least  common  multiple  of  a'— 2a&+&*  and  o^— b* 
^6)  Find  the  least  common  multiple  of  a* — 6*  and  a'-|-^. 

(7)  Find  the  least  conmion  multiple  of  3^ — y'*  and  o^^y^- 

(8)  Find  the  least  common  multiple  of  ^—8^+7  ^^^  ^*+7y-^8 

ANSWKRS. 

(5)  (a-6)  (a^^h*).  I  (7)  (x+y)  (a:»-.y»). 

(6)  (a-6)  {(^+¥).  I  (8)  y»-67y+66. 

34.  Every  common  mtdtiple  of  two  quantUies,  a  and  b,  ii  a  multiple  oj  ni« 
Qkxt  least  common  miMple. 

For  let  m'  be  a  common  multiple  of  a  and  h^  then,  because  m'  is  greatsr 
than  m,  if  we  suppose  that  m'  is  not  a  multiple  of  m,  we  have,  as  in  the  an- 
nexed scheme, 

m)m'{h 
m'z:^hm+k  ...  (1)  hm 

m'^kmszk  ...  (2)  A:=  remainder. 

Now  the  remainder  k  is  alwajrs  less  thaji  m  the  divisor ;  hence,  since  a  and 
5  measure  m  and  m',  it  is  evident  that  a  and  b  measure  m'-^hm,  or,  by  (2),  k  , 
therefore.  A:  is  a  common  multiple  of  a  and  6,  and  it  has  been  proved  to  be  leas 
than  m,  the  least  common  multiple,  which  is  absurd ;  hence  the  suppoaitioQ 
that  m'  is  not  a  multiple  of  m  is  fiiise,  or  m'  is  a  multiple  of  m. 

35.  To  find  the  least  common  multiple  of  three  or  more  quantities 
Tjot  a,  ht  c,  dt  &c.,  be  the  proposed  quantities ; 

find  m,  the  least  common  multiple  of  a  and  b  ; 

find  m% e  and  m ; 

find  m"f d  and  m' ;  6cc. 

The  last,  say  m",  is  evidently  a  multiple  of  a,  6,  c,  J,  6cc. 
Then,  since  every  multiple  of  a  and  &  is  a  multiple  of  m,  tiieir  least  common 
multiple  (34),  the  quantity  sought,  2r,  is  a  multiple  of  m ;  but  x  also  is  by  hy- 
pothesis a  multiple  of  c ;  therefore,  z  is  a  multiple  of  both  e  and  m,  and,  there- 
fore, it  is  (34)  a  multiple  of  m' ;  but  x  is  a  multiple  of  d  and  m%  and,  therefore, 
of  m'' ;  hence  x  can  not  be  less  than  m'%  and,  therefore,  m''  is  the  least  com- 
mon multiple. 

^  XXAHPUES. 

(1)  Find  the  least  conmion  multiple  of  20*,  4a'&',  and  Goi*. 
Here,  taking  2a*  and  4af^&*,  we  find  (;=2a%  and,  therefore, 

ab     2g«X4fl'5«     ^  ,_ 

^=■5-=— 25r-=*«'*'- 

Again,  taking  m,  or  4<r'&S  and  6a&3,  we  find  d^2ah^;  hence 

^     cm     6ayx4a»&»     ,„^-^  .     . 

m'=-r= — g-^ =12a*6'=  answer  requved. 

Or,  the  three  given  quantities  being  2aS  2*a'&',  and  2 .  Bab',  the  ^  e,  m.»  by 
J3.(2),i8  2«.3(i»6». 

(2)  Find  the  least  common  multiple  of  a^x,  cfi — 2^,  and  a* — x*. 
Taking  a^x  and  c^ — 2",  we  have  dz^a — x;  and  hence 

ab     a-^x 
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Agam,  taking  a^ — sfi  and  a^ — 2',  we  find  d=:a — x ;  hence 

m'=-7-=^ — ^=(a+ar)(a'— a?)=  answer  sought. 

c»  .d^—X 

Or,  the  three  given  quantities  being  (a— x),  (a— a:)(a+x),  and  {a^x){a*+ax 
+3fi),  the  least  common  multiple  is  (a— i)(a+x)(a'4-aa:+x«). 

(3)  Find  the  least  common  multiple  of  15a*5*,  12dlP,  and  6a^&. 

(4)  Find  the  least  common  multiple  of  6a*3^(a^x),  e2*(cfi^a*)t  a£d  12 
la^xy. 

(5)  Find  the  least  common  multiple  of  a:*— a:«y— xy«+y»,  a?— 2«y+xy«— ^, 
mod  X* — y*. 

(6)  Find  the  least  common  multiple  of  (a+hy^  (a*— &*),  (a— 5)S  and  a' 

(7)  Find  the  least  common  multiple  of  45,  50,  and  75,  or  3* .  5,  2 .  5*,  and 
3.6». 


ANSWERS. 


(3)  60a»ft>. 

(4)  24a«x»(a— a:)(a«— a«). 

(5)  a*-a:y*-a:*y+y». 


(6)  (a+6)(a«-.i»)«, 

(7)  3".2.5»=450. 


OF  ALGEBRAIC  FRACTIONS. 

Z6m  Ai«EBKAic  firactlons  differ  in  no  respect  from  arithmetical  fractions,  and 
an  the  rules  for  the  latter  apply  equally  to  the  former.  We  shall,  therefore, 
merely  repeat  the  rules,  adding  a  few  examples  of  the  application  of  each.  It 
may  he  proB^r  to  remind  the  reader  that  all  operations  with  regard  to  frac- 
tions are  founded  upon  the  three  foUowing  principles : 

1.  In  order  to  multiply  a  fraction  by  any  number,  we  must  multiply  th^ 
numerator y  or  divide  the  denominator  of  (he  fraction  by^  thai  number* 

2.  In  order  to  divide  a  fraction  by  any  number,  we  must  divide  the  numera- 
tor, or  multiply  the  denominator  of  the  fraction  by  that  number, 

3.  The  value  of  a  fraction  is  not  changed,  if  we  mulHply  or  divide  both  ih€ 
numermior  mnd  denomineUor  by  the  same  number. — See  (17,  Note). 

REDUCTION  OF  VRAGTIONa 
I.  To  reduce  a  fraction  to  its  lowest  terms, 
37.  Rule. — Divide  both  numerator  and  denominator  by  their  greatest  com^ 
mon  measure,  and  the  result  vnll  be  the  fraction  in  its  lowest  terms. 

When  the  numerator  and  denominator  are,  one  or  both  of  them,  monomials, 
their  greatest  common  factor  is  immediately  detected  by  inspection ;  thua 

a^bc      a^bxc       c  .    .     , 

STZT  m  Its  lowest  terms. 


5a«6»'"a«6x56""56 
So,  also, 

02*         xxax        ax 


in  its  lowest  terms. 


ox^-x*    x(a-\'X)     a+x 
^£,  howeyer,  both  numerator  and  denominator  are  polynomials,  we  must 
liave  recourse  to  the  method  of  finduig  the  greatest  conomon  measure  of  two 
•igebraic  quantities,  deyeloped  in  a  former  article.    Thus,  let  it  be  required  to 
reduce  the  following  fraction  to  its  lowest  terms : 
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12a«— 16ay+3y«     ' 
The  greatest  common  measure  of  the  two  terms  of  this  fractaon  inras  fomxl  as 
page  37  to  be  a-^y;  therefore,  diyiding  both  nnmentor  and  deonnuiBtor  fay 
this  quantity,  we  obtain  as  our  result  the  fraction  in  its  lowest  tarns;  or, 

6a«+2y« 
12a— 3y  * 

In  lilie  manner,  taking  the  fraction ; — 11-^ — III  ^    T, .  ^,  *  ^^  greatest 

common  measure  of  the  two  terms  is  found  to  be  2a'-}-2a5-r&* ;  and,  dividiiq; 
both  numerator  and  denominator  by  this  quantity,  the  reduced  fraction  is 

2g«— 2a&+  b* 

3a»—  afc— 26»' 

EZAXPIJCS  FOR  FRACTICK. 

2;ia-.16x— 6 

(1)  Reduce  oU^Q4y^9  ^  '^  lowest  terms. 

.      «  ^  4ac»+36a«— 16  .     , 

(2)  Reduce  24^_gi3^^^8j._e  to  its  lowest  terms. 

20x*+a«— 1  .  ' 

(3)  Reduce  ._  .  ,  ,  . r  to  its  lowest  terms. 

*  V  •«    ,        3i»'fi — m««— 6i»n'+2mnp      .    , 

(4)  Reduce  -77; 7^-= — - — ,  -       to  its  lowest  terms. 

m* — 2m» 

Ans. r— . 

,  4m— 5n 

4a  (a+3M 
to  its  lowest  terms.  Ans.  , -..  , — 7^. 

38.  It  frequently  happens,  however,  that  when  the  polynomials  ^hich  form 
the  numerator  and  denominator  of  a  fraction  which  can  be  decomposed  are  not 
very  complicated,  we  are  enabled  by  a  little  practice  to  detect  the  commoo 
factor  and  effect  the  reduction  without  performing  the  operation  of  finding  the 
greatest  common  measure,  which  is  generally  a  tedious  process.  The  results 
to  .which  we  called  the  attention  of  die  reader  at  the  end  of  algebraic  division 
(see  page  30)  wiH  be  found  particularly  useful  in  simplifications  of  this  patore. 
Thus,  for  example : 

3z«y+33n/«        Sxy{x+y)        3jy(z+y) xy^ 

W  3x«+62y+3y«-  3(x+y)«  ''^(x+y)(x+y)-x+y 
(^^       fl'-6»         (a^6)(a+5)     g+b 
^^'  a»— 2a&+6»""      (a— &)«     "^a- ft* 

5a^+l0a^b+5ab*    5a(a'+2a6+6«)     5a(a+  b)*    6(a+b) 
'®^         8a»+8a«6       ""      8a«(a+&)       ""8a«(a+6)*~     8a     ' 

a»— a:'  (a»+ax+3:»)(a— j)     d^+ax+a^ 

'^)  rf»— 20x4-28""  (a— x)«  "■      a— a:     ' 

ac+bd+ad+bc       {a+b)c+{a+b)d      {c+d)(a+b)       c+a 
^^^'  a/+26x+2ai+6/~(a+6i/4-2z(a+6)~(/+2a:)(a+t)""/+2x' 
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eac+10bc+9ad+15bd_M^+^d)+bb{2c+3d)_{3a-\-5b){2c+3d) 
^  '  6(^+9cd'^2c^3d  ""  3c{2c+3d)^{2c+Zd)  *^(3c— l)(2c+33J 
3a+6b 


3c-l 


^     '   a^bx^bh^  ^bx{a^^b^3*)'^bx(a+bx){a^bx)^b{a+bxy 

/14V      2xy+37/»+22f^+3xy  y+x 

^     '  8cr+12cy— lOfir— 16<fy""4c— 6(i' 

II.  2b  r«(ii«c«  fl  mirei^  quantity  to  an  improper  fraction. 

39.  Rule. — Multiply  ihe  integral  part  by  the  denominator  of  the  fractvon^ 
end  to  the  product  add  the  numerator  mth  its  proper  sign ;  then  (he  resuU 
placed  over  the  denominator  vjiU  give  the  improper  fraction  required.    Thus 

a  a-t-& 

fl»— j:«     a»-}-z«+g«— z«        2a* 

/•x     I.  .    jr  .  abc^d^d^2c€^     abe+<^d+2abd+2cd^+abc^c^d'-'2cd^ 
(3)  a6+cJ+ ^qp^S = hF25 

_  ''  2abc+2abd 

"  c+fld 

*  _  2ab(c+d) 

•"  c+2d 

^^'  ^+       26c       —  26c  ""        26c        • 

40.  It  18  to  be  remarked  that  when  a  fraction  has  the  sign  — ,  it  signifies 
that  the  whole  fraction  is  to  be  subtracted ;  the  negative  sign,  thereiEbre,  as 
will  be  shown  hereafter,  applies  to  the  numerator  alone ;  when  the  numerator 
is  a  polynomial,  the  negative  sign  extends  to  all  its  terms ;  the  bar  which  sepa 
rates  the  numerator  from  the  denominator  is  to  be  regarded  as  a  vinculum,  and 
if  it  have  the  negative  sign  before  it,  when  removed,  all  the  signs  of  the  numer- 
ator must  be  changed. 


(6)  1-;;= 


6     a-6 


a       a 


(6)  c-.^=— J-. 


(7)  1- 
8)1. 


gg^2a6+6»     a«-f  6*— (a«-^2a6+6«)      ggft 

a«+6»      ""  a«+6»  ""i?+9V 

6«+c»— g*     26c--(6«+c«— fl») 
26c      ""  26c 

fl«^(63— 26c+c«) 
"■  26c 

a«— (6— c)« 
""        26c       • 
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(9)  2-+2a^+y>~ f+7^ 

x+y 
(10)  mn-p^ SH^r^"^  M^^i 

wn(m — n)  — j?g(m — n) 

fii+n* 

ill.  To  reverse  (kU  proeess^  or  to  reduce  an  improper  fraction  to  a  mixed 
fturndty.  ( 

Rule. — Divide  the  numerator  hy  the  denominator ;  the  quoOetU  obtained  €ls 
far  a$  pracdcahle,  toill  he  the  entire  parU  and  the  remainder^  set  over  the  de- 
nominator, will  be  the  fractional  part  Then  the  two,  joined  together  with  thr 
proper  sign,  wUlform  the  mixed  quantity  required.    Thus, 

^  '    y       ^y 

(12)  — ^i^=a+r+-=^. 

20x»— lOx+4  4 

(13)  to  =^-«+to- 

m«(m«-n«)+3m'-3mn«  3 

IV.  2b  reduce  fractiane  to  others  equivalent,  and  having  a  common  denomk' 
nator. 

41.  RuuE. — Multiply  each  of  the  numerators,  separately,  irUo  all  the  denomit' 

nators,  except  its  own,  for  the  new  numerators,  and  all  the  denominators  to 

'getherfor  a  common  denominator.^ 

a        c 
Thus,  reduce  r-  and  ^  to  equivalent  fractions  haring  a  common  denonunator 

a  X  <^  IB  the  new  numerator  of  the  first, 

cxbia  the  new  numerator  of  the  second, 

bxdw  the  conunon  denominator ; 

ad         he 
Therefore,  the  fractions  required  are  t^  and  n 

*  The  rationale  of  the  abore  examples  Ib  given  in  the  note  on  the  next  page. 

t  The  nmnerafeor  and  denominator  of  each  fraction  wiQ  thus  be  mnltiplied  by  the  same 
nomber,  vis,,  the  prodnct  of  the  other  denommaton,  and,  oonaequently,  fti  rahie  wili  be  vfr 
ahaoged. 
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Kednce  t»  -3.  ?»  t,  t»  ""»  ^  a  conunon  deDominator. 
0  a  J    n   I    n 

adfldn   chfMn   ehdMn  ghdfln  Jcbdfhn  mhdfhl         ,,     i-     ^ 

—        «  — • f  — — ~ — «  — - — 1 — •  are  the  iractioDs  reouired 

bdfhln  bdfMn  hdfhln   hd/Mn   hdfhln    bdfhln  ™c«od»  requirea 

14-x  l+a:*  l4-:c' 
Jteduce     '    ,  --L — ,     '    ,,  to  a  common  denominator. 

(l+ar)(l^a:»)(l^a:»)  (l+x«)(l-x)(l-a:«)  (l+a:«)(l^x)(l-2«) 
(l-ar)(l-:f)(l^:c»)'  (l^x)(l-af^)(l^x»)'  (l^x)(i^zf^)(l^af^y 
firactions  reqoired. 

ADDITION  OF  FRACTIONS. 
42.  Rule. — Reduce  thefractums  to  a  common  dencminator,  add  ike  numera 
tors  together,  and  subscribe  the  common  denominator.    Thus, 
a     e ad     be ad'\-bc 

*   '  6""  n""  ^  '  y     bnqy'^  bnqy'^bnqy'^bnqy 
anqy  '■\'mbqy'{-pbny-{'Xbnq 
=  bnqy  ' 

.       a     ^     _c atygg     cyx*     ebda? 

-  bdfifi 

(l+3:')«+(l-3:')» 
-    (l-a-)(l+a:«) 

2(l+x*) 

=  l-x*  • 

^1 1 1— a?  1+g 

-(l+x)(l-a:) 
•      2 


SUBTBACTION  OF  FBACTIONa 
43.  fluLE. — Reduce  the  fractions  to  a  common  denominakir,  nihifm^  ikt 
numerator  or  the  sum  of  the  numerators  of  the  fractions  to  be  suhrae§ea,  frvm 
&ie  numerator  or  the  sum  of  the  numerators  of  the  others,  and  subscribe  the  con^ 
mon  denominator.* 

a     e     ad     be     ad-^bc 

^  '  b*n      \q     y/     bnqy'^bnqy     bnqy     bnqy 

anqy  -f-  mhqy  '^pbny — xbnq 
^  bnqy  

*  The  rules  for  addition  and  lubtraction  of  fractiona  follow  from  the  general  principle  that 
qaaotlties  to  be  added  or  inbtracted  mngt  be  of  the  same  denominatfaB. 
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c        e       g      adfhjfi      hcfha*      bedhi!'      bdfga* 


(3) 


adfha^  +bcfhjfl  ^btdkx    ^bdfg 
-  bdfkt' 


-1-x*- 

1 

1      a»— 1 

a"-" 

"a"""    or 

a« 

m     aH'^'-^b^d 

lm-t--l 

— ^m+l—         ^m+l 

a+b     a-h     (g+6)'-(a-5)« 
**'  a_i~a+6-     (a+b)(a~b) 
4ab 

^*''  1— x»"'l+a?— (1— i')(l  +  x')     (1— a:«)(l+z«) 
(l+a')'-(l-a«)' 
-    (l-x«)(l+a-) 
4a« 


(«) 

(7) 

44.  When  the  denominators  of  the  fractions  which  it  is  required  to  reduce 
hare  a  common  moltiple  less  than  their  continued  product,  the  result  will  fre- 
quently be  much  simplified  by  finding  this  least  common  multiple,  and  then 
reducing  the  fractions  to  their  least  common  denominator  by  multiplying  the 
numerator  and  denominator  of  each  fraction  by  the  quotient  of  the  least  com' 
mon  multiple,  divided  by  die  denominator  of  diat  fraction. 
Thus,  if  we  are  required  to  reduce  the  following  fractions : 
a — 3x    3a— 52     3a— &r 
~r"  "I       6       ^     20     ' 
The  least  common  multiple  of  4  and  5  is  20,  the  denominator  of  the  thirJ 
fraction ;  therefore  the  fractions,  when  reduced  to  their  least  common  denomi 
nator,  are 

6a— 15x     12a— 20a:     3a— 5g     5a— 15g-fl2a— 203r+3a— 5x 
20      ■*■       20       ■*■     20     ""  20 

20a— 40r 
~       20 
=a— 2x. 
So,  also,  in 

27— 93?_5g-f2     61     2a:+5     29+4X     5— 37g 
^"*"      4  6         12+     3     ■*■     12     ^     12     ' 

the  least  common  multiple  of  3,  4,  6  is  12,  which  wiD  be  the  least  eommoo  ds* 
nominator,  and  the  above  fractions  become 

12g     81— 273?     lOg+4^61     8a;+20     29+43:     6—373: 
12+      12  12     "~12+     12     +     12     ^     12     • 

Or, 
12g+81— 273:— 103:— 4— 61+83:+ 20+29+43:— 5+373:     243:+60 
12  -      12 

s2x+5. 
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MULTIPLICATION  OP  PBACTIONS. 
45.  Rule. — MuUiply  all  the  numerators  together  for  a  new  numerator^  and 
«ll  the  denominators  together  for  a  new  denominator.    Thus,* 
^^ac      ac 

a     m     p     X    ampx 
'^'  b^n^'i^y'^bH^' 

,.  ±B vir^v:^  ^J>-g     (a+h){e--f){k+l)(p^^ 
y)  c+d^g-^h^m-^h^  r+s^{e+d){g-^h)(m^n)(r+sy 

abode       abode        a 
^^  bi^'^^d?^ex^^^'^bcdef2^'^f^' 

DIVISION  OF  FRACTIONS. 

46.  Rule. — Invert  the  divisor  and  proceed  as  in  MuUipUeation.f 
a     c    a     d     ad  -^      ^    c    ad    aedl  a 

^  ^  cArd-^g^h-c+d^  e^f-(c+d){e^fy 

^•*'  1— 2»  •  l+a:»""l— a«^l— x»""(l— a*)«" 

a:*— &*       ^  a*+bx         x*^b*  x— & 

W  a»— 26x+6»"^  X— fe  •"x*^2ix+6«^a«+6x* 

(x*— l><)(x— &) 
"■(x«— 26x+6»)(x«+6x) 

"■     (x— 6)».x.(x+6)  * 

(x+5)(x^6)(x«+6«)(x^ft) 

"~      x(x— 6)(x— fe)(x+6) 
a«+6« 


47.  Jlluce22aneoitf  Examples  in  the  operations  perfcrmed  in  Algebraic  Frac 
mon$. 

3a     §f      X     42agy+356/y— 8&ex 
^^^  46+8«"7y""  666^ 

2g      5<y     (^g^      16a6c+15c(y— 4<;ggg 

/,v  .     /•     g^,/"      6g/g(e-/)-3g*+2/^' 
(3)  «-y-2«y+3,^-  6€/g 

*  To  mnltiply  a  qaantity  by  the  fraction  \,  fat  iostanoe,  if  to  take  it  aa  many  ft^^  aa  fa 
ezpraased  by  thia  nniltiplierf  that  is,  two  tbirda  of  a  time,  or  to  take  two  thiida  of  i^ 
wbidi  ia  done  by  diriding  it  by  3,  and  multiplying  by  2.  If  the  mnltipUcand  be  a  fraotiov 
dda  fa  done,  aa  baa  been  before  shown  (17,  Note^,  by  mnltiplying  ita  numerator  by  %  and 
Ito  denominator  by  3,  which  aooorda  with  the  role  abore  given. 

t  Thfa  mle  dependa  upon  the  principle  that  the  diyiior,  mnltipUed  by  the  qootienl*  unal 
piodaoe  the  dividend. 

D 
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(6)  c+2aft-.3ac y_^^    = g;±j; . 

13a— 5l>     7a— 26     3a     89a— 56ft 
^®'        4       ■"     6      ""7-      60       • 

3a— 45  2a— 5— g  15a— 4c  85a— 20t 
*^^  7  "•  3  +  12  -  84  " 
.    ^  a    a— 36     a^— 5«— a6     a«i— 46»+a« 

t^^)  F+"72"+ — S2~= Ud ' 

^"'  (a+6)»'"(a+6)«+a+6'"    (a+6)»    ' 

Y^)  4(1— 3:)»^8(1— x)^8(l+r)     4(l+a-)— 1-x  ^t^^^ 

V^3)  a»-6»^a+6""a»+2a6+6»' 

a"- 9J+20     a!«^13g+42     a"— llj+28  , 

^^*'      a«— 6r     ^      a«— 5ar     ""         a* 
a^+3x+2     a^+5x+4      j+2, 

^  **'  a«+2a:+l^a«+7x+12^x+3* 

M«x  ^"^5     {ad+U)fh 
a     .     6 


a— >6     a-^b 

^^^'  a+ar    a-ar^""2^' 
a— «    a+« 

^-n+1 
'^)  a»— a*x+a»x»— oV+ox*— z»~"a»-.a;* 


tf+a* 


■a*+a^+a:«* 


^  ThoM  esamplef  admit  of  tlie  ■pplioitkm  of  tiie  ibimiilu  at  the  top  of  page  90 
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* 

ON  THE  FORMATION  OF  POWERS,  AND  THE  EXTRACTION 
OF  ROOTS  OF  ALGEBRAIC  QUANTITIES. 

48.  We  begin  by  coDsidering  the  case  of  mooomiab,  and,  in  order  to  aim* 
plify  the  subject  as  much  as  possible,  we  shall  first  treat  of  the  formation  of  the 
square  and  the  extraction  of  the  square  root  only,  and  then  proceed  to  gener- 
aJize  our  reasonings  in  such  a  manner  as  to  embrace  powers  and  roots  of  any 
degree  whatsoever. 

J>EPiifiTiON. — The  aqtutre  root  of  any  expression  is  that  quantity  which, 
when  multiplied  by  itself,  will  produce  die  proposed  expression.  Thus,  the 
square  root  of  a' is  a,  because  a,  when  multiplied  by  itself,  produces  a' ;  the 
square  root  of  (a-|-&)*  is  a+h^  because  a-|-&,  when  multiplied  by  itself,  pro- 
duces (a+hy ;  in  like  manner,  8  is  the  square  root  of  64, 12  of  144,  and  so  on* 
The  process  of  finding  th^  square  root  of  any  quantity  is  called  the  extraetum 
of  the  square  root. 

The  extraction  of  the  square  root  is  indicated  by  prefixing  the  symbol  V  to 
the  quantity  whose  root  ia  required. .  Thus,  V^  signifies  that  the  square  root 
of  a«  is  to  be  extracted ;  V?+2a6+^,  or  V(a"+2a6+6«),  signifies  that  the 
square  root  of  a*-4-2a&4-^'  is  to  be  extracted,  &c. 

In  order  to  discover  the  method  which  we  must  pursue  to  extract  the  square 
root  of  a  monomial,  let  us  consider  in  what  manner  we  form  its  square.    Ac  . 
cording  to  the  rule  for  the  multiplication  of  monomials, 

So, 

{9ah^<^d*Y=0a¥<^d*  X  9a&*c»J<=81a«6*c«(£». 
And, 

(Aa*^»2^---)*==Aa*^"2*»---XAi»y»2'»---s=:A'a«^»2*---; 
ft.  e  9  we  add  die  exponent  of  each  letter  of  the  given  monomial  to  itself. 

49.  Hence  it  appears  that,  in  order  to  square  a  monomial,  we  must  square 
its  coefficient,  and  multiply  the  exponents  of  each  of  the  different  letters  by  % 
Therefore,  in  order  to  derive  the  square  root  of  a  monomial  from  its  square, 
we  must, 

I.  Extract  the  square  root  of  its  coefficient  according  to  the  rules  of  Arid^ 
metie. 

II.  Divide  each  of  the  exponents  by  2. 
Thus,  we  shall  have  

V64a«ft*=:8a»6». 
Thia  is  manifestly  the  true  resulll,  for 

(8a»6»)«=8a»M  X  8a»&«=64a«K 
Similarly, 

Here,  also. 
Again* 


Also, 


V625a«6Vr=25aft<c». 
(26a6*c»)«=26a6^c»  X  26a6V=626a«iV 

5M^ 

V25a«p-»Vrf-»=r5a»ir-9c«<^-w=s-5j|l^ 

V81a*'a:«»3^2«P-»=s9a"a:*V2^. 


52  ALGBBBA 

Abo. 

If  the  given  quantity  be  a  fraction,  extract  the  square  root  of  its  nnmeivtar 
and  denominator  separately.  This  role  foDows  from  that  for  mnltiplieatioa 
of  fractions.    Thus, 


Abo, 
^ybo, 
Abo, 


7( 


(a+x)«Vy""(a+ar)Ay* 


irtry        1    \        gy 


50.  It  appears,  from  the  preceding  role,  that  a  mofiomtoZ  can  not  he  the  squme 
of  another  monomial  unless  its  co^eient  he  a  square  numher,  and  the  exponemU 
oftlie  different  letters  all  even  numbers.  Thus,  9Sah^  is  not  a  perfect  square, 
fords  is  not  a  square  number,  and  the  exponent  of  a  is  not  an  even  number. 
In  this  case  we  introduce  the  quantity  into  our  cakutotions  affected  with  the 
sign  V»  uid  it  is  written  un^r  the  form  ^98ab*.  Expressions  of  thb  natnie 
are  called  Surdst  or  Radicals  of  the  Second  Degree.^ 

51.  Such  expressions  can  frequendy  be  simplified  by  the  api^ication  of  the 
following  principle :  The  square  root  of  the  product  of  two  or  more  fadors  i$ 
equal  to  the  product  of  the  square  roots  of  these  factors.    Or,  in  algebiaic  Ian 

P"«8»t  «.».•__ 

y/ahcd =  VaX  V^X  VcX  Vd 

In  order  to  demonstrate  tfab  principle,  let  us  remaric  that*  according  to  our 
definition  of  the  square  root  of  any  expression,  we  hare 

(VoW y^ahed 

Again^        _  _ 

(VaX  VhX  Vex  V<i— )'=( VS)'X( V^)«X( VJ)»X(\/3)*— t 

=a^(f . 

Hence,  since  the  squares  of  the  quantities  VoW-*— ,  and  Va.  ^ 
%/c.  ^d—  are  equal,  the  quantities  themsekee  must  be  equal. 

This  being  established,  the  expression  given  above,  V98a&%  may  be  put 
under  the  form  V496*x2a=  V496*X  V2a,but  -/ioS*  b  by  ( Art  49)==75»5 


V986*a=  V496*X  V2a=7&V2a. 
Similarly,      

-/45a«Sv3=  V9tf»6«c«x6W=:  V9a»6«tf»X  V^W 
s:^3ahc'^5hd, 

*  Tram  the  Lttin  iurdas.  They  we  ■ometimes  caUed  inoommeniiirible^havtDg  no  c 
moo  measure  with  vmty.  They  are  ako  called  irrationa],  because  their  ratio  with  oni^ 
can  not  be  expressed  in  namben.  Fractions  have  boUi  a  common  measure  and  ratio  witii 
nni^.  Thus  the  fraction  f  has  i  far  a  common  meurare  jntfa  unity,  and  its  ratio  with  mi- 
tir  as  I.  t  ThulbUowi  from  (10,  m.,  note). 
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^o,  also, 


Ako, 
Also, 
Abo, 
Abo, 
Abo, 


V24a«6=l?'/  V^- 

V54a'&'c=3a5  \/6a5c. 

2  V8a*H-»6=4a"  V2a6. 


3  V76|>*9*=15p*^  V3p. 
V    12a«6    ^      2a      V  36 ""       a      V  &  * 


In  general,  therefore,  in  order  to  simplify  a  monomial  radical  of  the  f  eouul 
degree,  separate  those  factors  which  are  perfect  squares,  extract  their  rtot  (Art 
49),  place  the  product  of  all  these  roots  before  the  radical  sign,  and  plau  aU 
ihos^actoTS  which  are  not  perfect  squares  under  the  radicfiH  sign. 

Id  the  expressions,  7b^  y/2a,  3abc  y/bbd^  12ab^(fi  '/Obc^  &c.,  the  qnantitiee 
76^,  3a 24^  l^¥(fi,  are  called  the  coefficients  of  the  rcdical, 

52.  We  have  not  hitherto  considered  the  sign  with  which  the  radical  may 
be  affected.  But  since,  as  will  be  seen  hereafter,  in  the  solution  of  problems 
we  are  led  to  consider  monomials  affected  with  the  sign  — ,  as  well  as  the 
aign  -|-,  it  is  necessary  that  we  should  know  how  to  treat  such  quantities. 
Now  the  square  of  a  monomial  being  the  product  of  the  monomial  l^  itself,  it 
necessarily  follows  that,  wh€Uever  may  be  the  sign  of  a  numomial,  its  square 
must  be  tweeted  with  the  sign  -f .  Thus,  the  square  of  +5c^b^,  or  of  —  dd^fr^, 
ia  +25a*bfi. 

Hence  we  conclude  that,  if  a  monomial  be  positive^  its  square  root  may  be 
either  positive  or  negative.  Thus,  \/9a^=:+^'>  ^  —  3a%  for  either  of  these 
quantities,  when  multiplied  by  itself,  produces  9a^ ;  we  therefore  always  affect 
^e  square  root  of  a  quantity  with  the  double  sign  db«  which  is  called  plus  or 
minus.    Thus,  V9a«=±3a«,  -/i44a«S^=  ±  12a6«c'.» 

53.  If  the  monomial  be  affected  with  a  negative  sign,  the  extraction  of  its 
square  root  is  impossible,  smce  we  have  just  seen  thai  the  square  of  eveiy 
quantity,  whether  positive  or  negative,  is  essentially  positive.    Thus,  V  ^^t 

*  The  doable  sign  may  be  omitted,  being  always  uidentood  before  1/.  An  important 
proposition,  not  nmially  noticed,  should  be  demonstrated  bere ;  it  is,  that  the  quantity  A  bas 
no  other  sqoare  root  dian  the  two»  +1^-^  ^^d  — 1/ A.  To  prove  this,  let  ns  observe  that 
the  different  sqaare  roots  of  A  are  the  valaes  of  a;  in  the  eqaation  2>=A,  or  what  is  the 


a9— A=0. 

Instead  of  o^ — ^A,  we  may  write  a^— (t/A)* ;  then,  decomposing  fSaiB  difference  into  two 
fiictors,  we  have  _  __ 

a:*-A=(a>-i/A)(^+l/A). 
Under  this  form  we  perceive  that  every  value  of  x  which  is  not  either  +'i/A  or  — yh^ 
win  fail  to  render  either  of  these  two  factors  zero ;  then  it  will  not  render  the  product  afl — A 
«ero  i  therefore  the  qaantity  A  has  no  ot^ier  square  root  than  rjti/A. 

T%e  iquare  root  cf  a  quantity  has,  tker^ore,  two  values,  which  are  equal  witk  eontntrf 
eistns  and  it  has  no  other  values. 
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^  —4a',  V, — 5«  u^  algebraic  symbob  which  represent  operations  which  it « 
impossible  to  execute.  Quantities  of  tiiis  nature  are  called  ivMigyiuvry  or  tm- 
possible  quandtUs,  and  are  symbols  of  absurdity  which  we  frequently  meet 
witii  in  resolving  quadratic  equations. 

By  an  extension  of  our  principles,  however,  we  perform  the  same  opezm 
tions  upon  quantities  of  this  nature  as  upon  ordinary  surds.  Thus,  by  (Ait 
61), _  •  

V— 9      =  V9X— 1  =  V9 .  yTZj  =3^—1. 

V— 4g»  =^4<^X— 1 srV^a'-/^  =2a-/--l 

V— 8a«5='/2x4a»x6X— l=V4a«X  VS^X  ^— l=2a^26V— 1 

54.  Let  us  now  proceed  to  consider  tiie  formation  of  powers  and  extzBctkNi 
of  roots  of  any  degree  in  monomial  algebraic  quantities. 

DKFiiriTioN. — ^The  cube  root  of  any  expression  is  that  quantity  whidi,  mnl 
tiplied  twice  by  itself,  or  taken  three  times  as  a  factor,  will  produce  the  pio 
posed  expression.  The  fourth,  or  hiquadrate,  root  of  any  expression  is  tliet 
quantity  which,  multiplied  three  times  by  itself,  or  taken  four  times  as  a  fac 
tor,  wiU  produce  the  proposed  expression ;  and  in  general,  the  n^  root  of  any 
expression  is  that  quantity  which,  multiplied  (n — 1)  times  by  itself,  or  taken 
A  times  as  a  factor,  will  produce  the  proposed  expression.  Thus,  the  cube 
root  of  efi¥  is  ah,  because  ab,  multiplied  by  itself  twice,  or  taken  three  times 
as  a  factor,  produces  o'fr';  for  the  same  reason,  (a -{-5)  is  the  6^%oot  of 
(a4-^)^  2  is  the  seventh  root  of  128,  and  so  on. 

55.  Let  it  be  requured  to  form  the  fifth  power  of  2a*&'. 

(2a»5«)»=2a»J»  x  So***  X  2a'^  X  2a»6«  X  ^^h* 
=32a»ft». 
Where  we  perceive,  1*.  That  the  coefficient  has  been  raised  to  the  fifth 
power;  7^.  That  the  exponent  of  each  of  the  letters  has  been  multiplied  by  6  . 
Tn  like  manner, 

(8<i*ft»c)»=8d«6»c  X  8a«6»c  x  8<i»Wc 

=512a«5»c». 
So,  also, 

(2aJ»iA/\)»=2a6V<i*x  2a6»c»ci*x to  n  factors 

Hence  we  deduce  the  fc^owing  general 

RULE  TO  RAISE  A  MONOMIAL  TO  AITT  POWER. 

Raiae  the  numerical  coefficient  to  the  given  power,  and  mtdHply  the  exponmtt 
of  each  of  the  letters  by  the  index  of  the  power  required.^ 
And  hence,  reciprocally,  we  obtain  a 

RULE  TO  EXTRACT  THE  ROOT,  OF  ART  DEGREE,  OF  A  MONOMIAL. 

V.  Extract  the  root  of  the  numerical  coefficimt  according  to  the  rula  of 
arithmetic, 
2°.  Divide  the  exponent  of  each  letter  by  the  index  of  the  required  rooi 

Thus,  ^  

V64a9fc»cg      =4a»6c» 

*  When  a  qaantity  is  positive,  all  its  powen  are  positive ;  bat  if  it  is  negative,  all  its 
wftsi  powen  will  be  positive,  and  its  oneven  negative. 


EXTBAGTION  OF  BjOOTB. 
EZAHPIfS. 

(1)  (2aic)»=32a«6»A 

(2)  (3fl«m«fi*)»=27a«»i»»». 

(3)  (2-y^P)«=a*y-2». 

EC  ■•      • 

(7)  (a5)»r=zi. 


'1       Si 
(8)  (y)»=y»». 

/Ti\  «  /32«i*n»     2mii« 


^j»  -_p»5«- 


(12)  »^ 

(13)  "^ 


wjfcTi^Mq     B«A:Pr»« 


a»/3«    ""    a^^ 


»3)wt5»*     ©*D"t5' 


266        ""        2 

J  sin'^  cosV       sin^coB^ 

<^^>  Vi 39(p4?-r)ioa  J- i(?HhF^55i • 

When  the  root  to  be  extracted  is  of  an  onoTen  degree,  its  sign  should  be  that 
af  the  given  quantity ;  when  of  an  even  degree,  it  ahonld  be  ± .    (See  last  note.) 

56.  By  the  rule  for  extracting  a  root,  we  perceive  that,  in  order  that  a 
monomia]  may  be  a  perfect  power  of  that  degree  whose  root  is  required,  its 
coefficient  must  be  a  perfect  power  of  that  degree,  and  the  exponent  of  each 
letter  must  be  divisible  by  the  index  of  the  root  n 

When  the  monomial  whose  root  is  required  is  not  a  perfect  power  of  the  re- 
quired degree,  we  can  only  xndicoXt  the  operation  by  placing  the  radical  sign 
V  before  the  quantity,  and  writing  within  it  the  index  of  the  root.  Thus^ 
if  it  be  requbred  to  extract  the  cube  root  of  4^6*,  the  operation  wiH  be  indi- 
cated by  writmg  the  expression, 

Expressions  of  this  nature  are  caDed  «iirc2«,  or/trro^ionaZ  giMmftttM,  or  railir' 
cal$  of  the  second^  thirds  or  n**  degree^  according  to  the  index  of  the  root  re^ 
quired. 

57.  We  can  frequently  nmplify  these  quantities  by  the  application  of  the 
following  principle,  which  is  merely  an  exteuuon  of  that  already  proved  lo 
(Arc  51). 
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The  n^  root  of  the  product  of  any  number  of  factors  is  equal  to  the  prodme 
gfiKexl^  roots  of  (he  different  factors.    Or,  in  algebraic  langoa^a, 

^^bcd =  VaX  V^X  Vex  VdX  — -. 

RaiBe  each  of  these  expressions  to  the  power  of  the  degree  fi,  ih^n 

{Vahcd )'z=zabcd 

And, 

(Vax  VhxVcx  V3— )'=(V«)-x(Vfc)'x(Vc)-x(V<i)- 

^      =ahcd — -. 

Hence,  since  the  n**  powers  of  the  qoantities  yahcd,  and  ^o".  V&  •  V^ 
yd are  equal,  the  quantities  themselves  must  be  equal.  Q.  E.  I>. 

This  being  established,  let  us  take  the  expression  V^^^^^>  whose  recjt 
oan  not  be  exactly  extracted,  since  54  is  not  a  perfect  cube,  and  the  exponents 
of  a  and  e  are  not  exactly  divisible  by  3* 

We  have, 

(1)    V54fl^yc«=V27X2Xg'XaX^Xc' 

=  V27X  Va'X  V«^X  V2ad» 
by  the  principle  jnst  proved, 

r=3a&V2^- 
So,  also, 


(2)  V48a»6V=Vl6x3xa*XaXfc«Xf^Xc»  _ 

=  V16X  Vf^x  V6-X  Vc*x  V3X  VflX  V5 

=2aMcV3ac«. 

(3)  Vl92a^^«=:{(64x3Xa«XaX6Xc|^        _        _ 

=  V64xVa«X  Vc»X  {/3X  V«X  Vfc 
=2ae*^3a(. 

(4)  V192=4V3.* 

(6)  6V5655»=10a6V7S55". 

(6)  v«'y^'^+*=^y-*2'"  V^^ 


"^4 


==B»>C*^7— • 


m  V  TO 

In  the  above  expressions,  the  quantities  3a&,  2a&'c,  2a^,  &:c«,  placed  befin» 
the  radical  sign,  are  called  the  confidents  of  the  radical, 

58.  There  is  another  princiide  which  can  frequently  be  employed  with  ad- 
vantage in  treating  these  quantities ;  this  is, 

7%e  m**  pou>er  of  the  n**  power  of  any  quantity  is  equal  to  ike  naf^p&wer  of 
that  quantity.    Or,  in  algebraic  language, 

*  A  good  way  of  lepanting  a  number  into  factors,  some  of  which  are  perfect  powen,  is 
to  tiy  perfect  powen  upon  it  sb  diyiaors,  beginnixig  with  powers  of  the  lowest  nmnbem. 
Thus,  in  the  4th  example,  8,  tibe  cabe  of  2,  will  diride  192,  and  the  quotient  is  24  ,•  again.  8 
win  divide  24,  and  the  original  nomber,  192^,  may  be  put  under  the  fonu  8X8X3=64X9^ 
and  the  cabe  root  will  be  2X2X  V^,  or  44<^3.  The  cube  root  of  1080  may  be  found  by  first 
dividing  by  23,  and  that  quotient  by  33,  or  27.    The  result  ia  ^23X33X9=±2X3^5=64^ 
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For  we  liave, 

And,  in  genexal, 

{a°}»=a»  xa»Xa"X  a"— torn  fiwtors; 

ssa"+n+ o+n  •  -  •  to  ■•  tar««  . 

Aed,  reciprocallf, 

T^  mn**  nm><  of  any  quantity  is  equal  to  ike  m^  root  iff  the  vf^  roo^  of  (halt 
quantUy.    Or,  in  algebraic  language, 

'  ''Va=^a. 
For,  let 


^a^p; 


Kaise  the  two  quantities  to  the  power  m, 

ya^$^\ 
Again,  raise  both  to  tke  power  n, 

asp-"; 
Extract  the  mn^  root, 

But,  by  supposition. 

Hence,  as  often  as  the  index  of  the  root  is  a  number  composed  of  two  or 
more  factors,  we  may  obtwn  the  root  required  by  extracting,  in  i 
the  roots  whose  indices  are  the  factors  of  that  number.    Thus, 

(1)  V47«=»^  yi^,  » 

=» /\/4^  by  the  above  principle, 

(2)  V36^=-/-/36a^ 

(3)  4^256=y4/^=4/16=s2. 

(4)  V32?5«=  '/2a5.  


(5)  'yi6a*x»y*»2:*"-*=  V^fl^J^***""* 

(6)  In  general,  ^_^. 

That  is  to  say,  IT^eit  (fc«  i«<£ear  of  the  radical  is  mttl^Ued  by  a  eerimm 
number  n,  and  the  quantity  under  the  radical  sign  is  an  exact  rf*  power^  we 
can,  vnthout  changing  the  value  of  the  radical,  divide  its  index  by  n,  and  ex 
tract  the  of*  root  ofiht  quanlUy  under  the  sign. 
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Thufl,  


59.  This  last  proposition  is  the  coiiTerse  of  another  not  less  imporfaii^ 
woich  consists  in  this,  that  we  may  multiply  the  index  of  a  radical  by  any  wunif 
her^  provided  we  raise  the  quantity  under  the  sign  to  the  power  whose  degree  u 
marked  by  that  number,  or,  in  algebraic  langaage, 

For,  if  the  last  rule  be  applied  to  the  second  ef  these  qoantities,  it  will  pro- 
duce the  first. 

60.  By  aid  of  this  last  principle,  we  can  always  reduce  two  or  more  radi- 
cals of  different  degrees  to  others  which  shall  have  the  same  index.  Let  it  be 
required,  for  example,  to  reduce  the  two  radicals  V2a  and  V^^  to  othera 
which  shall  be  equivalent,  and  have  the  same  index.  If  we  multiply  3,  tlia 
index  of  the  first,  by  5,  the  index  of  the  second,  and,  at  die  same  time,  raise 
2a  to  the  6th  power;  if,  in  like  manner,  we  multiply  6,  the  index  of  tlio 
aecond,  by  3,  the  index  of  the  first,  and,  at  the  same  tame,  raise  3bc  to  tiie  3d 
power,  we  shall  not  change  the  value  of  the  two  tiidicals,  wluch  will  thus 
become 

-5^36c=»><y  (36c)»  =  V276»c». 
We  shall  thus  have  the  following  general 

RULE. 

In  order  to  reduce  two  or  more  radicals  to  others  which  shall  be  equivalelU 
and  have  the  same  index,  multiply  the  index  of  each  radical  by  the  product  of 
Vu  indices  of  all  the  others,  and  raise  the  quantity  under  the  sign  to  the  power 
whose  degree  is  marked  by  that  product. 

Thus,  let  it  be  required  to  reduce  y/2a,  {/36»c«,  ^Ad*e^f^  to  the  same 
index, 

^3^     =«'<»'<y(3j8^j9X6     _.y3iofc90c» 

The  abov^  rule,  which  bears  a  great  analogy  to  that  given  for  the  reduction 
of  fractions  to  a  common  denominator,  is  susceptible  of  the  same  modifications. 

BULE. 

To  reduce  radicals  to  their  least  common  index,  find  the  least  common  multi- 
ple of  aU  the  indices,  divide  it  by  the  index  of  each  radical,  and  raise  the 
quantity  under  the  radical  to  the  power  expressed  by  the  quotient,* 

This  rule,  applied  to  the  radicals  -v/^*  ^^^*  V^*  &^^ 

VS=V?,  V56=V626M,  V3?=V27?. 

EXAMPLES. 

(1)  Reduce  V^'^^  V^"*  ^^^  V^"^  ^  tlie  same  index. 

(2)  Reduce  ya,  yb,  and  yclo  the  same  mdex. 

(3)  Reduce  ^cfi,  ^b*,  y<?,  and  V<^  to  tibe  same  index. 

*  TbiB  u,  in  effect,  maltiplyiiig  the  index  of  each  radical,  and  the  exponents  vnder  tlMl 
radical,  bv  the  craotient. 
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(4)  Reduce  y— ,  l/y,  and  W-  to  the  same  index. 
(6>  Reduce  yf-^zi^.  y(x+yy'  *°^  V?  ^  ^^  "^^  "^®* 

ANSWERS. 

(1)  ^a^,  V^^iand  iyc«P. 

(2)  »"-5^"?5;  ""^"F:?,  and  T"^. 

(3)  ^^IfiSyi,  ^y^li^,  '^^1^,  and  ^r^fc^^. 


lev      /Dp'  /mw 


61.  Let  us  now  proceed  to  execute  upon  radicals  the  fundamental  opezm- 
tlons  of  arithmetic. 

ADDITION  AND  SUBTRACTION  OF  BADICALS. 

Defutition. — Radicals  are  said  to  be  timUar  when  they  have  the  same  in* 
dex,  and  when,  also,  the  quantity  under  the  radical  sign  is  the  same  in  each ; 
tfatis,  3^0,  I2ac'^af  Ibb'^a,  are  similar  radicals,  as  are,  also,  Aa^h^mn*]^^ 
bl^mn^,  25c£ymn^,  &c. 

This  being  premised,  in  order  to  add  or  subtract  two  similar  radicals  we 
have  the  Mowing 

RULE. 

Add  or  iyhtract  their  coeffidenUj  and  place  the  9um  or  difference  €U  a  co^ 
ident  hefore  the  common  radical.    For  examtile, 

(1)  35/6+2^1=5^6. 

(2)  3^7—2^6=^6^  

(3)  Zpq  \/mn+Al  Vmns(3pH-42)  ^mn* 

(4)  9cdVa^4cd'/a=z5cd'/a. 

If  the  radicals  are  not  similar,  we  can  only  indicate  the  addition  or  subtrac- 
tion by  interposing  the  signs  -{-V)r  — . 

It  frequently  happens  that  two  radicals,  which  do  not  at  fint  appear  simJar, 
•nay  become  so  by  simplification ;  thus, 

(5)  V48a^+6V76a='/3>06^ax6«+6V3X26Xfl 

=46V3fl4-56V3a 
=96V3a. 

(6)  2^45— 3a/5===2'/6x9— 3V5 

=3^5. 

(7)  y8a»6+16a*— ^6*4-2a6»=y8a»(6+2"a)— ^6»(6+2a) 

=(2a— 6)^2a+6.' 

*  When  two  pmdncta,  oanniting  each  of  several  factors,  have  any  common  fu^ton,  tiia 
attier  ftctors  may  be  ragarded  as  the  coefficients  of  these,  since  they  show  how  many  times 
Ae  common  iacton  are  repeated,  and  the  addition  may  be  performed  by  adding  the  coeffi- 
dents,  and  annexing  the  common  factors  to  the  sum ;  tfaos,  abcd'{-m7icd=:z{ab'-\-mn)cd,  and 
9ab^'x-^-4eb\/x={Sa'^4e)b^9,  on  the  same  principle  as  8rt4-4a=12a. 
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(8)  3^4?+2y2a=3V^+2V2a 

=5y2a. 

(9)  V8+  V50—  ■•18=4  V2. 

(10)  ftVai^+cVoc-— rfV^'"=(**+<5^— <^Va- 

(11)  2VS+V60-M/15+ Vl=fiVl5.* 

(12)  4flya»i*4-6^8a«6— yi26a«6*=a«6-y6. 

(13)  y (3fl^+6a6c+36«c)=(fl+6)  VSc. 

(14)  V46c»—  V80c*+  V5a'c=(«— c)  V5c- 

MULTIPLICATION  AND  DIVISION  OF  BADI#AL6. 
62.  Li  the  first  place,  with  regard  to  radicals  which  have  the  same  iodex, 
let  it  be  reqaured  to  mnltiplj  or  divide  ya  by  V^«  tiien  we  shall  bf»ve 

ykx  Vb^  VS,  and  Va^  V&=\^- 

For,  if  we  nise  V^X  V?i  ui^  Vab,  each  to  the  n^  power,  we  obtain  the 
game  result,  ah ;  hence  tiiese  two  expressions  are  eqnaL  The  same  principle 
is  demonstrated  in  (57). 

Ua  la  a 

In  like  manner,  — p  and  yl^,  when  raised  to  the  n^  power,  give  ? ; 

the  two  expressions  are  equaL    We  shall  thns  have  the  foflowing 

RULE. 

Jb  order  to  multiply  or  divide  two  radicals  which  have  the  same  index,  i 
tiply  or  divide  the  quantities  under  the  sign  by  each  other,  and  affect  the  retuU 
with  the  common  radical  sign.  If  there  be  any  coefficients,  we  commence  by 
multiplying  or  dividing  them  separately.  The  latter  part  of  this  rule  depends 
upon  the  principles  set  forth  and  alluded  to  in  17,  note ;  the  coefficients,  or  i»- 
tional  parts,  and  the  radical  parts  being  regarded  as  factors  composing  a  produer 

_6a«(g«+&«) 

(2)  3a  V85  X  25  V45c=6a6  ^3^ 

_  =sl2a*&V^-    

(3)  2a^/bcxZb^abcXaV^=^^*h^/2a*b»<* 


U)  5iV2_6a  lb 
'  2bVc     2W? 
25g«6VV^^25a«ft  ^ 


=6a»6\:V2. 


5a. 
5am  p 

^-iryln' 


*  The  mimerator  and  denominator  of  each  of  the  two  fractions  m  tbia  example  are  mohi* 
plied  by  ita  denominator.  The  denominator  beoomea  tfana  a  perfect  aqaare,  and  may  be  set 
oatside  the  radical  sign. 
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(7)  (a+^V-l)X(a-ftV-l)=a^+i'. 

(8)  «^axV6X  Vc=Va6c. 

(9)  aVxx^VyX£V«=«*cVa?yz. 

(10)  4X2V3X  V72=8'/6. 

(11)  c^/axd')/a=iacd. 

(12)  6V8X3V5=30V10. 

(13)  yi8x  5-^4=10^9. 

(14)  JV6xA/9=tVV6.  ^ 

(16)  2Va^x3Va^x4>^6^=24Va^^*^- 

(17)  (^— 15+ V— 12— V— 21)-T-V— 3=2+ V5-    V^- 

If  the  radicals  have  not  the  same  index,  we  must  reduce  them  to  oChen 
having  the  same  index,  and  then  operate  upon  them  as  above ;  thus, 

(1)  3fl  <^  X 56  V2?=:3a y&^X  56y 8^ 

^      =15a6V86V. 

(2)  V^oSSx  V2a«6c»=Vl25a^Vx  V4a*5C* 

=  V500a^6«c" 
=ac«V500a6»c. 

(3)  myaX'y6x»tVc=»«Va"6«c«. 

(5)  a;Vm<xyH^»»»'=*y'y »»'*+'■. 

(7)  Vax  V6X  Vc=°7a"*J""'c-». 

(8)  AV«"xB^6'xCVc=ABC'^a-ft'6^<?*tf. 

(»>  vk^v^=^r — ^=^^ — • 

(10)  c  Va'— x*-j-  V«+*=« -y («—*)•(<«•— a^)- 


(11)  v<«'-=^^(«-*)=v^- 

(12)  >^.^-A,^=^"<^- 
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63.  Let  it  be  required  to  raise  ^ato  the  nth  power;  then, 

( Vaj"=:  Vf^X  Va^X  'J^a to  n  fiictors, 

=  Va"t  according  to  the  rule  for  multiplication  just  establiahed. 

Hence  we  have  the  following 
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RULE. 

In  order  to  raise  a  radical  quantity  to  any  given  powei  raise  the  quaniUy 
under  the  sign  to  that power^  andplace  over  the  result  the  radical  sign  ^ffiik  iU 
original  index.    Jf  there  he  any  coefficient^  toe  must  raise  Oie  confident  Mtpa 
ratdy  to  ihe  reared  power.    Thus, 

(1)  (V4a»)«=Vl6a« 

(2)  (3V23)*=3»V325 

=243^325 

3=486aV*4a^ 
"When  the  index  of  the  radical  is  a  multiple  of  the  exponent  of  the  power 
which  we  wish  to  form,  the  operation  may  be  simplified. 
Let  it  be  required,  for  example,  to  square  ^/^a ;  we  have  seen  (Art.  58)  ^mt 

\/2a=:y  ^2a ;  but  in  order  to  square  this  quantity,  it  is  sufficient  to  mp- 
press  the  first  radical  sign ;  hence,  ( ^2ayz=  ^2a.    Again,  let  it  be  required 

to  raise  ^abc  to  the  5lJi  power ;  now,  ^abczi^yj  •^ahc ;  but  in  order  to  raise 
this  quantity  to  the  5th  power,  it  is  sufficient  to  suppress  the  first  radical  sign  * 
hence,  ('Va6c)*=  ^/abc^  and,  in  general, 

('7a)»=(v  Vi)  =Va; 
that  is  to  say, 

ffihe  index  of  the  radical  he  divisihle  hy  the  index  of  (he  required  power ^  toe 
may  divide  the  index  of  the  radical  hy  the  index  of  the  power^  and  leave  the 
quantity  under  the  sign  unchanged.* 

64.  With  regard  to  the  extraction  of  roots,  either  by  virtue  of  the  principle 
established  in  (Art.  59),  or  by  reversing  the  last  rule,  we  shall  manifestJ^  hare 
the  foDowing 

EUXJE. 

In  order  to  extract  any  root  of  a  radical  quantity,  multiply  the  index  of  the 
radical  hy  the  index  of  the  root  required,  and  leave  the  quantity  under  the  sign 
wuhanged.  Jf  there  he  a  confident,  toe  must  extract  its  root  separaJtdy. 
Thus, 


<^)  \/vi=^ 


If  the  quantity  under  the  sign  be  a  perfect  power  of  the  same  degree  as  ^e 
root  reqicdred,  we  may  simplify.    Thus, 


•  It  may  be  well  to  note  hero  Uiat  the  even  power  of  a  radical  of  the  second  degrae  is 
rational,  and  the  nneren  power  iiratioDal,  the  latter  being  formed  by  the  mnltiplicatiGii  of 
the  proposed  radical  by  a  rational  qaantity. 
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ihat  is,  tM  may  eztrocf  Ou  root  of  the  quantity  under  ike  radical  ilgn» 

HISCELLAITEOUS  EXAMPLES. 

U)   V24+ V64— V6=4  ^. 

(2)  Vl2+2V27+3V'76+^'v/48==59V3. 

(3)  VsT— 2V24+ V'28+2-/63=8^/7— V3- 

(4)  V"45?--V80?+'/^^=(<»— c)\/6c. 
(6)   Vl8flW+  V50a'6»=(3a«6+5a6)'v/2a6. 


(6)  V2"a^A*c— V4X6*a»69c»+V4x6*aMc  _^ 

=(8a'&— 5a&<c+66)V4aS^ 


'"\^-#="'-'# 


(8)  y64a"*+«K— yi6o'»-»5«+y2a«»+«+y2e'a" 


(11)  V4a»y+8a6y4-46»y=2(a+6)Vy' 

(12)  y  4a»6«— 20<i»6»+26aM=(2a»— 65)d  V  «! 

^    ^  a+5Va«-2a6+6«""a+6' 
a+5    C35       G+j 

<i^)  5i:6-V5+6=vsr::g' 

(16)  V2X\^XV3=^. 

(17)  V4X  '/ax  ^6=^3981312 

(18)  a  V^x  6  Vy X  c  V2=flic Ta-pypt-. 


•ItUiiianifeittl»l»mg«ieral.V{/i=sV|^«;ibr,by  (Art.  58),  etch  of  thaw 
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#««v      <^tl^       V^^        1.^* 

65.  Let  us  now  inquire  with  what  sign  a  moncmial  root  u  to  be  affeeted. 
We  have  seen  (Art.  52)  that,  whatever  niay  be  the  sign  of  a  monomal, 

its  square  is  always  positive ;  and  it  is  evident  that,  in  like  manner,  eveiy  even 
power  must  be  positive,  whatever  may  be  the  sign  of  the  original  monomial, 
and  that  every  imeven  power  win  be  affected  with  the  same  ngn  as  the  ari^^ 
monomial. 

Thus,  —a,  when  raised  to  different  p6wers  in  succession  will  give, 
—a,  +0^,  —a*,  +a*,  —a*,  +a»,  — a^  &c. 
And  +^  hk  like  manner,  win  give 

+a,  +a\  +fl',  +a\  +<?,  +a»,  +a»,  &c. 
In  fiut,  every  even  power  2n  may  be  considered  as  the  square  of  the  n^  powet 
or  a''=(a")',  and  must,  therefore,  be  positive ;  and,  in  like  manner,  eveiy 
power  of  an  uneven  degree  (2n-|-l)  may  be  considered  as  the  product  of  the 
Sn^  power  by  the  original  monomial,  and  must,  therefore,  have  the  same  sign 
with  the  monomiaL 

Hence  it  appears, 

I.  ITiat  every  root  of  an  uneven  degree  of  a  monomial  quantUy  mutt  be 
affected  with  the  same  ngn  as  die  qtuintity  itself.    Thus, 

V+85=:2a;  V^^^^^=— 2a;  V— 32aW6*=— 2a«5. 

II.  That  every  root  of  an  even  degree  of  a  positive  monomial  may  he  affected 
with  the  sign  -{-^orthe  sign  — ,  indifferently.    Thus, 

V81a*6^=sdb3a6»;  {/64a»*=«±2a». 

III.  That  every  root  of  an  even  degree  of  a  negative  monomial  is  an  impos- 
sible root ;  for  no  quantity  can  be  found  which,  when  raised  to  an  even  power, 
can  g^e  a  negative  result.  Thus,  ^^a,  M — c, ...  are  symbols  of  opera 
tions  which  can  not  be  performed,  and  are  caned  vmposdhle^  or  tmagtnary 
qwjml&(xts^  as  V— Ot  V— ^»  '^  (^J^  ^3)* 

66.  The  different  rules  which  have  been  established  for  die  calculation  of 
radicals  are  exact  so  long  as  we  treat  of  absolute  numbers ;  but  are  subject  to 
some  modifications  when  we  consider  expressions  or  symbols  which  are 
purely  algebraical,  such  as  the  imaginary  expressions  just  mentioned. 

Let  it  be  required,  for  example,  to  determine  the  product  of  V**^  ^ 
V— a »  by  the  rule  given  in  (Art.  62), 

=V+a». 

But  -Z+a'zsrtOf  so  that  tihere  is  apparently  a  doubt  as  to  the  sign  with 
which  a  ought  to  be  affected  in  order  to  answer  the  question.  However,  the 
true  result  is  —a ;  because,  in  generul,  in  order  to  square  V^i  >'  ^  sufficient 
to  suppress  the  radical  sign ;  but  V  —ax  V  ^-^  u  the  same  thing  as  (  V  —a)' 
and,  consequently,  is  equal  to  — a. 
Next,  let  it  be  required  to  determine  the  product  of  -/—a  by  V — ^»  hy 

the  rale  (Art.  62)  

l/— ax  V— 6=  V— ax  — & 
•=V+a6 

*  For  farther  example!  of  tnuuformationt,  see  Appendix. 
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The  true  result;,  howerer,  is  —  Vo^,  bo  long  as  we  suppose  the  iiidicak 
V— <i»  V— ^  to  he  each  preceded  hy  th^  sign  -f  ;  for  we  have,  accordinr 

to  (Art  53),  _     

V — a  ssV^'V— 1 

Hence,  

Accordhig  to  this  principle,  we  shaB'find  for  the  different  powers  of  V— ^ 
the  followmg  results : 

/  .  V^l)'=(  •-!)'•  V-l 

(V -!)*=(  V-i)»x(V-i)* 

=+1. 

Since  the  four  foHowing  jiowers  will  be  found  by  multiplying  -f-l  hy  the 

first,  the  second,  the  third,  and  the  fourth,  we  shall  again  find  for  the  four  new 

powers  +  V — 1»  — 1»  —  V — h  +1 1  80  that  all  the  powers  of  -/—I  wiB 

form  a  repeating  cycle  of  four  terms,  being  suocessiTely,  i/— l,  ^1,_-/— 1, 

+  1-*  ,  

Finally,  let  it  be  required  to  deteraune  the  product  of  ^— a  by  ^—6, 
which,  according  to  the  rule,  would  be  ^+^^«  ^o  determine  the  true  result. 
we  must  observe  that 


And  .*. 
But, 

Hence,  

V  -a  X  \r^—  \fah  .  /3l. 
The  above  principles  will  enable  the  student  to  operate  upon  these  quanti- 
lies  without  embarrassment. 

THEOEY  07  FKACnONAL  AND  NEGATIVE  EXPONENTa 
67.  This  is  the  proper  placo  to  expkun  a  species  of  notation  which  is  found 
extremely  useful  m  aj^braic  calculations. 
*  Tfalfl  may  be  expmsedm  iti  moit  general  ten  tfaas,  if  n  be  aay  whole  noiiiber : 

(<^— l)^+«=rato+«X— l/— 1=»— tf*""*^.  ■•— 1. 
Tbs  fint  in  tiie  ante  oonretpoDds  to  the  but  ia  the  tezt^  Ifae  f  eeond  in 
In  the  text,  and  the  third  in  the  note  to  the  second  in  the  text. 

E 


6^  ALGEBILA. 

1  Let  it  be  required  to  extract  the  n^  root  of  a  quantity  tach  as  a".  We 
have  seen  by  (Art  55)  that,  if  m  is  a  multiple  of  n,  we  must  divide  m,  tfaa 
index  of  the  power,  bj  n,  the  index  of  the  root  required.  But  if  m  is  not 
diyisible  by  n,  in  which  case  the  extraction  of  the  root  is  algebraicaDj  impoe- 
sible,  we  may  agree  to  indicate  that  operation  by  indicating  the  division  of  tiie 
exponents.    We  shall  thus  have 

, ■ 

la 

the  expression  a"  being  understood  to  signify  the  n^  zxK)t  of  a*,  by  a  convaB 
tion  founded  upon  the  rule  for  the  extraction  of  roots  of  monomial  qnantitiis. 
According  to  this  convention  or  definition,  we  shall  have 

It  may  be  observed  tliat  the  denominator  of  the  fractional  exponent  is  the 
index  of  the  radical,  ipd  the  numerator  the  exponent  of  the  quantity  ander  tfaa 
radical. 

II.  Let  it  be  requbred  to  divide  a"*  by  a*.  According  to  the  rule  in  (Art 
17),  we  must  subtract  the  mdex  of  the  divisor  from  the  index  of  the  dividend; 
so  that  ^ 

a" 

It  is  to  be  remarked,  however,  that  here  it  is  supposed  that  m^n.  But  if 
m  <  n,  in  which  case  the  division  is  algebraically  impos^le,  we  may  agree  to 
indicate  the  division  by  the  aid  of  a  negative  index  equal  to  the  excess  of  n 
ever  m.  Letp  be  the  absolute  difference  of  m  and  n,  so  that  n:=m+p  ;  wr 
shall  then  have 


a*  1 

^^  ^Sfi  ^°^  *^  ^  pu^  under  the  form  -^,  by  suppressing  the  factor  ^ 

conm^on  to  both  terms  of  the  fraction ;  we  shall  then  have 

1 

aP 
The  expression  or*  is  then  the  symbol  of  a  division  which  can  not  be  executed; 
and  the  true  value  of  the  expression  is  unity  divided  by  the  same  letter  a 
affected  with  the  exponent  p,  taken  positively.    According  to  this  conventiou. 
we  shall  have 

^=1;  0-^=1.  &c. 

Again,  by  supposing  the  exponent  of  the  numerator  to  be  larger  by  p  than 
the  exponent  of  the  denonunator,  it  may  be  proved  in  a  similar  manner  that 

1 

From  these  expreasions  it  appears  that  a  factor  may  be  transferred  from  t&e 
denominator  to  the  numemtor  of  a  fraction,  or  vie^  vena^  by  changing  the  sign 
of  its  exponent 
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Write  2^  >>*  one  line.  Ans.  M^e-^d"^* 

Write  -jTT  ^  ®°®  '"^®'  ^^'  Sa'Vrf-^e-  ^. 

Write  o»^,^j^_e  in  one  line.  Ans.  2 X 3^^g^k*^]i*. 

€fib*  1 

Write  -rr»  a^  » t**®  lower  line.  ,     Ans.  -zzr-rm* 

A«B/JC  1 

A»C-'  ^  A«B* 

Write  ■p.^jy  with  all  positiTe  exponents.  Ans.  ^^ 

Write  y  ,  j  with  all  positive  exponents.  Ans.  -^. 

III.  By  combining  the  last  two  conTentions,  we  arrire  at  a  third  notation, 
which  is  the  negative  and  fractional  exponent. 

Let  it  be  required  to  extract  the  n^  root  of  -^. 

1  rr    ^ »- 

in  the  first  place,  r^==or^\  Bence  y— =  V«~»=a  »,  substitating  the 

fractional  exponent  for  tibe  ordinary  sign  of  the  radical. 

As  in  words,  a"  is  usually  enunciated  a  to  the  power  m,  m  being  a  positive 

m  ^m 

Integer ;  so  by  analogy,  a^  at™,  a  "  are  usually  enunciated,  a  to  the  power  m 
by  fif  a  to  the  power  minus  m,  and  a  to  the  power  ndnus  mhy  n. 

All  that  has  been  hitherto  said,  with  regard  to  fractionid  and  negative  e& 
ponents  must  be  considered  as  a  mere  matter  of  definition ;  in  short,  that  by  a 

cqnvention  among  algebraists  a^  is  imderstood  to  mean  the  same  thing  as 

1  -S         11  ' 

y  a™,  cr^  tp  be  tiie  same  as  -^,  and  a  '  as  > /~^*    We  shall  new  proceed  to 

prove  that  the  rules  already  established  for  the  multiplication,  division,  forma-  ' 
tion  of  powers,  and  extraction  of  roots  of  quantities  affected  with  positive  in- 
/  tegval  exponents,  are  applicable  without  any  modificatio|i,  when  the  exponents 
are  fr^tional  or  negative.    We  shaU  examine  the  different  cases  in  succession. 

68.  Mttltiplication.    Let  it  be  required  to  multiply  a'  by  a>;  then  it  is 
asserted  that  it  will  be  sufficient  to  add  tiie  two  exponents  and  that 

=:a^' 


For,  by  our  definition, 
And, 


ai        =  V"?; 
,alxaJ=Va^X  V"a' 

ssoii  by  definition  in  (Art  67, 1.). 
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kgam^  let  it  be  zeqmred  to  multiply  a"**  bya^;  then  it  it 


For, 


■-'=x^ 


and  a^ss  ^cfi. 


s=a"  by  definition  in  (Art.  67, 1.) 
Qenenlly,  let  it  be  required  to  multiply  a     ■  by  a« ;  thep 


For, 


a 


a     •Xais=y-5XV«' 


far 

s=a  M    by  definition* 
69*  Hence  we  have  the  following  general 

•BOIil  POft  KZFOHEIfTIt  19  HUXiTIYUCATION. 

In  order  to  tmdi^y  fuaniUies  expruwd  ly  ike  mme  letter^  add  Ok«  ex 
fonentB  rfikat  letter,  uikaUner  may  he  ike  nature  of  ike  eacponenia. 

Tbia  is  &e  nme  nde  as  was  established  in  (Art.  11)  for  qnantilies  affeetad 
wish  inte^nd  and  pomtiTe  exponenti.    According  to  this  rule,  we  shall  find 

a^""*c^*  Xa^6^c*=:a"6^*c""' 

3ff-*6'x2a""*5*c»  =zSa'^^\^<*. 

70.  DiTisioir.  Let  it  be  required  to  divide  a^  by  a** ;  then  it  is  asserted 
Ihat  it  win  be  qnfiScient  to  subtract  the  index  of  the  divisor  from  the  index  of 
Ihe  dividend,  and  that  we  shall  thns  have 


21=«*-* 


a* 


=a*. 


FRACTIONAL  AND  NBGATIVB  EXPONENTft 
For, 

a*=  VS',  and  a*  =  {^S, 

=\^  by  (Art.  62, 

=:a*  by  definitioii. 
In  like  manner,  we  can  prove  that  , 


a 


ti. 


Generally,  let  it  be  required  to  divide  a^  by  fl^. 
Then, 


8sa  ■'  . 
For, 

m  J 

a"  as  ^^,  and  a^s  V?, 


2      E      


ss^^a"'*-^ 


=a  "^    by  definitioik 

71.  Hence  we  have  llie  Mowing  general 

RULE  FOB  EXPONENTS  IN  DIVISION. 

In  order  to  divide  quantities  expressed  by  (he  same  letter^  subtract  Ae  o^ 
^anent  of  the  divisor  from  the  exponent  of  the  dividend,  tahatever  may  he  the 
nature  of  ike  exponents. 

This  is  the  same  role  as  that  estabUshed  in  (Art.  17)  for  qaantities  affected 
with  integral  and  positive  exponents.    According  to  this  mle,  we  have 

a^^a^  =a""A. 

72.  FoRBiATfbN  OF  POWERS. — ^In  ordor  to  raise  a  monomial  to  any  power, 
the  rule  given  in  the  case  of  positive  and  integral  exponents  was,  to  multiply 
the  index  of  the  quantity  by  the  index  of  the  power  songht.  We  have  now 
to  prove  that  this  holds  good,  whatever  may  be  tito  nature  of  the  exponelit. 
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Let  it  be  required  to  raise  a^  to  the  4^  power.  ' 
Then,  ^ 


For, 
But, 


a*s=  Vo*.  and  (a^)*=(  V?)*- 
(  V^)*=  VtfiS,  by  (Art  63) 


GeneraUy,  let  it  be  required  to  raise  a*^  to  tlie  power /y. 
Then, 


(«?)'=«> 


Far, 
But, 


0^=  Va".  attd  (a- )  =.(  V«")'- 


The  ^iemonstrataon  will  manifestly  be  precisely  the  same  if  we  suppose  one 
or  both  of  the  indices  to  be  neptive. 

73.  Hence  we  have  the  following  general 

ft 

aULK  FOB  RAISING  ▲  MONOmAL  TO  ANT  POWKR. 

MuUiply  ihe  exponent  of  the  monomial  by  the  exponent  of  Ou  power  required^ 
whatever  may  he  ihe  nature  of  (he  exponents* 

This  is  the  same  rule  as  that  established  in  (Art.  55)  for  quantities  affected 
With  positive  integral  exponents.    According  to  this  rule,  we  have 

74.  Extraction  op  BtOots. — ^In  order  to  extract  the  n^  root  of  any  quan- 
tity according  to  the  rule  in  (Art  55),  we  must  divide  the  eigponent  of  each 
letter  by  the  index  n  of  the  root.  Let  us  examine  the  case  of  iradtional  ex- 
oonentB. 

Iiet  it  be  required  to  extract  the  cube  root  of  a^. 


Then« 

For, 
But, 
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=a* 


«*=  Va»,  and  .-.  yJJzByJ^ifi. 

=a%  by  definitioD. 
■ 
Generally,  let  it  be  teqfuired  to  extract  the  p^  root  of  a^. 
Fhen, 

I  m         jn 

But,  pFZI       _ 

V  Va"= Va".  (by  Art.  68), 

m 

=:a"P,  by  definition. 
75.  Hence  we  have  the  following 

ftUI.E  FOR  THE  EXTRACTION  OF  ANT  ROOT  OF  AN  ALGEBRAIC  MONOUIAI^ 

Divide  tkeerponent  of  the  monomial  hy  the  exponent  of  the  root  required^ 
whatever  may  he  the  nature  of  the  exponents.    Thus, 


'y/Jb-'^a^-^-'h 


76.  We  shall  close  this  discusjsion  by  an  operation  which  includes  the  damon^ 
itration  of  every  possible  variety  of  the  two  preceding  rules. 

5  r 

Let  it  be  required  to  raise  a^  to  the  power  of  — ;  we  must  prove  tlult 


(a»)     'zsa""^     • 


f2  ALGEBBA. 

If  we  reeur  to  the  origin  of  this  notation,  we  find  that 

(«•)     '         (a-) 

T" 


(Vfl-y 


V  Pt^mt 


Mr  • 

ssa     ",  by  definition. 
77.  The  notation  above  explained  can  be  extended  to  polynomialB,  by  in- 
dnding  them  within  brackets,  in  the  same  manner  as  was  explained  in  the  case 
of  integral  exponents. 


.i 


Thus,  (X'^-ay  signifies  tlie  same  thing  as  V^+<>f  or  ^  square  root  of 

So,  (x-{-a)     ^  is  eqniyalent  to     i        ,  or  ttn%  divided  hy  ike  square  root 
ofx+a. 
In  like  manner,  (x+a+h)^  will  be  the  same  as  V(a:+a+i)»,  or  the  fourth 

3 

roof  qf  (Atf  f^ir(2  jpoi^^r  (/ 1^  ^ttan^fy  x-f-a+^f  and  (x-{-a+^)  ^  "^^  ^ 
nnity  divided  by  the  last-mentioned  quantity.  Since  unity  is  always  under- 
itood  to  be  the  exponent  when  no  other  is  expressed,  {x+a)'^^  is  the  same  as 

—i — ,  and  so  on.  The  same  rules  which  have  been  established  for  the  treat 
x+a'  ^ 

ment  of  monomials  afifecftd  with  exponents  wiU  also  manifestly  apply  to  poly- 
nomials under  the  same  restrictions.* 

EXAMPLES. 

(l)a     ^xa    ♦rra     "^  =:—=. 
ay<j^ 


(2)  a"^6""'*XaVc=a^5""*c=Ji^. 
.     5V     c    ^  a«Vac» 


*  ^e  calcaltu  of  firactional  exponents,  says  Lacroix,  is  one  of  the  most  remarkable  ex 
ampies  of  the  utility  of  signs,  when  they  are  well  chosen.  The  analogy  whioh  exist8.be> 
tween  fractional  and  entire  exponents  renders  the  roles  to  be  followed  in  the  cakolns  of 
the  latter  applicable  to  the  former,  while  particolar  rales  are  requisite  for  the  oalcalna  of 
radicals.  The  farther  we  advance  in  algebra,  the  more  we  perceive  the  nnmeroiis  advan- 
tages which  have  resulted  to  that  science  from  the  notation  of  exponents  invented  bf 
Descaxtei. 
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«        _^p       p_«       

(4)  a     »4-a    ^=ai  »«a   »* 


(5) 

eJ^dJ 

c      _ 
=3. a 

A 

(6) 

«M-J.«~ 

-J6-*c= 

(7) 

«-M 

..39     11 

«V5« 

c»rf»  • 

hi 

oV'*  ■ 

(8)  (aM)*=a*6*. 

(9)  (a«6""^c""?)""*=a""McT^ 

(10)  5-f!l-^'"L-^l!^ 

(11)  (a*+a«6*+aM+a5+aM+6^)  x  (a>— i^jssa*— K 

(12)  (x*+xV+y^)x(x*-y*)=x*-y^. 

(13)  (a:*+y*)  X  (x""*+y""*)  =:x*y-*+2+x"" V. 

(16)  2 — ^.1 j-IL-ssa'^ft. 

(16)  (a*-.6^)*:  (a*-6*)=a*+6*+(a5)^. 

(18)  m*p*5Vxi''"^^""^«"Xi?*?*=w'^'V^*g^*'^- 


(19)  aM(r«(^-i-a*ft»c*<^-^=:-7-3T- 

(20)  (z'+6zV+9a*)  .  Vgi*.  (vZ+3  Va')  =  (z*+3a"0'.  5  V6*»' 


It  may  be  asked  here  whether  the  roles  for  the  calculus  of  exponents  apply  to  inoom- 
mensnrable  and  imaginary  exponents. 

With  regard  to  incommensurable  exponents,  it  may  be  said  that  they  bave  not  absolotely 
of  themselves  any  signiiBcationr  and  that,  in  order  to  give  them  one,  it  is  necessary  to  con 
ceive  them  in  imagination,  repUoed  by  their  approximate  oommensorable  valoes.  A  fiirmn 
la,  therelbre,  into  which  incommensurable  exponents  enter,  sboold  be  considered  as  repre- 
senting the  limit  toward  which  the  rallies  dedoced  from  it  tend  by  ttie  sabstitation  of 
eommensmmble  nnmbers  for  the  exponents,  differing  fimu  them  by  as  small  a  qaantity  as 
we  dioose  to  assign ;  in  this  way  we  perceiTe  that  the  proposed  expression  win  represent 
exactly  tiiis  same  limit,  when  the  same  operations  shall  hare  been  executed  upon  the  » 
oommensnreble  exponents  which  it  oontains,  as  woold  be  if  they  were  commenswable. 

Thos,  for  example,  m  and  n  being  inrommpnsnrable  qoantities,  we  shall  always  have 

Tor,  if  fl/  and  n^  represent  their  approximate  commensturable  yalnes,  we  hare 
a«»'Xa»'=a"»'+'*'. 

*  7or  a  Tariety  of  examples  in  transformations,  see  Appendix. 
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The  fint  members  of  this  equality  tend  towerd  the  lame  limit  as  tiie  seoood.  Bit 
«FXa°  represents  the  limit  of  the  one,  and  a^-^  that  of  the  otiiier;  heiM»,  a"*Xd^=tf*^ 

With  regard  to  imaginary  exponents,  there  is  necessazy  here,  as  every  where,  m  tadt 
admission  that  the  general  relations  of  real  quantities,  represented  by  letters,  hold  good  wiiea 
these  letters  are  replaced  by  symbols  of  quantities  which  are  imaginary. 

Thi#  subject  will  be  better  understood  after  the  student  has  been  over  that  of  extno> 
tion  of  roots  by  approximation. 

78.  Having  thus  discussed  the  formation  of  powers,  and  the  extractaon  of 
roots  in  monomial  quantitiesy^we  shall  d#97  direct  our  attention  to  poljDoiniab ; 
and,  in  the  first  place,  let  it  be  required  to  determine  the  square  of  jr-f-a; 
then, 

(a:+fl)«=(x+a)x(x+a) 

=z2^'\-2xa'-\-a*  by  rules  of  multiplication. 
By  inspection  of  this  result,  it  is  perceived  that  the  square  of  a  binomial  con 
tains  the  square  of  each  term  together  with  twice  the  product  of  the  two. 

Next,  let  it  be  required  to  form  the  square  of  a  trinomial  (z^- a -{-&)•      T^et 
OS  represent,  for  a  moment,  the  two  terms,  z-f-^i  by  the  smgjle  letter  z 
Then, 

(x+a+6)-=(z+6)« 


But, 
And, 


2»=(x+fl)« 


2z5c:25(x+a) 
=:2x&4-2a&. 
Therefore,  subatituting  for  z"  and  2zb  then*  yalues  in  (1),  we  find 

(x+a+6)«=:z»+a«+5«+2za+2x6+2a6. 
Henoe  it  appears  that  the  sqimre  of  a  trinomial  is  composed  of  ike  sum  of  ihe 
squares  of  all  the  terms,  together  vnth  the  sum  of  twice  the  products  oftdithe 
terms  multiplied  together  two  and  tioo. 

We  shall  now  prove  that  this  law  of  formation  extends  to  all  polynomials, 
whatever  may  be  the  number  of  terms.  In  order  to  demonstrate  this,  let  us 
suppose  that  it  is  true  for  a  polynomial  consisting  of  n  terms,  and  then  en- 
deavor to  ascertain  whether  it  will  hold  good  for  a  polynomial  composed  of 
(»+l)  terms.   ♦ 

Let  z+a+6+c-| +Jc'-\-l  be  a  polynomial  consisting  of  n+l  terms, 

and  let  us  represent  the  sum  of  the  first  n  terms  by  the  single  letter  z ;  then 
(x+a+6+c+  — +A:+0  =(z+0, 

and  ...(x+a+6+cH +k+iy=z{z+iy 

=z«+2z/+P; 

or,  putting  for  z  its  value,  z=(x+a+h+c-\ 4-A;)*  +  2{x+a+i> 

+C+. ..+*)/+?. 
But  the  first  part  of  this  expression,  being  the  square  of  a  polynomial  con 
sisting  of  n  terms,  is,  by  hypothesis,  composed  of  the  sum  of  the  squares  of 
all  the  terms,  together  with  twice  the  sum  of  the  products  of  all  the  terms 
multiplied  two  and  two ;  the  second  part  of  the  above  expression  is  eqval  to 
twice  the  sum  of  the  products  of  all  the  first  n  terms  of  the  proposed  poly- 
nomial, multiplied  by  the  (n-f-l)*^  term  I ;  and  the  third  part  is  the  square  of 
the  (n+iy*  term  Z 
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Hence,  if  the  law  of  formation  already  enoanced  holds  gcod  foi  a  poly- 
nomud  composed  of  n  terms,  it  will  hold  good  for  a  polynonual  composed  of 
(jn+l)  terms. 

But  we  have  seen  above  that  it  does  hold  good  for  a  polynomial  composed 
of  three  terms ;  therefore  it  must  hold  for  a  polynomial  composed  of  four  terms, 
and  therefore  for  a  polynomial  of  five  terms,  and  so  on  in  succession.  There- 
fore the  law  18  general,  and  we  have  the  following 

RULE  FOR  THE  FORICATION  OF  THE  SQUARE  OF  A  POLYNOMIAL. 

The  square  of  any  polynomial  is  composed  of  the  sum  of  the  squares  of  all 
the  terms f  together  unth  twice  (he  sum  of  the  products  of  all  the  terms  multiplied 
together  two  and  two.    According  to  this  rule,  we  shall  have, 

(1)  (a+&+c+<f+e)«=a«+6»+c»+<i»+c«+2a6+2ac+2ac?+2ac+26c 
+26i;+26e+2c<;+2c<f+2<£e. 

(2)  (a— 6— c+<f)«=a«+&»+c»+(?— 2a6— 2ac+2a£?+26c— 26</— 2c(i. 
If  any  of  the  terms  of  the  proposed  polynomial  be  affected  with  exponents 

'>r  coefficients,  we  must  square  these  monomials  according  to  the  rules  already 
established. 

(3)  (2a— 46«c»)«=4a^+166V«— 16ai«c». 

(4)  (3a«— 2a6+4ft»)«=:9a*+4a«6»+16&*— 12a»6     * 

+24a«&»— 16a6» 
=:?a*  —  12a»6+28a»63  —  16a&»  +  16i*,  arranging  ae 
cording  to  powers  of  a,  and  reducing. 

(5)  (6fl«6— 4a5c+66c»-.3a«c)«=:26a*6»+16a«i»c»+366»c«+9a^ 

— 40a»6«c+  60a'6V— 30a*ic 
— 48a&3c'+ 24a«6c2— 36a«6c». 
=25a*68— 40a»6«c+76a36«ca— 48a&V    ' 
+366«c«— 30a<6c+24a»6c« 
— 36a«6<r»+9aV». 
79.  Let  us  now  pass  on  to  the  extraction  of  the  square  root  of  algebraic 
quantities. 

Let  P  be  the  polynomial  whose  root  is  required,  and  let  R  represent  the 
root  which  for  the  moment  we  suppose  to  be  determined ;  let  us  also  suppose 
the  two  polynomials,  P  and  R,  to  be  arranged  according  to  the  powers  of 
some  one  of  the  letters  which  they  contain ;  a,  for  example. 

If  we  reflect  upon  the  law  just  given  of  the  formation  of  the  square  of  a 
polynomial,  it  wiU  be  seen  that  the  first  two  terms  of  the  polynomial  P,  when 
thus  arranged,  are  formed  without  reduction,  and  will  enable  us  at  once  to  de- 
termine the  first  two  terms  of  the  root  sought ;  for, 

1<*.  The  square  of  the  first  term  of  R  must  involve  a,  affected  with  an  ex- 
ponent greater  than  any  that  is  to  be  found  in  the  other  terms  which  compose 
the  square  of  R ;  because  this  exponent  is  double  the  highest  exponent  of  a  in 
R,  and  must  be  greater  than  the  double  of  any  lower  exponent,  or  than  the  re- 
sult produced  by  adding  it  to  one  of  the^wer  exponents,  or  by  adding  any 
two  of  them  together. 

*  2^.  Twice  the  product  of  the  first  term  of  R  by  the  second  must  contfdn  a, 
affected  with  an  exponent  greater  than  any  to  be  found  in  the  succeeding 
terms;  for  it  will  be  the  sum  of  the  highest,  and  the  n^xt  to  the  highest  ex 
ponent  of  a  in  R. 
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[t  Mows  from  this,  tliEt  if  P  be  a  perfect  eqaire, 

I.  The  first  tenn  most  be  a  perfect  square ;  and  the  tqaare  root  of 
term,  when  extracted  according  to  the  TvUe  fw  monomials  (Art.  49),  is  the  fini 
term  of  R. 

II.  The  second  term  must  be  divisible  by  twice  the  first  tenn  of  R  tims 
found,  and  the  quotient  will  be  the  second  term  ef  R. 

III.  In  order  to  obtain  the  remaining  terms  of  R,  square  the  two  terms  qfJt 
already  determine4t  and  subtract  the  result  firom  P ;  we  thus  obtain  a  new 
polynomial,  P',  which  contains  twice  the  product  of  the  first  term  of  R  by  tbe 
third  term,  together  with  a  series  of  other  terms.  But  twice  the  product  of 
the  first  term  of  R  by  the  third  must  contain  a,  affected  with  an  exponent 
greater  than  any  that  is  to  be  found  in  tbb  succeeding  terms,  and  hence  thie 
double  product  must  form  the  first  term  of  P'.* 

IV.  The  first  term  of  P'  must  be  divisible  by  twice  the  first  term  of  R,  and 
the  quotient  will  be  the  third  term  of  R. 

y .  In  order  to  obtain  the  remaining  terms  of  R,  square  the  three  terms  of 
the  root  already  determined,  and  subtract  the  result  from  the  original  poly- 
nomifd  P  ;f  -^e  thus  obtun  a  new  polynomial,  P'',  concerning  which  we  xohj 
reason  precisely  in  the  same  manner  as  for  F%  and  continuing  to  repeat  the 
operation  until  we  find  no  remainder,  we  shall  arrive  at  the  root  required. 

The  above  observations  may  be  collected  and  imbodied  in  the  following 

aULK  FOR  THE  EXTRACTION  OF  THE  SQUARE  ROOT  OF  ALOEBRAIC  POLT 

NOMIALS. 

1".  Arrange  Ihe  polynomial  according  to  (he  powers  of  some  one  letter. 

2*".  Extract  ihe  square  root  of  the  first  term  according  to  the  rule  for  fnonomi' 
CM,  and  the  result  wiU  be  the  first  term  of  the  root  required. 

3*.  Square  the  first  term  of  the  root  thus  determined^  and  subtract  it  from  the 
original  polynomial. 

4?.  Double  the  first  term  of  the  roott  and  divide  by  it  the  first  term  of  the  re- 
mainder,  and  annex  the  result  (which  wiU  be  the  second  term  of  the  root)^  with 
Us  proper  sign^  to  the  divisor. 

6*.  Multiply  the  whole  of  this  divisor  by  ihte  second  term  of  the  root^  and  sub- 
tract  the  product  from  the  first  remainder. 

&*.  Divide  this  second  remainder  by  twice  the  sum  of  the  first  two  terms  of 
the  root  already  founds  and  annex  the  result  {which  wiU  be  the  third  term  of 
the  root)^  with  its  proper  sign,  to  the  divisor. 

7*».  Multiply  the  whole  of  this  divisor  by  the  third  term  of  the  root,  and  sub- 
tract the  product  from  the  second  remainder ;  continue  the  t^eradon  in  this 
manner  untU  the  whole  root  is  ascertained. 

The  above  process  will  be  readily  understood  by  attending  to  the  foDowing 
examples : 

EXAMPIA  1. 

Extract  the  square  root  of  10a:*-J0a»— 12a*+5a^+9a«— 2ir+l. 
Or,  arranging  according  to  the  powers  o£x, 

*  The  square  of  the  leoond  term  of  E  xuaally  oo&tidnB  the  lame  expooent  of  the  letter 
of  arrangement,  but  this  is  akeady  subtracted  fxxmi  P,  and  xx)t  left  in  F. 

t  In  practice,  this  operation  is  dispensed  with  by  ibUowing  the  precepts  5^,  7°,  in  tbe  fol- 
lowing role,  which  evidently  come  to  tbe  same  thing. 
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93fi  — 12a*+    lOx*  — 10a?+6x»— ar+l|3a«— ar«+x-.l 

92fi 


6x3— 22:« 


— 12x»+    lOx*  — 10x»+5x8— 2x+l 


6x8  _  4x8^  a: 


6x*  — 10x»+5a;«— 2z+l 
6x*  —  4x»+  x* 


6x»—  4x«+2x— 1 


—  6x»+4x«— 2x+l 

—  6x»+4x«— 2x+l 


0. 
Haidng  anuDged  the  polynomial  according  fx>  powers  of  x,  we  first  extract 
the  square  root  of  9x^,  ^e  first  term ;  this  gives  Sx*  for  tlie  first  term  of  the 
root  required  i  this  we  place  on  the  right  hand  of  the  polynomial,  as  in  division ; 
squaring  this  quantity,  and  subtracting  it  from  the  whole  polynomial,  we  ob- 
tain for  a  first  remainder,  —  12x(^4-10x*— 10x^4- 5x^—2x4-1 ;  we  now  double 
3a^y  and  place  it  as  a  divisor  on  the  left  of  this  remauader,  and  dividing  by  it 
— 12x",  the  first  term  of  the  remainder,  we  obtain  the  quotient  — 2x*  (the 
second  term  of  the  root  sought),  which  we  annex,  with  its  proper  sign,  t<^the 
double  root  Cx" ;  multiplying  the  whole  of  this  quantity,  fix*— 2a^,  by  —2a* 
('which  produces  t^ce  the  product  of  the  first  term  of  the  root  by  the  second, 
together  with  the  square  of  the  second),  and  subtracting  the  product  from  the 
first  remainder,  we  obtain  for  a  second  remtunder,  6x*— lOx'-f-^ — 2x4-1- 
Next,  doubling  dx'— 2x*,  the  two  terms  of  the  root  thus  found,  and  dividing 
€x*y  the  first  term  of  the  new  remainder,  by  Gx^,  the  first  term  of  the  double 
root,  we  obtain  x  for  a  quotient  (which  is  the  third  term  of  ihe  root  sought), 
and  annex  it  to  the  double  root  Gx^— 4x',  multiplying  the  whole  of  this  quan- 
tity 6x^—4x^4'^  ^y  ^  (which  produces  twice  the  first  by  the  third,  twice  the 
second  by  the  third,  and  the  square  of  the  third),  and  subtracting  the  product 
firom  the  second  remainder,  we  obtain  a  tiiird  renudnder,  — 6x'4-4x^— ^4*1  i 
we  now  double  3x^— 2x'4'^*  ^®  three  terms  of  the  root  already  found,  and 
dividing  — 6x*,  the  first  term  of  the  new  remiunder,  by  6x*,  the  first  term  of 
the  double  root,  we  obtain  —1  for  the  quotient  (which  is  the  fourth  term  of 
the  root  sought),  ^d  annex  it  to  the  double  root  Gx^— 4x'4-^>  multip^ing 
the  whole  of  this  quantity  ^— 4x'4-2x— 1  by  —1,  and  sabtracting  it  from 
the  third  remainder,  we  find  0  fi)r  a  new  remainder,  which  shows  that  the 
root  required  is 

3a*— 2a«4-x— 1. 
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60.  If  the  proposed  polynomial  contain  sevenil  terms  affected  with  the  earn* 
power  of  the  principal  letter,  we  must  arrange  the  polynomial  in  the  manner 
explained  in  division  (Art  20) ;  and  in  applying  the  above  process  we  shall  be 
obliged  to  perform  several  partial  extractions  of  the  square  roots  of  the  coefi- 
eients  of  the  different  powers  of  the  principal  letter,  before  we  can  arrive  at  the 
root  required.  ^ 

Extract  the  square  root  of 
(<t»~2ai+6«^+2(fl— 6)(c— <f)i:»+{2(a— 6)(/+g)+(c--rf)«}a«+2(c— </) 

Ans.  (a— 6)z«+(c— c?)x+/+^. 
Such  examples,  however,  very  rarely  occur. 
Before  quitting  this  subject,  we  may  make  the  following  remarks : 

I.  No  binomial  can  be  a  perfect  square ;  for  the  square  of  a  monomial  is  a 
monomial,  and  the  square  of  the  most  simple  polynomial,  that  is,  a  binomial, 
consists  of  three  distinct  temu9,  which  do  not  admit  of  being  reduced  with 
each  other.  Thus,  such  an  expression  as  a'-{-  6'  is  not  a  square ;  it  wants  the 
term  db2a&  to  render  it  the  square  of  (a  Job). 

II.  Jn  order  that  a  trinamial,  when  arranged  according  to  the  powcs  of 
some  one  letter,  may  be  a  perfect  square,  the  tvoo  extreme  terms  must  le  perfect 
squares,*  and  the  middle  term  must  be  equal  to  twice  the  product  of  &ie  square 
roots  of  the  extreme  terms.  When  these  conditions  are  ^Ifilled,  we  mi^  obtain 
the  square  root  of  a  trinomial  immediately,  by  the  foOowing 

RULE. 

Extract  the  square  roots  of  ike  extreme  terms,  and  connect  Hu  two  terms  thus 
found  by  the  sign  +,  when  the  second  term  of  the  trinomud  is  positive,  and  by 
the  sign  — ,  when  Oie  second  term  of  the  trinomial  is  negative.  Thus,  the  ex- 
pression 

9<i»— 48a*6«+64d»&« 
is  a  perfect  square;  for  the  two  extreme  terms  are  perfect  squares,  and  the 
middle  term  is  twice  the  product  of  the  square  roots  of  the  extreme  terms; 
hence  the  square  root  of  the  trinomial  is 

^"9?—  V64a»6*. 
Or, 

3a3— 8a5«. 
An  expression  such  as  i(JP'^l2ab'^9b^  can  not  be  a  perfect  square,  although 
Acfi  and  96^  considered  independent^  of  their  signs,  are  perfect  squares,  and 
t2a6=2(2a .  35) ;  for  —  95^  is  not  a  square,  since  no  quantity,  when  multi- 
plied by  itself,  can  have  the  sign  — . 

III.  In  performing  the  operations  requured  by  the  general  rule,  if  we  find 
that  the  first  term  of  one  of  the  remainders  is  not  exactly  divisible  by  twice 
the  first  term  of  the  root,  we  may  immediately  conclude  that  the  polynomial 
is  not  a  perfect  square ;  and  when  we  arrive  at  a  term  in  the  root  having  a 
power  of  the  letter  of  arrangement  of  a  degree  less  than  half  that  of  this  letter 
in  the  last  term  of  the  given  polynomial,  we  may  be  sure  that  the  operation 
win  not  terminate.    This  is  on  the  supposition  that  the  given  polynomial  is  ar- 

*  In  order  that  any  polynomial  may  be  a  perfect  Kpare,  the  two  extreme  tenns  must  be 
perfiBCt  sqoaref,  if  it  be  arranged  aooording  to  the  powers  of  some  letter. 
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rmziged  according  to  the  decreaaing  powers  of  the  letter.  If  it  be  according  to 
tiie  increasing  powers,  substitute  the  word  greater  for  **  less**  in  the  above 
precept. 

IV.  We  may  apply  to  the  square  roots  of  polynomials  which  are  not  per- 
fect squares  the  simplifications  already  employed  in  the  case  of  monomials 
(Art  51).    Thus,  in  the  expression 

The  quantity  under  the  radical  sign  is  not  a  perfect  square,  but  it  may  be 
pot  under  the  form 

Va6(a«+4a6+46«). 
rrhe  &ctor  within  brackets  is  manifestly  the  square  of  a  4- 25;  hence 

Va'6+4a«6»+4a6»=:  \/a6(a«+4a6+46«) 
=  Va5(a+26)« 
=(a+26)  y/ah, 
81 .  Let  us  next  proceed  to  form  the  cube  o£x-{-a. 
(z+a)«=:(x+a)  X  {x+a)  X  (x+a) 

=3fi'\'3x*a'{'3xa*-{-(^  by  rules  of  multiplication. 
JLet  it  be  required  to  form  the  cube  of  a  trinomial  {x^U'^h) ;  represent 
^e  last  two  terms  a-{-b  by  the  single  letters ;  then 
(:r+a+6)»=(x+5)»'   • 

=x»+3x«(a+6)+3a:(a+6)»+(a+6)» 
=x»+3s:«  a+3x«5+3xa«+6xa6+ar6»+a» 
+3a^'6+3a6«+^- 
This  expression  is  composed  of  the  sum  of  the  cubes  of  all  the  terms,  together 
with  three  times  the  sum  of  the  squares  of  each  term,  multiplied  by  the  simple 
power  of  each  of  the  others  in  succession,  together  tnih  six  times  the  product  of 
the  simple  power  of  all  the  terms. 

By  following  a  process  of  reasoning  analogous  to  that  employed  in  (Art  78), 
we  can  prove  that  the  above  law  of  formation  will  hold  good  for  any  polynomial 
of  whatever  number  of  terms.    We  shaD  thus  find 
(a+b+c+dy^    :=:ifi+bi  +  €»+d*+3d*b+3cfic+Za*d+3l^a+3b^+3b^d 

+ 3c»a+ 3c«6+ 3c«(/+ 3</«a+ 3</»6+ 3d^c+  6abe+ 6abd+ 6aed+ 6bcd 
(2a?— 4a5+36»)»=  8a«  —  64€^h^  +  276*  —  48a»6  +  36a*6»  +  96a*6»  +  U4a*b* 
+64a«&«— 108a&»— 144a»6» 
=8a«— 48a*6+132a*6«— 208a»6»+198a«6*  —  108a5»+276<». 
'  In  a  similar  manner,  we  can  obtain  the  4th,  Sth^  &c.,  powers  of  any  poly- 
nomial. 
For  more  upon  this  subject,  see  a  subsequent  article  (105).  ^ 

82.  We  shall  now  explain  the  process  by  which  we  can  extract  the  cube 
root  of  any  polynomial,  a  method  analogous  to  that  employed  for  the  square 
root,  and  which  may  easily  be  generalized,  so  as  to  be  applicable  to  the  ex- 
traction of  roots  of  any  degree. 

Let  P  be  the  given  polynomial,  R  its  cube  root.  Let  these  two  poly- 
nomials be  arranged  according  to  the  powers  of  some  one  letter,  a,  for  example. 
It  follows,  from  the  law  of  formation  of  the  cube  of  a  polynomial,  that  the  cube 
•f  K  contains  two  terms,  which  are  not  susceptible  of  reduction  with  any 
others ;  these  are,  the  cube  of  the  first  term,  and  three  times  the  square  of 

F 
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ibe  iirit  tMm  muhaplied  bf  the  second  torm ;  for  it  is  manifest  that  tlieee  tss 
terms  win  Involve  a  affected  with  an  exponent  higher  than  any  tluat  »  to  oe 
found  in  the  succeeding  terms.  Consequently,  these  two  terms  muse  iarm 
the  first  two  terms  of  P.  Hence,  if  we  ezlract  the  cube  root  of  the  fiivt  teis 
of  P,  we  shall  obtain  the  first  teim  of  R,  and  then,  dividing  the  second  tena 
of  P  by  three  times  the  square  of  the  first  term  of  R  thus  found,  the  qiKytioDS 
will  be  the  second  term  of  R.  Having  thus  determined  tlie  first  two  tenzia  of 
Be,  cube  this  binomial,  and  subtract  It  from  P.  The  remainder,  P',  hemg  ar- 
ranged, its  first  term  will  be  three  times  the  product  of  the  square  of  tbe  fini 
term  of  R  by  the  third,  together  with  a  series  of  terms  involving  a,  afiectad 
with  a  less  exponent  than  that  with  which  it  is  affeeted  in  this  product. 
Dividing  the  first  term  of  P'  by  three  times  the  square  of  the  first  term  of  B, 
tlie  quotient  will  be  the  third  term  of  R.  Forming  the  cube  of  the  trinomial 
root  thus  determined,  and  subtractiog  this  cube  from  the  original  poIy^nomiBl 
P,  we  obtain  a  new  polynomial,  P",  which  we  may  treat  in  the  same  manrw 
as  P^  and  continue  tlie  operation  till  the  whole  root  is  determined.* 

KXAMPLES. 

(1)  Extract  the  eube  root  of  272»— 13&e*+22&r— 125. 

(2)  V(8a^+*82a:»+602V— SChW— 90z*i«+1082»r-.272:^. 

AvswBaa*  ' 
(1)  3r— 5.  I  (2)  2a^+4za:— 3t«. 

EXTRACTION  OF  THE  BCUTAEE  ROOT  OF  NUMBERS. 

83«  Rules  are  given  in  Arithmetic  for  extracting  the  square  and  cube  roots  d 
any  proposed  number;  we  shall  now  proceed  to  explain  the  principles  upaa 
which  these  rules  are  founded. 

The  numbers 

1,2,3,  4,    5,    6,    7,    8,    9,    10,    100,      1000, 
wfaoi  aqoared,  become 

1,  4,  9, 16,  25,  Se,  49,  64,  81, 100,  10000, 1000000, 
and  rodprocaly,  the  numbers  in  the  fint  line  are  the  square  looti  ef  the  mai 
bers  in  &e  second. 

Upon  inspecting  these  two  lines  we  perceive  that,  among  numbers  eipreaiied 
\s^  one  or  two  figures,  there  are  only  nine  which  are  the  squares  of  other 
whole  numbers ;  consequently,  the  square  root  of  ail  other  nianbers  connsting 
of  one  or  two  figures  mast  be  a  ^ole  number  pins  a  fraction. 

Thus,  the  square  root  of  53,  which  lies  between  49  and  64,  is  7  plus  a  frae* 
Ion.    So,  also,  ths  square  root  of  91  is  9  plus  a  fractioD. 

84.  It  is,  hov^ever,  reiy  lemaiiLable  ikeA  the  square  root  if  a  ukoU  numier, 

wkUh  U  not  apetfe€t  aguare^  can  not  he  expreeud  ly  an  estactfraetUm^  and  »» 

therefore^  ineommen$^r4Me  mA  vnity* 
a 
To  prove  this,  let  -r,  a  fraction  in  its  lowest  terms,  be,  if  possible,  the  square 

a       a' 
root  of  some  whole  number ;  then  the  square  of -r,  or  ^^  must  be  equal  to  this 

whole  number.    But  since  a  and  5  are,  by  supposition,  prime  to  each  other 
*  Tfaia  BAbJeot  wSl  be  reflmned  a  few  pagM  fartfber  on. 
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(i.  e.,  hare  no  common  dhrisor),  a*  and  6*  are  also  prime  to  each  other;*  there- 
to 
fore  rj  is  an  irreducible  fraction,  and  can  not  be  equal  to  a  whole  number. 

85.  The  difference  between  the  squares  of  two  consecutive  whole  numben 
is  greater  in  proportion  as  the  numbers  themselves  are  greater ;  the  expres 
flion  for  this  difference  can  easUjr  be  found. 

liOt  a  and  a-f-1  be  two  consecutive  whole  numbers ; 

Then, 

Hence, 

(a+l)«-a«=2a+l; 
that  is  to  say,  the  difference  of  Ohe  squares  of  ttoo  cofuecutive  uhoU  mm^re  u 
eqtud  to  twice  ike  less  of  the  two  numbers  plus  unity. 

Thus,  the  difference  between  the  squares  of  348  and  347  is  equal  to 

2X347+1,  or  695. 

— — »  I 

*  TUs  depends  upon  the  priaciple  that,  if  any  prime  number,  P,  will  divide  the  product 
of  two  mnaben,  it  miut  divUe  one  of  them,  which  may  be  deounftrated  as  fiiUowB: 

I«et  A  and  B  be  the  two  nnmbera,  and  let  it  be  snppoaed  that  P  will  not  divide  A«  we 
are  to  prove  that  it  moat  divide  B. 

IMviding  A  by  P,  and  denoting  the  quotient  by  Q,  and  the  remainder  by  V,  we  have 

ArrrPa+F  .'.  multiplying  by  B,  AB=PQB+FB  /.  dividing  by  P.  ^=»Q3+^ 

Since  by  hypoAeaia  AB  is  diviaible  by  P,  P^  most  be,  else  we  ihoald  have  a  whole 
mmiber,  equal  to  a  whole  nomber  ploa  a  fraction,  which  is  impossible.  Proceed  now  wiHi 
P  and  P'  after  tbe  xAethod  finr  finding  a  oonmion  divisor,  and  let  F^  V"',  ice,  be  the  snc- 
ceflsive  remainder!,  which  can  none  of  them  be  zerob  becanae  P  is  by  hypothesis  a  ^rinae 
nomber  (t.  e.,  a  number  divisible  only  by  itsflf  and  ni^ty) :  these  remainders  mnat  go  on  di 
miniahing  till  the  last  becomes  unity,  and  we  shall  have  the  aeriea  of  dg:aalitiefl, 

P=P'a'+F',  F=P''a"+F".  to ; 
or,  smltiplying  by  B  and  dividing  by  P, 

_     P'a'B  ,  ^'B  FB    P'^a'^  ,  P^'B  ^ 

®=     P    ^    P'  -p-^-p h-p-»  &c 

The  first  of  these  equalities  showa  that  if  PB  is  divisible  by  P,  V"B  must  also  be  diviai- 
ble ;  and  if  both  these  are  divisible,  the  second  equality  shows  tiiat  F'^  is  divisible  by 
P,  and  so  on.  But  the  remainders,  F'^  P'^^  Ac^  dimiTiish  till  the  last  becomes  unity,  and 
we  ahall  thus  have,  finally,  IXB,  or  B  divisible  by  P.  O.  B.  D. 

Now,  since  ifi  is  the  product  of  a  and  &,  any  prime  number  which  divides  <fi  must  divide 
a,  or  wUdi  divides  6*  must  divide  ^i  so  that  any  prime  number  which  divides  both  tfi  and 
£9  mast  divide  a  and  b. 

Every  number  is  either  prime  or  composed  of  prime  nambets  as  factocs,  and  if  this  nam 
ber  will  divide  the  two  terms  of  a  fraction,  its  prime  facton  wiQ  suooeasively  divide  tbsm. 
This  follows  from  (10, 1.,  2). 

Aa  an  addition  to  Ais  note  may  be  demonstrated  the  following  theorem :  A  literal  guan 
tUy  cam  not  he  deeompo^ed  into  primefaeton  in  difertnt  way*. 

Let  ABCD ...  be  a  product  of  prime  foctors,  and  suppose  that  it  could  be  equal  to  an 
other  product,  abed,..,  the  factors  a, 6,  tf,  d. . .  being  also  prime.  The  factor' a,  dividing 
abed,  must  divide  the  equal  ABCD . . . ;  but  if  the  prime  quantity  a  ig  dlflefeat  from  eadi 
of  ttxe  quantities  A,  B,  C,  B,  to,  it  can  not  divide  any  of  them.  Not*  dividing  either  A  or 
B  Boeording  to  the  above  theorem,  it  can  not  divide  die  product  AB.  Not  dividing  either 
AB  or  C,  it  will  not  divide  the  product  ABC,  and  so  on.  The  factor  a  must,  therefore, 
necessarily  be  equal  to  one  of  the  factors  A,  B,  C,  &o.  Suppose  a=A.  Dividing  the  twt^ 
products  by  A,  the  remaining  products,  BCD . . .  and  6ed . . .,  are  still  equal,  and  applying  ts 
tiiem  the  preceding  reasoning,  we  conclude  that  b  ought  to  be  equal  to  one  of  the  factors  of 
tiie  product,  BCD . . .,  and  so  on.  The  two  products,  ABCD . . .  and  abed.*.,  must,  there- 
fore, be  oomposed  of  the  same  prime  factors.  Q.  E.  D 
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Tlie  square  of  a  number  wiU  always  consist  of  twice  as  many  digits,  or  ook 
less  than  twice  as  many,  as  the  number  itself.  Thus,  the  square  of  10  is  100, 
and  the  square  of  any  number  less  than  10  must  be  less  than  100,  or  eontBin 
not  more  than  two  figures.  The  square  of  100  is  10000,  and  the  square  of  all 
numbers  between  10  and  100  must  be  between  100  and  10000 ;  i.  e.,  conajfi 
of  3  or  4  figures.  In  the  same  way  it  may  be  shown  that  the  square  of  a 
number  containing  threeT  figunes  must  be  one  containing  five  or  six  figuras,  and 
so  on ;  t.  e.,  the  square  of  a  number  consists  of  twice  as  many  di^ts  aa  the 
number  itself,  or  one  less  than  twice  as  many. 

Let  us  now  proceed  to  investigate  a  process  for  the  extraction  of  tiie  aqvmn 
root  of  any  number,  be^nning  with  whole  numbers. 

BXTBACTION  OF  THE  SaUAAB  AOOT  OF  WHOLE  NUMBERS 

86.  If  the  number  proposed  consist  of  one  or  two  figures  only,  its  root  mav 
oe  found  immediately  by  inspecting  the  squares  of  the  nine  first  numbers  in 
Art.  83).  Thus,  the  square  root  of  25  is  5,  the  square  root  of  42  is  6  plus  a 
fraction,  or  6  is  the  approximate  square  root  of  42,  and  is  within  one  unit  of 
the  true  value ;  for  42  lies  between  36,  which  is  the  square  of  6,  and  49,  whidi 
is  the  square  of  7. 

Let  us  consider,  then,  a  number  composed  of  more  than  two  figures,  6084 
for  example. 

Since  this  number  consist  of  four  figures,  its  root  must  60^84 1 

necessarily  consist  of  two  figures,  that  is  to  say,  of  tens  49      j 

and  units.    Designating  the  tens  in  the  root  sought  by  a,        148|118'4 
and  the  units  by  &,  we  have  118'4 

6084 = (a+ hy=a*+2ab+ 6«,  0. 

which  shows  that  pie  square  of  a  number  eonmtxng  of  tens  and  units  is  com- 
posed of  the  square  of  Oie  tens,  plus  twice  the  product  of  the  lens  by  the  units 
plus  the  square  of  the  units,  • 

This  being  premised,  since  the  square  of  a  certain  number  of  tens  must  be 
a  certain  number  of  hundreds,  or  have  two  ciphers  on  the  ri^t,  it  follows  that 
the  squares  of  the  tens  contained  in  the  root  must  be  found  in  the  part  60  (or 
60  hundreds),  to  the  left  of  the  last  two  figures  of  6084  (which  written  at  full 
length  is  6000-f-804-4),  the  84  forming  no  part  of  the  square  of  the  tens ;  we, 
therefore,  separate  the  last  two  figures  from  the  others  by  a  point.  The  part 
60  is  comprised  between  the  two  perfect  squares  49,  and  64,  the  roots  of  which 
are  7  and  8 ;  hence  7  is  the  figure  which  expresses  the  number  of  tens  in  the 
root  sought;  for  6000  is  evidently  comprised  between  4900  and  6400,  which 
are  the  squares  of  70  and  80,  and  the  root  of  6084  must,  therefore,  be  com- 
prised between  70  and  80 ;  hence,  the  root  souf^t  is  composed  of  7  tens  and 
a  certain  number  of  units  less  than  ten. 

The  figure  7  being  thus  found,  we  place  it  on  the  right  of  the  given  number, 
in  the  place  of  tens,  separated  by  a  vertical  line  as  in  division ;  we  then  sub- 
tract 49,  which  is  the  square  of  7,  from  60,  which  leaves  as  remainder  11 
(which  is  11  hundreds),  after  which  we  write  the  remaining  figures,  84. 
Having  taken  away  the  square  of  the  tens,  the  remainder,  1184,  contains,  as 
we  have  seen  above,  twice  the  product  of  the  tens  multiplied  by  the  units 
plus  the  square  of  the  units.  But  the  product  of  the  tens  multiplied  by  the 
units  must  be  tens,  or  have  one  cipher  on  the  right,  and,  therefore,  the  last 
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flgnre  4  can  not  form  any  part  of  the  product  of  the  tenB  by  the  units ;  we, 
therefore,  separate  it  from  the  others  by  a  point. 

If  we  double  the  tens,  which  gives  14,  and  divide  the  118  tens  by  14,  the 
quotient  8  is  the  figure  of  units  in  the  root  sought,  or  a  figure  greater  than  the 
one  required.  It  may  manifestly  be  greater  than  the  figure  sought,  for  118 
may  contain,  in  addition  to  twice  the  product  of  the  tens  by  the  umts,  other 
tens  arising  from  the  square  of  the  units,  which  may  exceed  the  denomination 
anits.  In  order  to  determine  whether  8  expresses  the  real  number  of  units 
In  the  root,  it  is  sujflicient  to  place  it  on  the  right  of  14,  and  then  multiply  the 
number  148,  thus  obtained,  by  8.  In  this  manner  we  forui,  1°,  the  square  of 
the  units ;  2<*,  twice  the  product  of  the  units  by  the  tens.  This  operation 
being  efifected,  the  product  is  1184 ;  subtracting  this  product,  the  remainder  is 
O,  which  shows  that  6084  is  a  perfect  square,  and  78  the  root  sought. 

It  win  be  seen,  in  reviewing  the  above  process,  that  we  have  successively 
subtracted  from  6084,  the  square  of  7  tens  or  70,  plus  twice  the  product  of  70 
by  8,  plus  the  square  of  8,  that  is,  the  three  parts  which  enter  into  the  com- 
position of  the  square  of  70-4-8,  or  78 ;  and  since  the  result  of  this  subtraction 
is  0,  it  follows  that  6084  is  the  square  of  78. 

The  quotient  obtained  from  dividing  by  double  the  tens  is  a  trial  figure ;  it 
win  never  be  too  smaD,  but  may  be  too  great,  and  on  trial  may  require  to  be  di* 
minished  by  one  or  two  units. 

Take  as  a  second  example  the  number  841.  8'41|^ 

This  number  being  comprised  between  100  and  10000,  its  ^ 

root  must  consist  of  two  figures,  that  is  to  say,  of  tens  and  ^^  ' 
units.  We  can  prove,  as  in  the  last  example,  that  the  root 
of  the  greatest  square  contained  in  8,  or  in  that  portion  of  the 
number  to  the  left  of  the  last  two  figures,  expresses  the  number  of  tens  in  the 
root  required.  But  the  greatest  square  contained  in  8  is  4,  whose  loot  i^  2, 
which  is,  therefore,  the  figure  of  the  tens.  Squaring  2,  and  subtracting  tlie 
reaolt  from  6,  the  remainder  is  4 ;  bringing  down  the  figures  of  the  second 
period  41,  and  annexing  them  on  the  ri^t  of  4,  the  result  is  441,  a  number 
which  contains  twice  the  product  of  the  tens  by  the  units,  plus  the  square  of 
the  units. 

We  may  fiurther  prove,  as  in  the  last  case,  that  if  we  point  ofiT  the  last  figure 
I,  and  divide  the  preceding  figures  44  by  twice  the  tens,  or  4,  the  quotient 
will  be  either  the  figure  which  expresses  the  number  of  units  in  the  root,  or  a 
figure  greater  than  the  one  sought.  In  this  case  the  quotient  is  11,  but  it  is 
manifest  that  we  can  not  have  a  number  greater  than  9  for  the  units,  for  other- 
wise we  must  suppose  that  the  figure  already  fpund  for  the  tens  is  incorrect. 
Let  us  try  9 ;  place  9  to  the  right  of  4,  and  then  multiply  this  number  49  by 
9 ;  the  product  is  441,  which,  when  subtracted  from  the  result  of  the  first 
operation,  leaves  a  remainder  0,  proving  that  29  is  the  root  required. 

Let  us  take,  as  a  third  example,  a  number  which  is  not  a  perfect  square, 
such  A  1287. 

Applying  to  this  number  the  process  described  in  the  pre-  12^87135 

ceding  example,  we  find  that  the  root  is  35,  with  a  remainder  ^ 

62.    This  shows  that  1287  is  not  a  perfect  square,  but  that       65 
it  is  comprised  between  the  square  of  35  and  that  of  36. 
Thus,  when  the  number  is  not  a  perfect  squaie,  the  above 


441 
441^ 

0. 


387 
325 

62 
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process  enables  ob  at  least  to  determine  the  ropt  of  die  grmiest 
tained  in  the  number,  or  the  integral  part  of  the  root  of  tlie  number. 

87.  Let  us  pass  on  to  consider  the  extraction  of  the  square  root  of  a 

ber  composed  of  more  than  fonr  figures. 

Let  56821444  be  the  number.  66'82'14'44|7538 

Since  the  number  is  greater  than  10000,  its  root  49 

must  be  greater  than  100 ;  that  is  to  say,  it  must     145 

consist  of  more  than  two  figures.*    But,  whatever 


78'2 
725 


571'4 
4509 


12054'4 
120544 


0. 


the  number  may  be,  we  may  always  consider  it  as     1^03 
composed  of  units  and  of  tens,  the  tens  being  ex-  L 

pressed  by  one  or  more  figTu*es.    (Thus,  any  num-     ^^068 
ber  such  as  37142  may  be  resolved  into  371404-2, 
or  3714  tens,  plus  two  units.) 

Now  the  square  of  the  root  sought,  that  is,  the  proposed  number,  ccnitaiiit 
the  square  of  the  tens,  plus  twice  the  product  of  die  tens  by  the  units,  ptna 
die  square  of  the  units.     But  the  square  of  the  tens  must  give  at  least  hun- 
dreds ;  hence  the  last  two  figures^  44,  can  form  no  part  of  it,  and  it  is  in  tlie 
portion  of  the  number  to  the  left  hand  that  we  must  look  for  that  square. 
But  this  portion  contuning  more  than  two  figures,  its  root  will  consist  of  units 
and  tens ;  it  will,  therefore,  be  necessary  to  commence  the  process  for  finding 
the  root  of  diis  portion  by  cutting  ofif  its  two  right-hand  figures,  14,  and  tiie 
aqaare  of  the  tens  of  the  tens  is  to  be  sought  in  the  figures  now  remaining  at 
the  left,  5682.    This  number  being  the  square  of  two  figures,  we  again  separata 
82,  and  seek  for  tlie  square  of  die  tens  of  the  tens  of  die  tens  in  the  two  re- 
maining figures,  56.    The  ^ven  number  is  thus  separated  into  periods  of  tsro 
figures  each,  beginning  on  the  ri^t.    We  then  go  on  to  extract  the  root  of 
die  number  5682,  as  in  the  previous  examples;  this  will  give  die  tens  of  the  root 
of  jdie  Qomber  568214.    We  then  double  these  tens  for  a  divisor,  and  tske  tbs 
remainder  after  the  last  operation,  widi  14  annexed  for  a  dividend ;  we  divide 
this  dividend,  after  cutting  ofif  the  ri|^t-hand  figure,  and  the  qnodent  will  be 
die  units  of  the  root  of  568214.    All  the  figures  now  found  of  the  root  wiD 
constitute  the  tens  of  die  root  of  the  given  number,  and  we  find  the  units  by 
the  rule  previously  given.    The  detail  of  the  whole  operation  is  as  foDows : 

Extracting  the  root  aTBe,  we  find  7  for  the  root  of  49,  the  greatest  square 
contained  in  56;  we  place  7  on  the  xig^t  of  the  proposed  number,  and  squaring 
it,  subtract  49  from  56,  which  gives  a  remainder  7,  to  which  we  annex  the  fol- 
lowing period,  82.  Separating  the  last  figure  to  the  right  of  782,  and  then 
dividing  78  by  14,  which  is  twice  the  root  ah-eady  found,  we  have  5  for  a  quotient, 
which  we  annex  to  14 ;  we  dien  multiply  the  whole  number  145  by  5,  and 
subtract  the  product  725  firom  782.  We  next  bring  down  the  period  14,  an- 
nex it  to  the  second  remainder  57,  and  point  ofif  the  last  figure  of  this  number 
5714 .  Dividing  571  by  150,  which  is  twice  the  root  ah-eady  found,  the  quotient 
is  3,  which  we  place  to  the  right  of  150,  and  multiplying  the  whole  nuxiiier 
1503  by  3,  we  subtract  the  product  4509  from  5714.  # 

Finally,  we  bring  down  the  last  period  44,  annex  it  to  the  third  remainder 
1205,  and  point  off  the  last  figure  of  this  number  120544.    Dividing  12054  by 

*  We  have  eeen  in  the  but  article  that  it  will  consist  of  four  figures,  half  as  many  as  tlif 
given  nmnber.  Had  the  given  muaber  contained  but  seven  fignres,  the  rose  woald  still  b« 
composed  of  ibiir 
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1606,  wbicb  is  tvnce  tke  root  alreftdy  found,  dM  quotient  is  8,  wliidi  we  ptaee 
«iii  the  right  of  15Q(,  and  mnltiplTifig  the  whole  number  ld068  by  8,  we  siib- 
tract  the  prodnct  120544  from  the  last  resuh;  120544.  The  remainder  it  0 ; 
lience  7538  is  the  root  sought. 

From  what  has  been  said  above,  it  is  easy  to  deduce  the  role,  ordinarify 
l^en  in  Arithmetic,  for  the  extraction  of  the  square  not  of  a  number  consist- 
ing of  any  number  of  figures,  and  which  it  is  unneoessary  here  to  repeat. 

EXTRACTION  OF  THE  SaUARE  ROOT  BY  APPROXIMATION. 

88.  When  a  whole  nimiber  is  not  the  square  of  another  whole  number,  we 
liave  seen  (Art.  84)  that  its  root  can  not  be  expressed  by  a  whole  mimber  and 
an  exact  fraction ;  but  although  it  is  impossible  to  determine  the  precise  value 
of  the  fraction  which  completes  the  root  sought,  we  can  apprwmate  it  as 
nearly  as  we  please. 

Suppose  that  a  is  a  whole  number  whicih^  is  not  a  perfidct  square*  and  that 

we  are  required  to  extract  the  root  to  withm  -,  that  is,  to  determine  a  number 

which  shall  differ  from  the  true  root  of  a,  by  a  quantity  less  than  the  fraction  -. 

To  effect  this,' let  us  observe  that  the  quantity  a  may  be  put  under  the  form 

an* 

— ^ ;  if  we  designate  the  integral,  or  whole  number,  portion  of  the  root  of  an* 

by  r,  this  number  an*  will  be  comprised  between  r*  and  (r+l)' ;  henoe,  -Tjp 

7«        (r+l)» 
is  eomprised  between  -^  and —-,  and  consequently,  the  root  of  a  is  com- 

r*        (r.^l)s  r        r+l 

prised  between  the  roots  of  -r  and    ^- ' ,  that  is,  between  -  and  — ^ — .    Thus, 
n"  n*  fi  fi 

it  appears  that  -  represents  the  square  root  of  a  within  -  cf  the  true  value 

From  this  we  derire  the  following 

RULE. 

To  extract  the  square  root  of  a  uhole  mmher  to  trithin  a  givenfiaeHofif  mnUr' 
tifly  ike  given  number  hy  the  square  of  the  denominalor  of  the  given  fraction ; 
extract  the  integral  part  of  tht  square  root  of  tke  product,  and  divide  tkis  in- 
tegral part  by  the  gioen  denominator. 

Let  it  be  reqmred,  for  example,  to  find  the  square  root  of  59  within  -f^  of 
the  true  value. 

Multiply  59  by  the  square  of  12,  that  is,  144,  the  product  is  8496 ;  the  in- 
tegral part  of  the  root  of  8496  is  92.  Hence  f|  or  7^  is  the  approximate  root 
of  59,  the  result  differing  from  the  true  ralue  by  a  quantity  less  than  i^. 

So,  also, 

yii  =  3^  true  to  ^, 
*  V223=14JJ  true  to  ^. 

89.  The  method  of  approximation  in  decimalsy  which  is  the  process  inost 
frequently  employed,  is  an  immediate  c(Misequence  of  the  preceding  rule. 

s  In  order  to  obtain  the  square  root  of  a  whole  number,  within  -f^  j|^  <nAnf  • '  - 
dC  the  true  yalue,  we  must,  according  to  the  above  rule,  multiply  Uie  proposed 
number  by  (10)^  (100)',  (1000)*, or,  which  comes  to  the  same  thing, 
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place  to  the  right  of  the  mixnber,  two,  four,  so, .....  ciphaniv  tliea  BiOna 
die  integnil  part  of  the  root  of  the  product,  and  divide  tly  result  by  10, 100, 
1000 

Hence,  in  order  to  obtun  any  required  number  of  decimals  in  tlie  root,  we 
must 

Place  an  the  right  hand  of  the  proposed  number  tvnce  as  many  7:eros  as  « 
ioish  to  hone  decimal  figures ;  extract  the  integral  part  of  the  root  of  this  acv 
fium^er,  w^d  then  mark  off  in  the  result  the  required  numher  of  decifnal  jplaoa 


(1)  Extract  the  square  root  of  3  to  six  places  of  decimab. 

Ans.  1.732050. 

(2)  Extract  the  square  root  of  5  to  six  places  of  decimals. 

Ans.  2.236068. 

(3)  Extract  the  square  root  of  12  to  six  places  of  decimals. 

Ans.  3.464101. 
When  half,  or  one  more  than  half^  the  figures  are  found,  the  rest  nmj  ho 
found  by  division. 

(4)  Extract  the  square  root  of  2  to  nine  places  of  decimals. 

The  first  five  figures  of  the  root  found  by  the  ordinary  method  are  1.4142; 
with  the  remainder,  3836.  The  next  divisor  is  28284.  Dividing  3836  by 
28284,  according  to  the  ordinaiy  method  of  dhnsion,  produces  1356  for  a  quo- 
tient, which,  annexed  to  1.4142,  before  found,  gives  for  the  root  required 
1.41421356.* 

Extract  the  square  root  of  11  to  six  places  of  dechnals. 

Ans.  3.316624. 

.  BXTBACTION  OF  THE  SaTTAEB  BOOT  OP  FBACTIONa 

la     Va 
We  have  seen  (Art.  62)  that  •v/r=*~7T  f  hence,  in  order  to  extract  toe 

square  root  of  a  fraction,  it  is  sufllcient  to  extract  the  square  roots  of  the  numer- 
ator and  denominator,  and  then  divide  the  former  restdt  by  the  latter.  Tlui 
method  may  be  employed  with  advantage  when  either  one  or  both  of  the  terms 
of  the  proposed  fraction  are.  perfect  squares ;  but  when  this  is  not  the  case,  it 
will  be  found  inconvenient  in  practice.    If,  for  example,  we  take  the  firaction 

},  although  yj^ss—zz  (since  each  of  these  expressions,  when  multifdied  by  it- 
self, produces  tEie  same  quantity,  }),  we  must  find  an  approximate  value  both 
.for  V3  and  also  for  V^i  ui^  &^i'  all,  we  shall  not  be  able  to  determine  at 
once  the  degree  of  approximation  m  the  result  Under  such  circimiBtances 
the  following  process  may  be  employed : 

a  ah 

Let  the  proposed  naction  be  t^,  this  may  be  put  under  the  form  ^ ;  thai 

being  premised,  let  r  represent  the  integral  part  of  the  root  of  the  numerator 

*  The  reaaon  £ar  thia  rule  may  be  given  thoa :  Let  i  be  the  part  of  the  root  already 
found,  and  x  the  remaining  part  Then  k-^-x  will  be  the  whole  root,  and  ifc'\'z)'i=}fi'\-ikx 
4*2^  the  given  nmnber ;  aa  ;v  is  bat  a  small  firaction  oi  k,  t^  win  be  a  etill  amaUer  fractioii, 
and  may  be  neglected,  ao  that  the  given  munber  may,  without  aenaible  error,  be  consider^ 
eqaal  to  Hfi-^'^ikx.  But  Ifi  has  been  taken  away,  and  the  remainder,  9A;ar,  divided  by  2fc 
ipveax. 


SaUABE  BOOT  07  FBACTIONS.  89 

^  ah        a  ^         1^         (^+1)' 

ah;  hence  -p,jtr  -r,  ia  comprised  between  ^  and  — n"^i  consequently,  tha 

root  of  T  IS  compnsed  between  t  and  — r— .    Thus,  it  appears  that  r  repre- 

a  1 

sents  the  root  of  ?  within  ^  of  the  true  yalue.    Hence,  in  order  to  obtain  the 

square  root  of  a  fraction, 

Make  the  denominator  of  tht  fraction  a  perfect  square^  by  multiplying  hotfi 
terms  of  the  fraction  by  the  denominator ;  extract  the  integral  part  of  the  root  of 
the  munerator^  and  divide  the  reauU  by  the  denominator. 

Let  it  be  requured  to  extract  the  square  root  of  i^. 

^  7  V 13  91 

This  fraction  is  the  same  as    .    .   ,  or  ttttt;.    ^ut  the  integral  part  of  the 
{16}  {iJ) 

9 
Bqpare  root  of  91  is  9 ;  hence  rr  is  the  root  sought,  a  restdt  within  -fj  of  the 

true  Yalue.     ^ 

A  greater  degree  of  approximation  may,  perhaps,  be  required.    In  this  casej 

91 
retuming  to  the  number ,  extract  die  root  of  91  to  any  required  degfee 

of  approximation.    Suppose,  for  example,  we  wish  to  find  the  root  of  91  within 

rrg  of  the  real  valae,  it  will  become  by  (Art.  88)  V91=9 .53 ....    Hence 

7  91  9  53  <  1 

the  root  of — ,  or ,  will  be  ^ — ,  equal  '73  within of  the  true  value. 

13        (13)»  13       ^  1300 

Remark. — It  frequently  happens  that  the  denominator  of  the  fraction,  al- 
though not  a  perfect  square,  has  a  perfect  square  for  one  of  its  factors,  in 
which  case  the  above  operation  may  be  simplified- 

23 
Let  the  fraction,  for  example,  be  rr.    48  is  equal  to  16x3,  or  (4)'x3; 

23X3 
hence,  multiplying  both  tenns  of  the  fiuction  by  3,  it  becomft  /4\«vf3^«*  ^ 

69 
fr^r^ ;  and  the  denominator  is  thus  made  a  perfect  square.    Extracting  the 

1  8  3         83 

root  of  69  to  — ,  which  gives  8.3,  we  find  --^,  or  — -  for  the  root  required,  a 

Tesult  within  —  of  the  true  value. 

In  general,  therefore,  whenever  the  denominator  of  the  fraction  involves  a 
factor  whick  is  a  perfect  square^  midHply  both  term^  of  the  fraction  by  the^factor 
which  is  not  a  perfect  square* 

Extract  the  square  root  of  -=  to  within  -rg. 

6_5X6X8»_  1920      /j^^^g  .      ^_43 

EXTHACTXON  OF  THE  SaUAEE  ROOT  OP  DECIMAL  FRACTIONa 
90.  This  process  is  an  immediate  consequence  of  the  preceding  remark. 
Required,  for  example,  the  square  root  of  2 .  36. 
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This  fnctioa  ia  the  same  as  rrr ;  in  dns  case  the  denomiQatar  is  a  perfect 
sqoare ;  extractiiig,  therefore,  the  integral  part  of  the  root  of  the  numeivtDr,  we 
have  — ,  a  result  within  —  of  the  trae  value. 

Again,  let  it  be  required  to  extract  the  square  lOot  of  3.425. 

This  fraction  ia  the  same  as  Yaaa*    ^^^  ^^^  ^  ^^^  ^  perfeot  square  ;  it  ii, 

however,  equal  to  100x10,  or  (10)^x10;  thus,  in  order  to  reodar  the  de- 
nominator a  perfect  square,  it  is  sufficient  to  multiply  both  terms  of  tlia  fiae- 

34250         345250 
tion  by  10,  which  gives  jji^qq*  or  tTqq^'    Extracting  the  integral  part  of  ths 

185 
root  34250,  we  find  185;  hence  the  root  required  is  r^,  or  1.85,  a  result 

which  b  within  —  of  the  true  value. 

It  appears  from  the  above  that  the  number  of  decimal  places  most  ahrajv 
be  made  even  befinre  the  operation  commences. 

If  we  wish  to  have  a  greater  number  of  decimal  places  in  the  root,  we  muit 
add  on  the  rigjbt  of  34250  twice  as  many  zeros  as  we  wish  to  have  additional 
decimal  figures. 

We  thus  deduce  for  the  extraction  of  the  square  root  of  a  decimal  fractioa 
the  foQowing 

auLE. 

Annex  ciphers  tiU  (here  are  twice  as  many  decimal  places  as  are  required  in 
Ihe  root,  and  then  proceed  as  in  whole  numbers ;  or,  beginning  at  tke  decimal 
pointy  point  off  both  ways  the  usual  periods  of  two  figures  eath. 

By  which  we  obtain 

>^ 6799. 6516=82.46.  ^73.5=8.5,  -•779=2.81. 

SXTBACTION  OF  THB  CUBE  &00T  09  MUMBBSS. 
ili.  The  numbers 

1, 2,  3,    4,     5,      6,      7,      8,      9,      10,       100,  1000, 

when  cubed,  become 

1,  8,  27,  64,  125,  216,  343,  512,  729,  1000,  1000000,  1000000000 
and,  reciprocally,  the  numbers  in  the  firat  line  are  the  cube  roots  of  the  nuns 
bers  in  the  second. 

U^on  inspecting  the  two  Hoes,  we  perceive  that,  among  the  numbers  ex- 
pressed by  one,  two,  or  three  figures,  there  are  only  nine  which  are  perfect 
cuhes ;  consequently,  the  cube  root  of  all  the  rest  must  be  a  whole  number  plus 
a  fraction. 

92.  But  we  can  prove,  in  the  same  manner  as  in  the  case  of  the  squans 
root,  that  the  cube  root  of  a  whole  number,  which  is  not  the  perfect  cube  of  some 
other  whole  number,  can  not  be  expressed  by  an  exact  fraction,  and,  cause- 
quendy,  its  cube  root  is  incommensurable  unth  unity, 

93.  The  difl!erence  between  the  cubes  of  two  consecutive  whole  numbers 
is  greater  in  proportion  as  the  numbers  themselves  are  greater ;  the  expression 
for  this  difiference  can  easily  be  found. 
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Lei 

a  and  a-|- 1  be  two  coDsecutive  whole  numben , 
Then, 

^  (a+iy'^a'+Sa'+Sa+l;  , 

Hence,  * 

(«4.i)3-.a»=:3ii«+3a+l;  •  ' 

t^Wkt  is  to  say,  the  difference  of  the  cubes  of  two  consecutive  whole  numbers  is 
eqzud  to  three  times  the  square  of  ih&  less  of  the  two  numbers,  plus  three  times 
the  simple  power  of  the  number,  plus  unity. 

Thus,  the  difference  between  the  cube  of  90  and  the  cube  of  89  is  equal  to 
3  X  (89)»+3X  89+1=24031. 

Hiet  us  now  proceed  to  investigate  a  process  for  the  extraction  of  the  cube 
root  of  any  number. 

BXTBACTION  OF  THB  CUBE  BOOT. 
94.  The  cube  root  of  a  proposed  number,  consisting  of  one,  two,, or  three 
figures  only,  will  be  found  immediate^  by  inspecting  the  cubes  of  the  first 
nine  numbers  in  (Art.  91).  Thus,  the  cube  root  of  125  is  5,  and  the  cube  root 
of  54  is  3  phis  afraction,  for  3X3x3=27,  and  4x4x4s:64;  therefore  3  is 
the  approximate  cube  root  of  54,  within  one  unit  of  the  true  value. 

For  the  purpose  of  investigating  a  new  and  simple  rule  for  the  extraction  of 
.the  cube  root,  it  will  be  necessaiy  to  attend  to  the 'composition  of  a  complete 
power  of  the  third  degree.    Now,  since  we  have 

{a+by:=:(a+b)(a+b)(fi+b)=zofi+3(^b+3ah»+b^ 
It  Is  obvious  that  the  cube  of  a  number,  consisting  of  tens  and  units,  will  be  al- 
gebmicaSy  indicated  by  the  polynomial 

a«4.3a«J+3a5«+6», 
where  a  designates  the  number  of  tens,  and  b  the  number  of  units  in  the  root 
sought.     The  number  in  the  tens*  place  will  evidently  be  found  by  extracting 
the  cube  root  of  the  monomial  a',  for  V^=^9  a°d  removing  a?  from  the  poly 
nomial  a'-|-3a^&-|-3(z5'4'^>  ^®  ^^®  ^^  remainder, 

3a86+3a6«+6'=(3a«+3a6+M)6  ; 
and  the  difficulty  that  has  been  hitherto  experienced  in  the  exteaction  of  the 
cube  root  entirely  consists  in  the  composition  of  the  expression  3i]^4*^^+^* 
which  is  obviou§ly  the  true  divisor  by  which  to  divide  the  remainder,  afiei 
subtracting  a',  or  the  cube  of  the  tens,  for  the  determination  of  6,  the  figure 
of  the  root  in  the  place  of  units.  Thepart3d*of  theexpre8non3a*4-3a54-&*, 
being  independent  of  5,  the  yet  unknown  part  of  the  root,  is  empbyed  as  a 
trial  divisor  for  the  determination  of  b ;  but  since  the  expression  3a"-t-3a54-6' 
involves  the  unknown  part  of  the  root  in  its  composition,  it  is  obvious  that  the 
trill  divisor  do*,  which  does  not  contain  ^,  wiQ,  at  the  first  step  of  the  opera- 
tion, give  no  certam  indication  of  the  next  figure  of  the  root,  unless  the  figure 
denoted  by  6  be  very  small  in  comparison  with  that  denoted  by  a ;  for  the 
trial  divisor  Za^  will  be  considerably  augmented  by  the  addend  Zah+b^  when 
&  is  a  large  number,  while  the  augmentation,  when  &  is  a  small  number,  wiD 
not  so  materially  affect  the  trial  divisor. 

"When  the  figure  in  the  tens*  place  is  a  small  number,  as  1  or  2,  it  is  hence 
obvious  that  littie  or  no  dependence  can  be  pku:ed  on  the  trial  divisor;  but  if  a 
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he  great  and  b  BmaU,  the  trial  divisor,  3a*,  will  generaHy  point  out  the 
of  6.  All  this  will  be  evident  if  we  consider  that  the  relative  values  of  a  asd 
h  materially  afifect  the  true  divisor,  Sa^+Zah-^-h*.  In  the  successive  stepa, 
however,  of  the  cube  root  this  uncertainty  diminishes ;  for,  conceiviiig  a  ta 
designate  a  number  consisting  of  tens  and  hundreds,*  and  b  the  oumber  o 
uniS,  then  tiie  valae  of  b  being  small  in  comparison  with  a,  the  amouat  aftba 
effect  of  6  in  the  addend  3a5-f-6'  will  be  tery  inconsiderable ;  hence  the  tiwi 
divisor,  3a*,  will  generally  indicate  the  next  figure  in  the  root 

To  remove,  in  some  measure,  the  difficolty  which  has  hitherto 
perienced  in  the  extraction  of  the  cube  root,  we  shall  proceed  to  point  < 
methods  of  composing  the  true  divisor,  3a'4-3a64'^^  <^  leave  the 
to  select  that  which  he  conceives  to  possess  the  greater  facility  of  opentCian.* 

95.  First  method  of  composition  of3a*'{'Zab+b^. 
axa        ss  {jfi  a»+3a»6+3a6«+&»  {a+6=:  root 

a  fl^Xa= a* 

a  <!•  

—  3a«6+3a6»+6» 

3a« 
{3a+b)xb=i         3ab+  &• 

h  

h                 {3a«+3a6+  6«)xft=....3a«6+3aM+6» 
6*  


3a+36  3a«+6a6+36«. 

Distmgoishing  the  three  columns  from  left  to  right  by  firstt  secxmd^  and 
'(bird  columns,  we  write  a  in  the  root,  and  also  three  times  vertically  in  Ihe 
first  column ;  then  a  X  a  produces  a\  which  write,  also,  three  times  verticalty 
in  the  second  column ;  multiply  the  second  a*  by  a,  placing  the  product,  a*, 
under  o^  in  the  third  column ;  tlien,  subtracting  o^  from  the  proposed  quantity, 
we  have  the  remainder,  3a"&4-3^^^+^^-  '^^^  ^^^  ^^  ^^  three  quantities  in 
the  second  column  gives  3a'  for  the  trial  divisor,  by  wbl^^  find  &,  the  next 
figure  of  the  root,  and  to  3a,  the  sum  of  the  last  three  written  quantities  in 
the  first  column,  annex  b ;  then  the  sum,  3a4-&»  is  multiplied  by  &,  and  the 
product,  Zab-^'b^,  is  placed  in  the  second  column;  then  the  trial  divisor,  3a*, 
and  the  addend,  Zab+b'*,  being  collected,  gwe  the  true  divisor,  3a'4-3a5-|-&*, 
which  multiply  by  b,  and  place  the  product,  3a*6-4-3a^4-5',  under  the  re- 
mainder, 3a'&4*^^'4'^-  ^ben  there  is  a  remainder  after  this  opeiatioo, 
the  process  may  be  contmued  by  writing  b  twice  in  the  first  column,  under 
3a4-&i  uid  M  once  in  the  second  column,  under  the  last  true  divisor ;  then  3a* 
•4-6a54-3&*,  the  sum  of  the  last  written  three  lines  in  the  second  column,  will 
be  another  trial  divisor,  with  which  proceed  as  above.  We  have  written  d* 
in  the  second  colimm  three  times  in  succession,  to  assinukte  the  firat  step  in 
the  operation  to  the  other  successive  steps,  but  the  first  trial  divisor,  3a*,  may 
be  written  at  once,  and  the  symmetry  of  the  disposition  of  the  quantities  in 
the  first  steps  disregarded.! 

*  These  methoda  may  be  passed  over  by  the  student,  as  well  as  that  given  for  tiie  fai' 
quadrate  root,  and  the  method  employed,  which  is  described  at  (Art.  112),  which  is  appli- 
eable  to  the  extraction  of  the  root  of  Uie  third  and  foforth,  as  well  as  of  any  other  degree. 

f  Three  quantities  are  added  each  time ;  in  the  melliod  on  next  page,  two. 
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96.  Second  method  of  composing  S^^-f'Sab-f'^t  ^  ^''ve  atmsotm 
a  cfl  • ...a' 


2a»  3a*b+3ah^+¥ 

3a» 


3a+  h  .  .  .  .  3ab+  &• 


3a»+3a5+  6»  .  .  .  .  3a«5+3aM+M 


3a+26  ....  3a&+2&« 

6 


■     w 

3a«4-6a5+36>=:  second  trial  divisor. 


3a+3& 

In  this  method  we  write  a  nnder  a  in  the  first  column,  and  the  sun  2a 
being  multiplied  by  a,  gives  2a'  to  place  xmder  o^  in  the  second  column,  and 
the  sum  of  2a'  and  a*  is  3a'  for  the  trial  divisor.  Again,  under  2a  in  the  first 
column  write  a,  and  the  sum  of  2a  and  a  gives  3a.  Now,  having  found  b  by 
the  trial  divisor,  annex  it  to  3a  in  the  fint  colunm,  making  3a  4- ^t  which,  mul- 
tiplied by  5,  and  the  product  placed  in  the  second  colunm,  ^ves,  by  addition, 
the  true  divisor,  3a'4-3a54"^>  ^  before.  We  shall  exhibit  the  operation  of 
extracting  the  cube  root  by  both  these  mediods. 

EXAMPLES. 

(1)  What  is  the  cube  root  of  a^— 9a*+39ar*— 99a«+156aJ»— 144a:+64! 
By  the  first  method^ 
^               as*  aft— 9a;ft-|-39a?«— 99a8+156a^»— 144a?+64  (a»— 3a?.f-l 

a^  7^ 2> 

3x4 
Sat^^^x  .  .     —  9a^+  9^ 


-9aH-3»«*~»9^ 


928  

^Zx      12ar*— 72a^+15e2^— 144a4-64 

3x*— 182:»+27«a 

9afi^9x+i  .  .  .  lS«8_36»-f  16  * 

(2)  What  is  the  cube  root  of  a*+f6a*— 40a;»+96x— 64  ? 
By  the  second  method* 

gfi  a^ jE« 


SL^ Sa*  «a^— 400^ 

aft  — 

—  3x4 

3x«+2a:  .  .  .  6*8+  Aafi 

Sx 


3x4+  6xS+  4aiB    .    .    .    .        62^12x<+  Sa^ 


3a^+4x     .  .  6a:9+  8x« 


2x  — 19x«— 48xt-t-9Sa>— 64 

3x4-fl2aJ»4-12a^ 


a2jB-|.6x— 4  . .  — 12a^— 24x-f  16 

3x4+12x0^  84x4-16  ^VSta^^ASa^^^x^-^ 


94  ALfflSBSJL 

+36c»+c»T  Ans.  a+fr+c. 

(4)  Extract  the  cube  root  of  a<--ea:»+15arfr--20i»+ 15a*— 6r+l. 

Ads.  a*— 2X-I-1. 

97.  The  same  |iroceBS  is  employed  in  the  extnictioii  of  the  cube  root  of 
Dumbers,  as  in  the  subsequent  examples. 

XXAMPLES. 

(1)  Extract  the  cube  xoot  of  403583419. 

7  .  .  .  , 49  403583419  (739  s  root 

7  49 fiAZ 

7  49  ^ 

60583 

147 

213 639 

3  15339 46017 

9  

14566419 

16987 

2199 19791 

1618491  . 14566419. 

(2)  What  is  the  cube  root  of  115501303  ! 

115501303  (487  ss  nxn 
4 16 64 

4  51501 

8 32 

4  48 

128 1024 

8  

5824 46592 

136 1088  

8  4909303 

6912 

1447 10129 

701329  4909303. 

98.  The  local  values  of  the  figures  in  the  root  determine  the  arrangement 
of  the  figures  m  the  several  columns,  as  is  exemplified  by  working  the  last  ex- 
ample as  on  next  page ;  by  omitting  the  terminal  ciphetjB,  the  arrangement  is 
precisely  the  same  as  in  the  preceding  example. 
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115501303  (400+804*7 

400 160000 64000000 

400  

51601303 

800 320000 

400  

480000 

1200 

80 

1280 102400 

80  

--^^  682400 40502000  ' 

1360 108800  ■ 

80  4909303 

—  691200 
1440 

7 

t447 10129 


701329  4900303 


99.  Extractum  qfthefourffi  root  of  whole  numbers, 

Ihe  inYestigation  of  a  metliod  for  extracting  the  fourth  root  of  any  nnmbei 
IS  similar  to  that  employed  for  the  cube  root.    Thus,  since 

(a+6)*=a*+4a»6+6(t«i9+4a5»+ft«, 
we  may  conceive  a  to  denote  the  number  of  tens,  and  h  the  number  of  units 
in  the  root  of  the  number  expressed  by  a^+ia^h+Sa^l^+Aab^'^hi^.    Then 
Va*=<Zt  the  figure  in  the  tens'  place,  and  the  remainder,  when  a*  is  removed,  is 

The  method  of  composing  the  divisor  4ofl+6a^h+iah^+l^,  for  th^  deter- 
mination of  h,  the  figure  in  the  units*  place,  may  be  illustrated  as  follows : 

««+4a?6+6a«6»+4a6'+ft*  {a+h 


axa   =  «• 
a              cfixa 
2axa    =2a» 

a             3d«X« 

s3a« 

3aXa    =3a« 

a          

6a« 

(4a+5)5=4a&+6» 

(6a»+4a&+6»)i 

4a» 
i=s6a«5+4a6»+B» 

ie^b+ecfii^+Aal^+h* 


(4a»+6a«&+4a6«+&»)6=4a»6+6a«6»+4a5»+K 

100.  Flrom  ifbis  mode  of  composing  the  complete  divisor  we  easily  deriv9 
the  fo1V>wing  process  for  the  extraction  of  the  fdurth  root  of  any  number. 
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EXAMPLE. 

Wliat  18  the  fonrtli  root  of  1185921  ? 


3X3     a 
3 

9 
9X3 

s     27 

6X3     = 

18 

27X3 

3 

9X3     = 

3 

27X3 
27 

s     81 
108.  .  . 

54  .  . 
369 

123X3  = 

6769X3=     17307 

U85921  (33  I 

=    81 

375921 


125307X3  =     375921 
in  the  •ame  inaiiiier»  the  stodent  niay  readilj  inYestigate  rnlee  for  tiie  ex 
traction  of  the  higher  roots  of  numberB,  simply  observing  to  use  an  additioDi' 
eolnnm  for  each  sooeessive  root. 

101.  7h  repreient  a  rational  quantity  as  a  turd* 
Let  it  be  required  to  represent  a  in  the  form  of  a  snrd  of  the  nth  order, 

dien,  by  (Art.  63),  the  form  will  be  V^",  or  (a")^ ;  for  by  rusing  a  to  the  hA 
power,  and  then  extracting  the  nth  root  of  the  nth  power  of  a,  we  must  evi 
dently  revert  to  the  proposed  quantity,  a.    Hence  we  have 

.     a=s  -/a'  =  Va>  =  Vfl*  =  iya«  =  Va»=  Vo" 

a=(a«)*=(a^)*=(a*)*=(«")"- 
102.  When  the  given  quantity  is  the  product  of  a  rational  quantity  and  t 
surd,  we  must  represent  the  rational  quantity  in  the  form  of  the  given  surd, 
and  then  express  the  product  with  a  single  radical  sign,  or  fractional  indea 

Tb^'H,  we  have  

a  ^/bJs:  VtfiX  Vhsz  yftfib        _ 

3a^/&b=  yZaXSaX  '/^=  V9a»X5^=  >/45g»& 

aS/xy=  Vaxaxax  Vxy=  Va*X  Vxy=z  j/d^xy 

12V7  =Vl44X'/7  =V144X7     =  ^1008 

tt(l— a^a?)*=  (a»)*  (1— a-a^*)*  =  (a«— fltOj:*)*  =  ^/a*^3^. 

EXAMPLES. 

(1)  Represent  a^  in  the  form  of  a  surd,  whose  index  b  5. 

(2)  Represent  2 —  V3  in  the  form  of  a  quadratic  surd. 

(3)  Tiinsform  6  Vll  into  the  form  of  a  quadratic  surd. 

(4)  Transform  O'^a-^h  into  the  form  of  a  quadratic  surd. 

(5)  Represent  as  a  surd  the  miiSbd  quantity  (x-|»y)  r^V 

(6)  Represent  as  a  surd  the  mixed  quantity  {t^A)!   ^ 
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(l)Va*'or(a«>)i 

(2)  v;^4V3. 

(3)   V396. 


(4)  Vfl"— «'6  or  (a»— a»5)* 

(5)  V?=7or(a<-%»)*. 

(6)  Var+4  or  (ar+4)*. 
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103.  To  find  multipliers  tohich  toill  render  Hnomud  surds  rationed. 
The  product  of  two  imtioDal  quantities  is,  in  many  instances,  a  rational 
ffuantity,  and,  tlierefore,  an  irrational  quantity  may  frequently  be  found,  which* 
employed  as  a  factor  to  multiply  some  other  given  iirational  quantity,  wHI 
produce  a  rational  result ;  thus, 

VaX  Va      s=a 

Agun,  since  the  product  of  the  sum  and  difference  of  two  quantities  la  equal 
to  tlie  difference  of  their  squares,  we  have,  evidently, 
( ^a—  -/&)(  Va+  ^/h)=za  —6 

Hence  it  is  obvious  that,  in  these  and  similar  equalities,  if  one  of  the  &ctcin 
be  given,  the  other  &ctor  or  multiplier  is  readily  known,  and  the  proposed 
irrational  quantity  is  thus  rendered  rational.  By  a  double  operation  of  this 
kind,_multip!ying  ( Vn+  Vp+  Vq)  by  ( -v/n+ -/p— VT)»  w®  *»▼©  (V« 
+  VjP)'— ^1  or  «+p— ^+2  V«P »  *nd  multiplying  this  by  n-^-p— 9— 2  V»^ 
the  given  expression,  V^-h  Vjp-h  V^f'^  rationalized.  In  the  same  manner, 
since 

and  the  expression  V^:i=  Vy  °^y*  therefore,  be  rationalized  by  multiplying  it 
by  ^3f*^^'xy+^y^;  and  ya«=pyary+-yy»,  multiplied  by  ^x±^y^  will 
produce  a  rational  result. 
Again,  by  division  [see  Ait  23  (5),  (6),  (7)], 


^+y'' 


^^y  =a*-^-a*-y+a--V-ar-y+  ....  +y-K 

Put      3f=a ;  then  x=  Va ;  a*-'=  Va"~* ;  a*-«=  Vo^t  &c. ; 
y»=6;  theny=Vft;3/»    =  Vi« ;  y»=  V^*,  &c. ; 
hence,  by  substitution  in,  the  three  preceding  equalities,  we  have 


a-6 


^       y  ^=  Va"~*—  V«'^6+  V«*^*"—  Va'^i'H V6*"* .  (2) 

^7^±^=  V5==^- Vtf^+ V^F^S^ 

Now,  the  dividend  being  the  product  of  the  divisor  and  quotient,  it  is  obvi- 
ous that  a  binomial  surd  of  the  form  V<<—  V^  will  be  rendered  rational  by 
multiplying  it  by  n  terms  of  the  second  side  of  equation  (1),  and  a  binomial 
surd  of  the  form  V<<+  V^  wiU  be  rationalized  by  employing  n  terms  of  the 
second  side  of  equality  (2)  or  (3),  according  as  n  is  even  or  odd,  the  product 
in  the  former  case  being  a^&,  and  in  the  latter  a — h  or  a-|~^* 

G 
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jSoU. — ^When  n  is  an  even  namber,  employ  eqiiatioo  (2),  and  irfaao  it  ii  a 
odd  niunber,  eqaation  (3),  in  order  to  ratiooalis&e  Va+  V^* 

EXAMPLES. 

(1)  Find  a  multiplier  to  rationalize  {/ll— ^7. 

Employing  equation  (1),  we  have  arsll,  6=7,  and  n=:3 ;  hence  reqmnd 
multipUer=yil»+Vll.7+^7«=yX21+^77+y49. 

And,  Vm+V77+V59 

yn    -V7 

Vl33i+  V847+  y639        

—  V847--  V539—  V343 
11 ♦ *  —     7     =4,  a  rational  product. 

(2)  Rationalise  the  binomial  stud  ^54- ^4. 

Here  we  have  as=5,  6=s4,  fi=:3,  an  odd  number;  hence  by  equation  w) 
we  have  multiplier  required,  =^25~^20+^16;  and,  by  nniltiplicatBiw 
(^5+{/4)('^25— ^20+^T6)s=:5+4=:9=  a  rational  number. 

(3)  What  mtdtifdier  will  render  the  denominator  of  the  fraction  ^       c;^ 

a  rational  quantity  ? 

5 

(4)  Change  ai^^a/o  '^^  ^  fraction  tliat  shfdl  have  a  rational  denomimtsr 

(6)  Change  ^/^ly^v-^V^  ^^  *  fraction  that  shall  hare  a  rational  ds 


(6)  Chance  '     '      ■ ;  into  a  fraction  that  ahaD  hare  a  rational  d^ 

nominator* 

AirSWSBS. 

(3)   V7*+ V7^2+ {/7^2»+ V7^+ V2«. 

,^,  5(Vl6+y8+V4) 
(4) 2 . 

(6) J ' 

104.  To  extract  the  square  root  ofm  hinomial  svrd. 
l>efore  commencing  the  investigatioii  of  the  formula  for  the  extraction  of 
the  square  root  of  a  binomial  surd,  it  will  be  necessary  to  premise  two  or  tfarsa 
lemmas. 

Lemma  1.  The  square  root  of  a  quantity  can  not  be  partly  rational  and  pai1l|f 
irrational. 
For,  if  Va=^+  V^«  ^^^  I7  squaring,  we  have 

a— M— e 
a=zl^+c+Zbyc;  therefore,  Vc= — 55 — » 

Uiat  18,  an  inational  equal  to  a  rational  quantity,  which  la  abauid. 
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Lemma  2.  If  a:k  '/&=r=t  '/y  be  an  equation  conststiDg  of  rational  and  ir- 
rational quantities,  then  a=:x,  and  y/h^^y/y;  i.  e.,  the  rational  ana  irrational 
parts  of  the  two  members  of  an  equation  must  be  separately  equal. 
For,  if  a  be  not  equal  to  x,  let  a — x=id;  then  we  have 

±  Vy=f  Vft=a— ^;  but  a— a:t=i;  therefore 

±  Vy=F  V6=^»  which  is  impossible  ; 

.*.  a=:x,  and,  taking  away  thesd  equals,  V^=  Vy* 


Lemma  3.  If  V^+  V&=^+y»  ^®°    V<z—  -^bssx — y ;  where  r  aad  « 
are  supposed  to  be  one  or  both  irrational  .quantities. 

For,  since  a+  '/^=^+y'+^^>  ^<1  >"^co  ^  <u^  ^  ure  both  ntionali 
2xy  must  be  irratbnal.    By  Lemma  2,  we  have 

.'.  a—  V6=z«^2ay+y' 
and  V^ — '^b=ix-^y» 
Let  it  now  be  required  to  extract  the  square  root  of  a-f-  V&- 
Aanume  V<*+  V^=3?+y  $  then  -/a —  -^bssx-^y 

a— V6=^+y*— 2a:y 
.•.  By  addition,  2a         =s2(i»+y«),  or  a=x»4-y". 


Again,  7a+  V^X  V«—  V^=^— y"*  or  Va'— ft=a:*— /• 
Hence  a«+^=a 

a«— y«=  ^/a*^h^=c^  suppose. 
Therefore,  by  addition  and  subtraction,  we  have 


-     a+c  a^e 

^=__andy'r=-^ 


Hence  Va+  V&=V   2   +V"F" W 


+c       w—c 


Va-V6=V^'-VV 


(2) 


where  c=  -^a' — 6 ;  and,  therefore,  a' — &  must  be  a  perfect  square ;  and  this 
is  the  test  by  which  we  discover  the  possibility  of  the  operation  proposed.* 

*  When  the  quantity  efi — b  is  not  a  sqaare,  the  valaes  of  a  and  5  ar^  no  longer  rational 
bat  it  is  clear  that  the  finrnnlas  (1)  and  (2)  will  still  give  true  resnits.    As,  bowerer,  these 
Kte  more  complicated  than  the  original  ezpressioDS  themselves,  they  are  rarely  employed 
yet,  when  i/5  is  imaginaxy,  the  result  merits  attention.  

In  ofder  to  examine  this  case,  change  b  into  — ^$  o+t/^  becomes  a+by/ — L  The  le- 
markabld  circunstance  jnst  aUoded  to  is  this,  that  the  square  root  of  a+b\^^l  has  the 
same  form  as  this  quantity  itsell 

This  is  shown  from  the  foEmala  (1),  for  since  c=>^^-|-^,  when  b  is  changed  into  — fii^ 
the  second  member  becomes  /a+l/fl'-f^-f  /a--v/a»4-^.  The  qnantity  imder  tiM 
flat  itdiosl  is  positive,  and  tiiat  mider  the  second  negative,  since  \^<fi+bi  is  greater  tfav 
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(1)  TVliat  18  the  square  root  of  11+ ^72^  or  11+6 '/2? 
Here  assll ;  6=72 ;  c=  y/o^^b=:  Vl21— 72s=7 

...  Vll+6V2=.^^+7^=3+  V2. 

(2)  What  is  the  sqiaare  root  of  23— 8^77 


Hers     as=2d;  6sB8'X7ag448;  c=  Vd«—&s;  ^529— 448=9 
.%  V23-.8  ^7^yPp^yP^z^A^  V7. 

(3)  What  IS  the  square  root  of  14db6V^  ?  Ana.  3db  V^ 

(4)  What  IS  the  square  root  of  13d:2'v/77  ?  Af«.  •/udb  V7 
(6)  What  IS  the  square  root  of  94+42^/5?  A]is.7+3-/5 

(6)  To  what  is  V**P+2«»'— 2m -^^^^  equal  ?     Ans.  V«P+»' — »■ 

(7)  Simplify  the  expressionV  16+30  V^+Vl^— 30  V^-     Ane.  1^ 

(8)  To  what  is  V 28+10^3  equal?  Ans.  5+  i/3. 

(9)  \Jhc+2h  Vhc^:^^yjbc^2h  V6c—6«=  ±26 

(10)  V«*+4<^— <^+2  V4a6?^^^a6^=  7a6+  ^4cJ»— <J". 

(11)  What  is  the  square  root  of  —2  V— 1  T  Ans.  1—  -/^l- 

(12)  What  is  the  square  root  of  3— 4  -/^  ?  Ans.  2—  -/— 1 

.  «v  «r,-     .  ^3>/3+2V6    112+20  Vl2, 

(13)  What  is  square  root  of         7^  . — ^     — ? 

Ans.  (1+V2). (6+^3) 
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105.  It  is  manifest,  from  what  has  been  sud  above,  that  algebraic  potynonnali 
may  be  raised  to  any  power  merely  by  applying  the  rules  of  multifdicatkHi. 
We  can,  however,  in  all  cases  obtain  the  desired  result  without  having  recomse 
to  this  operation,  wluch  would  frequently  prove  exceedingly  tedious.  When 
a  binomial  quantity  of  the  form  x+a  is  raised  to  any  power,  the  successive 
terms  are  found  in  all  cases  to  bear  a  certain  relation  to  each  other.  This  law, 
when  expressed  generally  in  algebraic  language,  constitutes  what  is  called  the 
^*  Binomial  Theorem.'*  It  was  discovered  by  Sir  Isaac  Newton,  who  seems 
to  have  arrived  at  the  general  principle  by  examining  the  results  of  actual  mul- 
tiplication in  a  variety  of  particular  cases,  a  method  which  we  shall  hero  punue, 
and  give  a  rigorous  demonstratbn  of  the  proposition  in  a  subsequent  article  of 
this  treatise. 

•  ;  repTMenting  the  qaantitj  under  the  firtt  radical  liy  tfl,  and  that  ander  the  seoond 
kf  — i3>»  the  expreaaion  takes  the  form  a+/3i/ — 1 ;  hence 

i/a+V— l=«+i8lA^- 

a.B.D 
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Let  us  fonn  t(ie  snoeesshre  powers  uix+a  by  actual  multipfication. 

X  +a 

z«+  xa 

-f-  xa+cfl 
j^-{-2xa+a* •    •    .  2d  power. 

^^+  ^ 

a:»-4.2x«a+    x  a« 
-f  a*a-f  2zfl«+fl» 

j:»Hfec«a+  3xa«+a» 3d  power 

X  -^  a 

4-  3*a+  33^a«-f  3xfl»+g« 

ar*+4x»a+  6a:«a«+  42ra'-fa* 4fl»  power. 

X  -f-  a 

j»+6a:*a+iat»a«+10x«a»+  6ra<+a» 5th  power 

X  4-  g 

x^+5x^a+lOx*a*+102*a*+  &i*a*+    X€fi 
+  3*a+  5x*a*+10:x^€fi+10a*a*+  5ra»+a« 

c«+6i»a+15ar«a«-f20a?fl»+16j:«a*+  «xfl»+«^ 6thpowei 

x+  a  •  , 


+  afia+  e3fi(fi+15x^(fi+203f^a^+l^cfi+6xa^+d' 
.     x»+7a:«a+21a*a«+3&c*a»+36r»a*+21a*a»+7aw«+a» , 


7th  power. 


In  order  that  these  restdts  may  be  more  dearly  exhibited  to  the  eye,  we 
shall  lurraDge  them  in  a  table. 

TAMIX  OF  THE  POWEBS  07  X'^O.  ,     ^ 


(x+a) 


x+a 


(x+a)» 


jfi+2xa  4-d« 


(x+ay 


3^+32f'a+  3x0^ +i^ 


{x+ay 


a:»4-4z»a+  6a*a»+  ixd^  +a* 


{x+aYx^+5x*a+103^a*+l03*cfi+  5xa* +a* 


(x+a)*««+6a*a+15r^«+202»a»+15a*a*+  6xa»+a« 


{x+ay 


xT4.7x«fl+21a*a«+35i«a'+36x»a<+21a*a»+  Ixaf^+a^ 


{x+ay 


2*+ ai?a+28a»a«+ 5e2*a^+70x*a*+ 56x^0^+ 2&c«a«+ 8x0^+  a«. 


In  the  abovd  table,  the  quantities  in  the  left-hand  column  are  called  the  ex- 
vresnons  for  a  binomial  raised  to  the/r«^  second^  third,  &c.,  power  *  the  cor* 


»  ^ 
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fesponding  (jtumtities  m  tlie  xight-hand  eolimm  we  called  die  expasuaow,  or 

developments,  of  those  in  the  left. 

106.  The  developments  of  the  saccessive  powers  of  x^-a  are  precisdj 
the  same  with  those  ofx+a,  with  this  difference,  that  the  signs  of  die  tenu 
■re  alternately  +  and  — ;  thust 

(x— a)»=a*— 6x*a+ iai?a«— I02«a»+ 5ia*— aS 

and  so  for  all  the  others. 

107.  On  considering  the  above  table,  we  shall  perceive  that, 

I.  In  each  case  tha  first  term  of  the  expansion  is  the  first  term  of  th^bi- 
Domial  raised  to  the  given  power,  and  the  last  term  of  the  expansion  ia  the 
second  term  of  the  binomial  rused  to  the  given  power.  Thns,  in  the  expan- 
sion of  {x+ay  the  first  term  is  x*,  and  the  last  term  is  o^,  and  so  for  all  tfa» 
odier  expansions. 

II.  The  quantity  a  does  not  enter  into  the  first  term  of  the  expansion,  but 
appears  in  the  second  term  with  the  exponent  unity.  The  powers  of  x  de- 
crease by  unity,  and  the  powers  of  a  increase  by  unity  in  each  enccesnTe 
terra.  Thus,  in  the  expansion  of  (x-|-a)'  we  have  2*,  jflOy  ar^*,  2*0*,  x^a*, 
rcfif  a*. 

III.  The  coeflScient  of  the  first  term  is  unity,  and  the  coefficient  of  the 
aecood  term  is,  in  every  case,  the  exponent  of  the  power  to  which  the  binomial 
18  to  be  raised.  Thns,  the  coefficient  bf  the  second  term  of  {X'\»a)*  is  2,  of 
{x+dy  is  6,  of  (x+ay  is  7. 

IV.  The  coefficient  of  any  term  after  the  second  may  be  found  by  multiply- 
ing the  coefficient  of  the  preceding  term  by  the  index  of  x  in  that  term,  and 
dividing  by  the  number  of  terras  preceding  the  required  term.  Thus,  in  the 
expansion  of  {X'\-ay  the  coefficient  of  the  second  term  is  4 ;  this  multiplied 
by  3,  the  index  of  x  in  that  term,  gives  12,  which,  when  divided  by  2,  the  nam-  • 
ber  of  terms  preceding  the  third  term,  gives  6,  the  coefficient  of  the  third  term. 

^Again,  6,  the  coefficient  of  the  diird  term  multiplied  by  2,  the  exponent  of  z 
in  that  term,  gives  12,  which,  when  divided  by  3,  the  number  of  terms  pre- 
eeding  the  fourth  term,  gives  4,  the  coefficient  of  the  fourth  term.  So,  abo, 
35,  the  coefficient  of  the  fifth  term  in  the  expansion  of  (x-4-a)^  when  multi- 
plied by  3,  the  index  of  x  in  that  term,  gives  105,  which,  when  divided  by  5, 
^e  number  of  terms  preceding  the  sixth,  gives  21,  the  coefficient  of  that 
term. 

By  attending  to  the  above  observations  we  can  always  raise  a  binomial  of 
Ihe  form  (x+a)  to  any  required  power,  without  the  process  of  actual  mnlti* 
plication. 

XXAMFLE  I. 

Raise  x-f-a  to  the  9th  power. 

The  first  term  is aficfi. 

The  second  term  is 92^^ ; 

9X8 
The  third  term  is  ...         •         •    •    •    •    .      -7r-xV=:  SCx'a*; 

^     *      ,  36X7 

The  fourth  term  is     ...  — r— x^o'rs  84xV, 


\ 
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The  fifth  tennis    .    •    .    • — ^^a«s:126z>a« ; 

4 

«^      .    ,  126X6 

The  sixth  term  is — ~^a:*a«=rl26x<a'; 

126  y  4 

The  seventh  term  is — ~-a:*a^s=  842>a«; 

D 

-—  84x3 

The  eighth  tenn  is — ^x^a^ss  362>a^; 

The  ninth  term  is — ^a^<A=    Ox'o'; 

8 

9X1 
The  tenth  tenn  is •    *    v     -^nficfis^      ^ficfi. 

Hence, 

^x+a)9=a»+92*a+36a:V  +  84a<fl?  +  126x»a*+1262:<a»+84a?<i«+36a*(i^ 
+  9xa»+a«. 

EXAKFLE  II. 

In  like  msnner, 

(x— a)w=xw— 10a;»a+45a*a«— 120xV+210a:«a«— 25ac»a»+210i«a«— 120 
a«V+  45a;8a»— 10xa«+«», 

08.  The  labor  of  determining  the  coefficients  may  be  much  abridged  by 
attending  to  the  following  additional  considerations « 

V.  The  number  of  terms  in  the  expanded  binomial  is  always  greater  by 
unity  than  the  index  of  the  binomial.  Thus,  the  number  of  terms  in  (x-f-a)^ 
it  4+1,  or  5 ;  m  (x+a)w  is  10+1,  or  11. 

VI.  Hence,  when  the  exponent  is  an  even  number,  the  number  of  terms  in 
the  expansion  will  be  odd,  and  it  will  be  observed,  on  examining  the  examples 
already  given,  that  after  we  pass  the  middle  term  the  coeMcients  are  repeated 
in  a  reverse  order ;  thus, 

The  coefficients  of  (:r+a)^  are  1,  4,  6,  4,  1. 

The  coefficients  of  (x+a)«  are  1,  6,  15,  20,  15,  6, 1. 

The  coefficients  of  (or+a)*  are  1,'  8,  28,  56,  70,  5^,  28,  8, 1. 

yil.  When  the  exponent  is  an  odd  numbeir,  the  number  of  terms  in  the 
expansion  will  be  even,  and  there  will  be  two  middle  terms,  or  two  contiguous 
tenns,  each  of  which  is  equally  distant  from  the  corresponding  extremities  of  * 
the  series ;  in  this  case  the  coefficient  of  &e  two  middle  terms  is  the  samet 
and  then  die  coefficients  of  the  preceding  terms  are  reproduced  in  a  revexse 
order;  thus, 

The  coefficients  of  (x+a)'  are  1,  3,  3,  1. 

The  coefficients  of  (x+a)*  are  1,  6, 10,  10,  5, 1. 

The  coefficients  of  (x+a)^  are  1,  7,  21,  35,  35,  21,  7, 1. 

The  coefficients  of  (x+a)^  are  1,  9,  36,  64,  126, 126,  84,  36,  9, 1. 

109.  If  the  terms  of  the  given  binomial  be  affected  with  coefficients  or  ex« 
ponents,  they  must  be  raised  to  the  required  powers,  according  to  the  prinei* 
pies  already  established  for  the  involution  of  monomials ;  thus. 
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EXAMPLE  III.* 

Aaiae  (2z'-f  5a>)  to  tihe  4tih  power. 

The  first  tenn  will  be (22>)«  =iex» ; 

The  second  tern^ will  be  .  .  .  .-  4(22»)'x(5a^)  s=4x8x&^<iF« 

Tfca  thbrd  term  will  be ^X(2x9)»x(6<i»)«=6x4x25iV, 

The  fomHi  term  win  be  ....  — ^-(ai*)^ X  (5a")'     s=4x2xl25cA^, 

The  fifth  tdhn  wiH  be ^2z')'' X  (5a*)«  =625a«; 

.'.  (2z»+6a»)*=sl6x"+160x«d«+600a^+10003«a«+626a». 

\        EXAMPUB  lY.* 

In  fike  manner, 

{fl«+3aft)»=: (a»)«+ 9W  X  (3aJ) +  36(a»y  X  (3a6)«  + 84(a«)«  X  (3aJf 
+  126(a»)»  X  (3ai)*+  126(a»)<  X  (3ai)»  +  84(a»)»  X  (SaJf 
+36(a»)«x  (3a6)^+9a»X  (3a6)»+(3afc)» 
=fl^+27a»  6  +  324a»i«  +  2268tf«  fc»  +  10206aW6*  +  SOSiea^V 
+61236a"6»+78732a"5»+59049a"6»+19683a«ft»^ 
110.  We  shall  now  proceed  to  exhibit  the  binomial  theorem  in  a  geoenl 
fimn.    Let  it  be  required  to  raise  any  binomial  (x-f-a)  to  the  power  represent- 
ed by  the  general  algebnuc  symbol ».    Then,  by  tiie  preceding  prineiples,  we 
shall  have 

The  first  term • x"; 

The  second  term  • •#••••••  luf^^a ; 

The  third  tenn !^^^r%^a*. 

Th*  fourth  twin n(n-l)(i»-2)^^^ 

Thefiflhterm it(n-l)(ii-2)(>i->3) 

1.2.3.4  *^^» 

&c &c. 

The  last  term a". 

The  whole  number  of  terms  wiU  be  n+1,  and  the  coefilcients  be  repeated 
in  a  reverse  order  after  the  (^4^)*,  or  (^+1^  term,  according  as  n  is  odd 
or  even;  moreover,  the  terms  will  aU  have  the  sign  +,  if  the  quantity  to  be 
•xpanded  be  of  the  form  x+a,  and  they  will  have  the  sign  +  and  —  alter- 
nately, if  the  quantity  be  of  the  form  x— a.    Hence,  generally, 

,  w(n— l)(n— 2)  ,  ^  ,  n(ii— 1) 
{x^aY=:7f^^na*'^a+^^^^~l2f^-^(fi  .  .  .^ j.^., 

•The  best  method  of  proceeding  in  these  ezamplei  is  to  ruse  (y+z)  to  the  finutfa  and 
nintfa  powew,  and  then,  in  the  expansions  thus  obtained,  to  snbstitate  2«8  for  y,  and  5a»  fin 
s  in  the  first,  and  o^  for  ^,  and  3a6  for  iv  in  the  second. 
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In  this  last  case   f  n  be  an  evQo  number,  the  last  term,  being  one  of  the  odd 
terms,  will  have  the  sign  -f- ;  and  if  n  be  an  odd  number,  the  last  term,  being 
one  of  the  even  terms,  wiU  have  the  sign  — . 
*Both  forms  may  be  included  in  one  by  employing  the  double  sign. 

If  we  make  x  and  a  each  eqaal  to  1,  (x-(-a}B  becomes  (l-j-l)'*  or  3",  and  the  lecond  mem- 
ber reduces  to  its  coefficients ;  hence  the  sum  of  the  coefficients  in  the  binomial  formula  \» 
equal  to  the  n^  ^pawet  of  8. 

EXAMPLE  V. 

,  *  * 

To  exemplify  the  application  of  the  theorem  in  this  form,  let  it  be  reqnix«d 
CO  raise  r+a  to  the  power  5.  •  ^ 

Here  we  have  n=5,  n— 1=4,  n — 2=3,  &c. 
Hence, 

a* isa*  =a* 

-^a is5x<a  =  5a:*a 


n(n^l)  .5.4 

1.  •  «  X  •  A 

ii(n— l)(n— 2)      ..  .   6.4.3.. 

1.2.3      ^^ "TTO^"'       ^.i"^-* 

,(n-y.-2Kn-3)^ ,^^2^^      ^^ 

(r+a)»=x»+ 5x<a+ 10a:»a«+ 10x«a'+&ra*+ a». 

EXAMPLE  VI. 

Raise  5c>— 2^  to  the  4th  power. 

Here, 

.•.a:" becomes  (So*)^  =  625c* 

no*-*  a becomes  4(5c»)«  X  (Syz)  =1000c^2 

n^n      ^^  4  3 

12  ^ becomes       Y^(6c«)«x(2y2)«=  600cys« 


XS=:5C» 

as2yz 
iis4 


!5i^L-^§-^^x--»a» .  .  ,  becomes    j^(5c«)»  X  (2y2)'=  160cyz» 

...  (5(a_2y2)*=625c«-.1000c8yz+600cy2:«— 160c8^4-16y*2^. 

111.  We  have  sometimes  occasion  to  employ  a  particular  term  in  the  ex 
pansion  of  a  binomial,  while  the  remainder  of  the  series  does  not  enter  into  our 
calculations.  Our  labor  will,  in  a  case  like  this,  be  much  abridged,  if  we  can 
at  once  determine  the  term  sought,  without  reference  either  to  those  which 
precede,  or  to  those  which  follow  it.  This  object  will  be  attained  by  finding 
what  is  called  the  general  term  of  the  series. 
"^  If  we  examine  the  general  formula,  we  shall  soon  perceive  that  a  certain 
relation  subsists  between  the  coefficients  and  exponents  of  each  term  in  the 
expanded  binomial,  and  the  place  of  the  term  in  the  series ;  thnSf 
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The  first  term  is 
x"^  which  may  be  put  under  the  form  3^^*^ ; 
The  second  term  is 

The  third  term  is 

1.2    ^   *  -  1.(3-1)*^    ••"      • 

The  fonrth  term  is 

'       17273        "^^         •  -      1.2.(4-1)      '^^'^      ' 

The  fifth  term  is 

n(n-l)(n-2)(n-3)       >  n(n-l)(n-2)(n-5+2) 

1.2.3.4           ^^"^  ~         1.2.3.(6-1)         ""^^"^      • 
The  sixth  term  is 
n(n-l)(n-2)(n-3)(n-4)__^^    n(n~lXn-2Xn-3Xn-6+2)  ^  ^  ,  ,^ 

1.2.3.4.6  1.2.3.4.(6—1)                       ^ 

Observing  the  connection  between  the  numerical  quantities,  it  is  manifest 
that  if  we  designate  the  place  of  any  term  by  the  general  symbol  p,  the  jf^ 
tennis 

;(n-l)(n-2)(n-3) (n-^P+2) 

1,2.3.4  , (jp-1)    J^^^^*^- 

This  is  called  the  general  term^  because  by  giving  top  the  v^ues  1,  2,  3,  4, 
•• we  can  obtain  in  succession  the  different  terms  of  the  series  for  (x-f-a)*. 

EXAMPLE  YII. 

Required  the  7^  term  of  the  expansion  of  (r-f-a)". 

Here  n=12 1  ••.  n— j7+2=7,  n— jp4-l=:6 

p=z  7S  jp— ls=6. 

Substituting  these  values  in  the  general  expreesion,  we  find  that  the  tana 

ion^ia 

12.11.10.9.8.7^^^      ^^^^  ^ 
-j-j-3-^j-^^a«.»or924^a«. 

EXAMPLE  VIII. 

Reqmred  the  6*  term  of(2c*— 4^»)». 

Here  n=9,  ^=6,  a:=2c*,  a=4A« ; 

,..n— |>+2s=6,  n— jp+l=6,jp— 1=4; 

.-.  the  5^  term  is  ? '  o ' !  '  !!(gc*)»  X  (4^'')*,  or  126  X  32  X  256(«A«. 

Since  the  second  term  of  the  proposed  binomial  has  die  sign  — ,  all  the 
even  terms  of  the  expansion  wiH  have  the  vign  — ,  and  aU  the  odd  tenna  the 
sign  -f- ;  therefore  the  6^  term  is 

+1032192c»A". 

EXAMPLE  IX. 

Required  the  middle  term  of  the  expansion  of  (x— a)". 

Since  the  exponent  is  18,  the  whole  number  of  terms  will  be  19, 4 

•  Tho  opentioo  bete  to  be  perfbrmed  is  best  «ff»cted  by  oaaoeling  the  I 
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the  nuddle  term  will  be  the  10*^ ;  and  since  it  is  an  even  term,  it  win  have  th« 
sign  — ;  hence  it  wiU  be 

18 .  17 .  16 .  16 .  14 .  13 .  12 .  11 .  10 

rT^cfi^  or— 48620a*d*. 


1.2.3.4.5.6.7.8.9 

SZAMPLE  X. 


Keqnired  the  third  and  the  last  terms  of  the  expansion  of  (o^+^y)^ 

21 
Ans.  -g-a:^'  and  128y» 

TO  BXTBACT  THE  n^  &00T  OF  A  NUMBSB. 
112.  The  n^  power  of  10  is  1  with  n  ciphers,  and  the  n^  power  of  any 
naxaber  below  10  must  be  less,  and  can,  therefore,  be  composed  of  no  more 
than  n  figures.    The  n^  power  of  100  is  1  with  2h  ciphers,  and  the  n^  power 
of  any  number  between  10  and  100  can  not,  therefore,  contain  more  than  2f» 
figures,  nor  less  than  n.    For  a  like  reason,  the  n^  power  of  three  figures  can 
not  contain  more  than  3n,  nor  less  than  2n.    That  of  four  figures  can  not  con- 
tain more  than  4n,  nor  less  than  3n,  &;c.    The  n^  root  of  a  number  being  re- 
quired, it  is  evident  from  the  above  that  there  will  be  as  many  figures  in  the 
root  as  there  are  periods  of  n  figures  in  the  given  number,  counting  from  right 
to  left,  and  one  more  if  any  figures  remain  on  the  left.    The  root  may  be 
divided  into  units  and  tens,  and  the  fC^  power  of  it,  or  the  given  number,  will 
be  equal,  according  to  the  Binomial  Theorem,  to  the  n^  power  of  the  tens  plus 
n  times  the  n— 1  power  of  the  tens  into  the  units  plus  a  number  of  other  terms 
whTch  need  not  be  considered.    Tens  have  one  cipher  on  the  right,  and  hence 
the  n^  power  of  tens  has  n  ciphers  on  the  right ;  the  n  right-hand  significant 
figures,  therefore,  make  no  part  of  the  rC^  power  of  the  tens ;  to  find  the  tens 
of  the  root,  then,  the  n^  root  of  those  figures  which  remain,  after  rejecting  n  on 
the  right,  must  be  sought  by  an  independent  operation ;  but  if  there  are  more 
than  n  of  these  remaining  figures,  the  tens  of  the  root  are  expressed  by  a 
number  containing  more  than  one  figure,  which  number  may  be  separated  into 
its  units  and  tens,  the  n^  power  of  the  tens  of  which  does  ik)t  contain  the  n 
significant  figures  on  the  right  of  that  nimiber  upon  which  the  independent 
operation  is  now  performing,  and  in  consequence  these  n  figures  are  also  re- 
jected.   After  rejecting  periods  of  n  figures  successively,  beginning  on  the 
right  until  there  remains  but  one  period  and  part  or  the  whole  of  another 
period  on  the  left,  let  these  be  considered  an  independent  number,  its  root  win 
contain  two  figures,  tens  and  imits ;  the  n^  root  of  the  tens  is  to  be  sought  in 
what  is  left  after  rejecting  the  right-hand  period;  the  n— 1  power  of  the 
tens  has  n — 1  ciphers  on  the  right;  so,  also,  has  any  multiple  of  this,  and, 
therefore,  n  times  the  n — 1  power  of  the  tens  into  the  units;  which  kist 
quantity,  therefore,  is  not  to  be  sought  in  the  n — 1  right-hand  significant 
figures ;  after  subtracting  the  n^  power  of  the  tens  just  found,  only  one  figure 
of  the  next  period,  therefore,  is  to  be  placed  on*the  right  of  the  remainder, 
which  is  then  divided  by  n  times  the  n— 1  power  of  the  tens ;  the  quotient 
win  not  be  exactiy  the  units,  for  the  dividend  contains  also  a  part  of  the  other 
teims  of  the  power  of  the  binomial  which  were  not  considered ;  this  quotient 
may  be  greater  than  the  units  of  the  root,  but  never  can  be  less ;  it  must  be 
diminished  till  the  «^  power  of  the  two  figures  founi  is  equal  to  or  less  than 
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the  independent  number  nnder  consideration.  Annex  now  to  this  independoB 
number  the  next  period  on  the  right  of  it,  and*  consider  what  is  thus  obtaned 
as  a  new  independent  number ;  the  two  figures  of  the  root  ahready  foand  vfl 
be  the  tens  of  the  root  of  the  new  number ;  bringing  down  one  figure  of  te 
right-hand  period  of  it  to  the  remdnder  after  subtracting  the  n^  power  of  ika 
two  figures  of  the  root  just  found  from  the  first  independent  namber,  ad 
dividing  by  n  times  the  n — 1  power  of  the  tens,  now  composed  of  two  figursi, 
a  third  figure  of  the  root  is  obtained ;  proceeding  in  this  manmer,  the  entire  root 
(if  the  given  number  will  at  length  be  extracted.* 

EXAMPLES. 

(1)  V504321,  2366=8,921.  I         (3)   V ^3416617309451. 

(2)  V1164532,  07234.  |         (4)  ^8^282429536481. 

113.  By  employing  the  binomial  theorem,  we  can  raise  any  polyiiomial  to 
any  power,  without  the  process  of  actual  multiplication. 
For  example,  let  it  be  required  to  raise  x+a'{-b  to  the  power  4. 
Put 

a+b  =zy; 

Then, 

(x+a+by=(x+y)*, 

:=x*'\-Aa^y+63^'\-Axy*+y*,  or  putting  for  y  its  valoe, 
^x*+4x^(a+b)+63!^(a+by+ix(a+by+(a+by. 
Expanding  {a+by,   {a+by^  {a+by^  by  the  binomial  theorem,  and  per- 
forming the  multiplications  indicated,  we  shall  arrive  at  the  expansion  of 
(x+a+by. 
It  is  manifest  that  we  may  apply  a  similar  process  to  any  polynomial. 
The  following  is  a  demonstration  of  »  general  fi^rmula  for  the 

POWER  or   A  POLYNOMIAL. 

In  the  expression 

(a+b+c+d....y^ 
make  xszb-^c-^'d . . .  the  above  power  win  be  equal  to  (a-f-^)*"*  u^d  by  du» 
binomial  theorem  the  term  which  contains  a"  in  the  development  of  this  may 
be  written 

1.2.3.4....mxg"a:°—         . 
1.2.3...nxl.2.3...(m— «)•'  •-«] 

Making  y=sc+d.. .  we  have  a*»-"=(54-y)'»-*,  and  developing  this  last  powei 
the  term  containing  &"'  may  be  put  under  the  form 

*  If  tbere  be  decimals  in  the  given  namber,  ciphers  most  be  annexed,  if  ^eoessaiy,  to 
make  exact  periods  of  decimals,  on  a  principle  similar  to  that  explained  in  (Art.  90). 

If  the  index  of  the  root  to  be  extracted  be  composed  of  factors,  it  can  be  extracted  by 
means  of  the  snocessive  roots,  the  degrees  of  which  are  expressed  by  these  facton.  For 
if  the  "*°{^a™»P  be  required,  we  have  ^</i^'^P:s=av,  ^'^^zcff,  and  ^flP=a, 

The  best  way  to  extract  roots  of  numbers  of  a  degree  higher  than  the  square  is  by  means 
of  logarithms. 

t  This  may  be  obtained  from  the  ordinary  form  of  the  general  term  of  the  binomial 
formola 

w(fi>~l) ....  (m— fi+l)a 


l.S.3....»  • 

bv  moltiplyingbodi  nomerator  and  denominator  by  1.9. 3 ...  (im — »]. 


HIGHSR  ROOTS  OF  POLYNOMIAL&  109 

1.2.3...n'Xl.2.3....(m— n— «')• 
J.t   is  oTident  that  if  this  quantdty  bo  put  in  the  place  of  x^-^  in  the  ox- 
imession  [a],  the  result  will  represent  the  assemblage  of  di^  terms  which 
contain  a'h"  in  the  power  of  the  given  polynomial.    This  result,  after  can 
celin^^  conmion  factors,  will  be 

1.2.3...nXl.2.3...n'Xl.2.3...(m— n— n')'       '•J 
Making  zs=d+.,,  we  shaU  have  y"»-*-^'=:(c+2)"*--">-*',  and  the  term  cod- 
taining  c*''  will  be 

1 . 2 . 3 . . .( m^n-^n')  X  c^^^z"*-**-"^-"^^ 
l,2.3....n"Xl.2.3....(m— n— w'—n")' 
•ubstituting  this  expression  for  y»-»->'  in  [&],  we  have 

1. 2. 3. .. nX  1. 2. 3. .. n'X  1.2. 3.. .n"X  1.2. 3. ..(m—n—n'—n'')* 
It  is  evident  now,  without  carrying  the  reasoning  ftuther,  that  if  V  be  the 
general  term  of  the  development  of 

(a+6+c+i...)», 
this  term  may  be  represented  thus, 

1.2.3.4....mXg°&''c^^»> 

""1.2.3...nXl.2.3...»'Xl.2.3...n"X.. 
n,  n',  n"...  being  any  positive  whole  numbers  at  pleasure,  subjected  only  to 
the  condition  that  theur  sum  shaU  be  equal  to  m.    So  that  all  the  terms  of  the  re- 
quired development  may  be  obtained  by  giving  in  this  formula  to  n,  n\  n*'... 
dl  the  entire  positive  values  which  satisfy  the  condition 

n'\-nf'\'n" . . .  .=:*». 
Wbea  one  of  these  numbers  is  made  zero,  V  takes  an  illusory  form.    I£  lor 
example,  ti=0,  the  series  1 . 2 . 3 . . .  n  placed  in  the  denominator  is  nonsensical, 
because  fiictors  increasing  from  one  will  never  present  us  with  a  &ctor  aero. 
To  relieve  this  difficulty,  let  us  recur  to  the  general  term  [a]  in  the  dev^pmeot 

of  (a+x)",  and  observe  that  the  hypothesis  n=0  reduces  it  to  -    ^  , r. 

But  the  hypothesis  nssO  ought  to  give  in  this  devebpment  the  term  which 
does  not  contain  a,  and  this  term  is  x".  Then,  in  order  that  this  term  shaU  be 
deduced  from  the  formula  [a] ,  it  is  sufficient  to  consider  the  series  1 . 2 . 3  •  •  .a 
as  equivalent  to  1  in  this  particular  case  of  ns=0.  The  same  observation 
should  be  extended  to  tiie  other  series  of  factors  contained  in  the  denominator 
of  Y,  and  then  V  will  give,  without  any  exception,  all  the  terms  of  the  power 
of  the  polynomial  a+&+<^+*  ^' 

TO  EXTBACT  THS  m^  BOOT  OP  A  FOLYNOIOAL. 

The  problem  is,  ^vtn^  gwtn  a  fslynomial^  P,  vMdi  is  themf^  power  ef 
anotker  pclynomial,  p,  to  find  the  latter. 

Let  us  consider  the  two  polynomials  as  arranged  according  to  the  decreas- 
ing exponents  of  some  letter,  x,  and  call  a,  &,  c, . . . .  the  unknown  terms  of  the 
root|).  They  must  be  such  that,  in  raising  a-f-&+^*  *  *  ^  ^®  power  m,  we 
obtain  all  the  terms  which  compose  P.  But  if  we  imagine  that  we  have 
formed  this  power  by  successive  multiplications,  it  is  clear  that»  in  the  resulti 
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tlie  tenki  in  wluch  x  has  the  highest  exponent  is  the  mfi^  power  of  a  ;  tiiea  n 
ihall  know  the  first  term  of  the  root  sought^  p,  hy  extracting  the  m**  root  €f  & 
first  term  sflhe  given  polynomial  P- 

The  first  term  of  the  root  being  found,  it  will  be  easy  to  obtain  the  •eonl: 
,but  I  prefer  to  show  at  once  how,  when  we  know  several  successhre  tenoi  d 
the  root  setting  out  from  the  first,  we  can  determine  the  term  wliich  oooa 
immediately  after. 

Let  tf  represent  the  smn  of  the  known  terms,  and  v  that  of  the  nnkiHm, 
then  P=:(«4-v)'"t  01*1  developing, 

I  have  not  exhibited  the  composition  of  the  coefilcients  A;,  ^ . .,  dus  ml 
being  necessary,  as  will  appear.  From  this  equality,  by  sabtraetiiig  «"  fnm 
both  the  equals,  we  obtain 

P— tt'»=mtt»"H?+Ari»»-V+A:'«'»-V+,  &c. 

The  first  of  these  equals,  P — u"",  is  a  quantity  which  we  can  caknlate  bj 
forming  the  m^  power  of  the  known  quantity  u,  and  subtracting  it  from  the 
polynomial  P.  The  second  is  a  sum  of  products,  by  means  of  whicli  we  cao 
easily  assign  the  composition  of  the  first  term  of  the  remainder  P.^«",  and, 
consequently,  discover  the  first  term  of  the  unknown  part,  v. 

First,  if  we  develop  «°*~~S  it  is  clear,  by  the  rules  of  multiplication  akne, 
that  the  first  term  of  the  development,  that  is,  the  one  which  contains  x ,  willi 
die  highest  exponent,  will  be  a°*~~' ;  then,  if  we  call/  the  first  term  of  e,  the 
first  tenn  of  the  product  mu'^^v  will  be  ma^^]f.  By  a  similar  course  of  rea- 
soning, we  perceive  that  the  first  terms  in  the  developments  of  the  other  prod- 
ucts will  be  respectively  A:a"*~y*,  Ar'a"~y , ....  These  terms,  abetractioQ 
being  made  of  the  coefficients, which  have  no  influence  upon  Hie  degree  of  x, 
can  be  deduced  from  the  term  ma^^y,  by  suppressing  in  it  one  or  more  fae- 
tors  equal  to  a,  and  replacing  them  by  as  many  factors  equal  to/.  But /being 
of  a  degree  infi^rior  to  a  with  respect  to  :r,  tibese  changes  can  give  only  terms 
of  a  degree  inferior  to  mt^'-^f.*  Then,  after  having  subtracted  from  the  given 
polynomial  P  the  m^  power  of  the  part  u  of  the  root  already  found,  the  fint 
term  o£the  remainder  is  equal  to  the  product  of  m  times  tl.o  power  m — 1  of 
the  first  term  a  of  the  root  by  the  first  of  those  terms  which  remain  still  to  be 
found.  Thereforo,  dividing  the  first  term  of  the  remainder  by  m  times  the 
power  m — 1  of  the  first  term  of  the  root,  the  quotient  will  be  a  new  term  of 
this  root.  This  conclusion  furnishes  the  means  of  discovering  successively  all 
the  terms  of  the  root  as  soon  as  the  first  is  known.  To  have  the  second  tarmj 
b,  subtract  from  the  given  polynomial  F  the  m*^  power  of  the  first  term  of  the 
root,  then  divide  the  first  term  of  the  remainder  by  ms^^ ;  to  haxe  the  tkira 
term,  c,  of  the  root,  subtract  from  P  the  m*^  power  of  a+b,  then  divide  thefirsi 
term  of  this  remainder  by  ma^^S  and  so  on. 

If  in  any  part  of  the  process,  the  remainder  being  arranged  according  to  the 
powers  of  x,  its  first  term  is  not  divisible  by  m  times  the  m— 1  power  of  the 
fii*st  term  of  the  root,  the  given  polynomial  will  not  have  an  exact  root  of  the 
degree  m.  . 

We  may  arrange  according  to  the  ascen^^ng  powers  of  a  letter,  Xf  u  wai 

*  Thus,  for  examine,  if  a  conUanafit  and/  contain  x*,  and  m=10,  then  efl'~\f  will  ooataia 
v5«,  oni-ys  will  contain  x^,  ain— ya  will  contain  afi*,  and  to  on. 
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remarked  at  (Art.  80,  III.),  when  treating  of  the  square  root,  and  the  above 
observation  will  undergo  the  same  modiiication  as  there  stated. 

It  would  be  superfluous  to  speak  of  the  case  where  the  letter  of  aiTangement» 
T,  enters,  with  the  same  exponent,  into  several  terms.  The  method  of  proceed- 
ing in  such  a  case  has  been  abready  sufficiently  indicated  in  previous  articles. 

EXAMPLES. 

(1)  Extract  the  5th  root  of  32a:*— SOx^+SOa:^— 40a:«4-10r— 1. 

(2)  Extrart  the  6th  root  of  729— 29163?»+4860j<— 4320a;«+2160a*— 676a« 

+64a:».  Ans.  3^2x*. 

<3)  Extract  the  fifth  root  of  ar»+16ar-w— 5r-"+90a:-»— 60ar-w+282r-« 
—  252r-«  +  505ar*  —  496r-»  +  495  —  465a^ 
+275a:*— 802«+ 15z»— z^o, 

Ans.  x-<+3— a«. 
114.  In  the  observations  made  upon  the  expansion  of  (x-fa)",  we  have  sup- 
posed »  to  be  a  positive  integer.  The  binomial  theorem,  however,  is  applica- 
ble, whatever  may  be  the  nature  of  the  quantity  n,  whether  it  be  positive  or 
negative,  integral  or  fractional.*  When  n  is  a  positive  mteger,  the  series  con 
sists  of  n-4-1  terms ;  in  every  other  case  the  series  never  terminates,  and  the 
development  of  (x+a^  constitutes  what  is  called  an  infinite  series. 

Before  proceeding  to  consider  this  extension  of  the  theorem,  we  may  re- 
mark, that  in  all  our  reasonings  with  regard  to  a  quantity  such  as  (x-(-a)",  wa 
may  confine  our  attention  to  the  more  simple  form  (l-t-a)°,  to  whicJi  th^ 
former  may  always  be  reduced.    For, 

(z+a)  =*(l+^ 

=z"(l+-)  ,  or  af(l+ii)",  if  we  pnt  j=u 

C  g  .  n(n-l)  a*  .  n(n-l)(n-2)  d'  . 

n(«-l)(n-2)(«-3)   ^  ] 

1.2.3.4  •x4+'<"$T 

SuppoM  n=-,  where  r  and  «  are  any  whole  numbers  whatever,    - 

i  r 

Then  {x+a)'  becomes  (x+a);  and  snbstitating  -  for  n  in  the  series, 

(x+a):=i:(l+^' 

.    , .;(:-')  .,;C-)e-')  ^ 

=*•(!+;  •  -+    1.2    •  5+       TsTs       •  a» 


*  A  perfectly  rigoioiu  demonstration  of  the  binomial  theorem  for  any  exponent  what> 
ever,  integral  or  fractional,  positive  or  negative,  will  be  found  towards  the  dose  of  this 
treatiie; 

t  This  expansica  may  be  obtained  by  snbititiiting,  in  tlie  general  form  (Art  110),  1  foi 
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Or,  redaoed, 

[a]  =*•(!+; .  5+17277  •  ?+    1.2.3.^      •  i? 

r(r-«)(r-2f)(r-3»)   «•  > 

+        1.2.3.4.**         •?+•**•$ 
The  binomial  tbeorem,  under  Hub  form,  is  eztennvely  empk>yed  in  ana^yw 
for  developing  algebraic  espreMions  in  series. 

EXA1IPI.E  I.  . 

£xi>and  ^x+a  in  a  aeries. 

=x*(l+|)  .    Here  rsl,  «=:2. 

«^+2*i+     X.2     •«•+         17273  •>* 

.is-)e-)a-»).      I 

;5+ S 


^\ 


^  1.2.3.4  x*' 

i:  _i         i    _^       ? 

^+2  •5+1.2      '  2*+       r7273  •  x» 

1     _1     _3     _6 
.2^      2^      2^      2    «• 


<   T^'ar     1.2.4*2*^1.2. 


.3.4  'a:*+ 

3       a*        1.3.5 


3.8   2*     1.2.3.4.16 

i+ t 

which  last  may  be  deriTod  at  once  from  [a],  and  pnt  under  the  form 

JC        1   a 1_   a*      1.3     ^      1.3.5      ^ 

'   i    +2i     2.4    x»+2.4.6'2*"2.4.6.8*2:* 
1.3.5.7      a»  1 

+2.4.6.8.10*2*""'*® \ 

wherb  the  law  of  the  series  is  evident. 

EXAMPLE  II. 

fiipand  ^d«— d«««  in  a  series. 

=sa(l— ^•)*     Here,  r=l,  «ss2,  -as~e< 

5   1     5Q-O     §(5-06-2) 

=^  ^  ^-2  •  ^+-r:2-"  •  ^ 1.2,3     '  ^ 

i^-)a-')a-')       ■  ^ 

+ 17273^^ ^-•^-  .....  $ 

5,      1  «      1  ^       1-3   ^       1-3.5  .      I 


TBACnONAL  FOWBBS  01*  BINOlOAXa  11| 

KZAMPLB  ni. 


Kzpand  — =z=  in  a  seriM. 


**  <    *~2  •  i«  +  1.2  •  M 

.  -l(-^-0(-^^)(-H  J.   ( 

+ 1727374 •  VP/  ^-i 


^ 2    €•         2^      2^      2 

JJ         •&*+  1.2.3 


13         6         7 
-gX— 2^      2^      2    cw 


6«"^  1.2.3.4  •  6»+»  *^' 

lc*.1.3c«     1.3.6  c» 


■l 

- 1  K  ""  2  •  6»  +  2  .  4  •  i*""  2  .  4  .  6  •  6« + •  *^  • '  •  $ 
which  last  expression  might  be  derived  immediately  from  formula  [a].  Th« 
tame  remark  will  apply  in  the  following  examples. 

EXAXFLX  lY. 

n 
Expand    y  ^^       in  a  series. 

»=nd      (l — jf)~'     Hew  r=— 1,  «as2,  jse— pp 

»c,    .   1      e«e»  .        2V      2         /      /c»e»\» 
=1^  +  2  •"M-  + 172 -iTi-; 

-5(-|-^)(-|-0         /c^e*^' 


1.2.3 


,  -i(-l-0(-i-')(-i-0,^.     , 

+ 1727374 VF)  -^  ^'  \ 

=  6}^  +  2*     5«    +2.4*     6*    +2.4.6'    6« 

,  1.3.6.7   <!■<•,.  I 

+2.4.6.8'15"+'*^ < 


H 
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SXAMTUC  r. 

Bxnand  ■  ■  •  m  a  aonM. 


=m""*(P+9)(l+5)  H<.re,r=-3.»»< 


x-m?' 


=    J    p-4-»'+ Ta -W/ 

«.i£±iic         3    «»        3.7    »«        3-7.11 
,»*       J^""4'S?+1.2.4«m*      1.2.3-«» 
ii»  ,  3.y.ll.l5ii«  ? 

Sf+1.2.3.4.4*«i"     •  "* * 


■XAMPLETI* 


t4c3*»3a:*6a<7i:»        .) 


KXAXriiK  Tin. 
Lt     .  3    X  .  3.13        a*      .  3.13.23 


«VL    ±<,  .  3    ar.  3.13        «^      .3.13.23  £__ 

.3.13.23.33  »*  .     to.  .  .  .     J 

KXAMPIK  IX. 

— ^     l-;4-J^      6.n.x»     6,ll>16.x*_  ^^  >        • 
(l+x)*       ~^6.10     6.10.16^6.10.16.20  J 

1  2618      a:* 

The  elavonth  tem  of  the  series  for  (a»-a«)'  is    -;^yg^g^  •  55- 

116.  The  Knomial  theorem  is  slso  employed  tjo  detonmne  approximate 
filaes  of  the  roots  of  numbers. 
hi  the  f onBvJa 

(x+a)«=*-(l+n.-+.-Y:^-?+— 1:2:3 ?t        »• 


APPROXIMATE  ROOfS  OF  NUMBEBB. 


lU 


iiet  us  put  n=-,  the  expresnon  becomea  (x-fa)'  or  V^+^  ^^  we  have 


1   a 


V:r+a:=VaKl+1.34 


Kt-O  *.KH6-) 


1.5 


■5-^ 


1.2.3 


1+ 


^    '  r  ar     r     2r     x*^r     2r        3f      x» 


If  we  wished  to  form  a  new  term,  it  would  manifestly  be  obtained  by  mid- 
3r     1      ,  a 


tip^yiDg  the  fourth  by  ■ 


•  and  -,  then  changing  the  s%b,  and  so  on  £or  dM 


At     —  X' 
re«t»  the  terms  after  the  first  being  alternately  positive  and  negative. 

This  being  premised,  let  it  be  required  to  ^Ltract  the  cube  root  of  31.  The 
greatest  cube  c<mtained  in  31  is  27 ;  in  liie  above  ibztnula  let  tts  make  f  s±3 
r:s27,  a  96=4,  and  we  shall  then  have 


V31=V27+4 


2     4 


4         16  320 

==^  +  27""  2187+ 631441  ^'^ 

320  3r— 1    a 

The  succeeding  term  will  be  found  by  mukiplySng  ^-      .    by  — —  .  -,  or 

2560 


- .  ^,  and  then  changing  the  sign,  which  will  give  ufi  — 43046721' 


In  like  manner,  we  shall  find  the  next  term  by  multiplying 

112640 


2560 

43046721 


r,  and  so  on 


4r— 1    a   .      ._    ,       -        ,        2660         11      4 

-gj:- .-,  It  win,  therefore,  be  4304672I  ^  16  ^  27=17433922006' 

for  any  number  of  terms. 

Let  US,  however,  confine  oar  attention  to  the  first  ^^  terms  of  the  tfetitos, 
and  redaee  them  to  decimals;  we  shall  have,  finr  the  anm  of  the addiCM terms, 

3=3.00000 


— 1=0.14815 
27 


320 


=0.00060 


631441 

And  for  the  sum  of  the  subtractive  terms, 

16 


>  =3.14875. 


0.00731 


r=— 0.00006 


»  K— 0.00737. 


2187 
2560 
"43046721" 
Hence 

^31=3.14138 

a  result  which  we  shall  proceed  to  show  is  within  0.00001  of  the  tructi. 

116.  "When  the  expression  for  a  number  is  expanded  in  a  series  of  terms, 
the  numerical  values  of  which  go  on  decreasing  contiimally,  we  easily  peiceivi 


1 
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tlial;  the  greater  the  number  of  terms  which  we  take,  the  more  nearly  ahaU  we 
approach  to  the  real  ralue  of  the  proposed  expression.  Such  a  series  is  called 
converging.  If  we  suppose  the  terms  of  the  series  alternately  positive  uiA 
negative,  we  can,  upon  stopping  at  any  particular  term,  determine  prectst-lj 
the  degree  of  approximation  at  which  we  have  arrived. 

Let  there  be  a  series  a — ft-^-c— 'J+«— /+g— A+A:— /+m composed 

of  an  indefinite  number  of  terms,  in  whidi  we  suppose  ihat  die  quantities  a, 
b,  c,  d  go  on  diminishing  in  succession,  and  let  us  desi^ate  by  N  the  number 
represented  by  this  series,  we  shall  prove  that  the  numericcd  value  tffNUes 
hetween  any  two  consecutive  $um$  of  any  number  of  the  terms  of  the  above  series. 

For  let  us  take  any  two  consecutive  sums, 

a— 6+c— J4-e— yi  and  a'^b'\'C — d+C'^f+g. 

Upon  considering  the  first  of  these,  we  perceive  that  the  terms  which  Joi- 

low  —/are  +(^— ^)4'(^'~~0+ «  ^^  nioce  the  series  is  a  decresaiag 

one,  the  positive  differences  g^h^  k — i,  dec.,  are  all  positive  numbers ;  heooe 
it  foUows  that,  in  order  to  obtain  the  complete  value  of  N,  we  must  add  to  the 
sum  a — b^c — d+e  — •/  some  positive  number.    Hence 
a— 5+c— (i+e— /<N. 

With  regard  to  the  second  sum,  the  terms  which  foOow  -f-g'  are  — .(^— it/, 

— (Z— m), ;  but  the  partial  differences,  h^k,  Z— m,  &c.,  are  positive; 

hence  — (^— A:),  — (I — m) — -,  are  all  negative,  and,  therefore,  in  order  to 
obtain  tiie  complete  vslue  of  N,  we  must  subtract  some  positive  number  finom 
the  sum  a — b^e — d+e^^f-^-g^    Hence 

a^b+c^d+e^f+g>N, 
and  it  has  been  shown  that 

a— 6+c— (£+«-/       <N; 
therefore  N  lies  between  these  two  sums. 

From  this  it  follows  that,  since  g  is  tlie  numerical  value  of  the  dififerenee 
of  these  two  sums,  the  error  committed  when  we  assume  a  certain  number  «f 
terms  a'^b^C'^d-\-e^f  for  the  value  of  N  is  numsricallyless  than  the  term 
uMeh  immediately  foUows  that  at  which  we  stopped. 

In  the  preceding  example,  all  the  terms  after  the  first  being  alternate^'  posi- 
tive and  negative,  we  may  conclude  that  the  numerical  value  of  the  first  five 

4        16    .     320  2560 


^+27     2187^631441     43046721 
differs  from  the  true  value  of  V3I  by  a  quantity  less  than  the  value  of  the 

sixth  term,  which  was  found  to  be  equal  to ;  but  this  fraction  is 

^     17433922006' 

by  mere  inspection  less  than  -- — --,  therefore,  when  we  assume  that 

100000 

^=3.14138,  the  result  is  withm  0.00001  of  the  truth. 

117.  From  what  has  been  sud  above  it  will  be  seen  that,  in  order  to  obtain 

an  approximate  value  of  the  n^  root  of  any  number  N  by  the  method  of  aeries, 

we  may  make  use  of  the  foDowing 

RULE. 

Resolve  (he  given  number  N  into  two  parts  of  the  form  p"-f-q,  where  p'isihi 
highest  n**  power  contained  in  N,  and  in  the  development  of  (x-fa)*  make 
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zsp",  a=q.  The  number  of  terms  to  he  taken  in  the  resulting  series  mU 
depend  upon  the  degree  of  ojccuracy  required^  and  can  he  determined  hy  the 
principle  just  explained.  Convert  all  the  terms  of  tffhieh  account  is  taken  into 
{Ucinuds^  and  then  effect  the  reduction  hetween  the  additive  and  suhtractivt 
terms, 

q 

This  method  can  not  be  employed  with  advantage  except  when  ~  is  a  amali 

fraction ;  for  imless  this  be  the  case,  the  tenns  of  the  series  wiQ  not  diminish 

with  sufficient  rapidity,  and  it  will  be  necessary  to  take  account  of  a  great 

number  of  terms  in  order  to  arrive  at  a  near  approximation. 

It.  may  happen  that  j»*  is  <9 ;  we  must  then  modify  the  above  process,  for 

p^      a  a  • 

then  —  or  —  is  greater  than  unity,  and  therefore  all  the  powers  of  -*  will  in 

crease  in  numerical  value  as  the  degree  of  the  power  increases. 

Suppose,  for  example,  that  the  cube  root  of  56  is  sought,  27  being  the 

greatest  cube  contained  in  56,  we  shall  have 

a    29 
ar=:27,  a=29  and  .-.  -^^^ 

and  the  terms  of  the  series  will  go  on  increasing  instead  of  diminishmg  (we  do 

not  speak  of  the  coefficients,  which  are  fractions  differing  but  little  from  unity). 

8         1 
But  we  may  resohre  56  into  64—8,  or  4'— 8 ;  but  g2«  or  -,  is  a  small  fraction. 

On  the  other  hand,  if  we  substitute  — a  for  a  in  the  expression  for  \/^-{-a, 
we  have " 

I   a    1   n—l   a"     1   n— 1   2»— 1   a> 


Vx— a=XB(l . .  .  _ 

fixfi2na^n2fi        3n2* 

If  we  put  xs64,  a=8,  we  shall  obtain  a  series  of  terms  which  wifl  de- 
crease with  great  rapidity. 

Here  aU  the  terms,  with  the  exception  of  the  first,  are  negative,  and  we  can 
not  apply  to  this  series  the  criterion  established  in  (Art.  116)  for  fixing  the  de- 
gree of  approximation.  But  we  shaH  approach  very  neariy  to  the,  required 
degfbe  of  approximation  if  we  take  into  account  such  a  number  of  terms  that 
the  first  which  we  neglect  shall  be  less,  by  one  tenth,  for  example,  than  lh0 
decimal  place  to  which  we  wish  to  limit  the  approximation. 

The  student  may  take  the  following  examples  as  exercises : 


(1)  V39  =V32  +7  =2.0807....  true  to  0.0001. 

(2)  V'eS  =  V64  +1  =4.02073 . . .  true  to  0.00001. 

(3)  ^"260=  V 256+4  =4.01653 . . .  tarue  to  0.00001. 

(4)  VI08=  V126— 20=1.95204 . . .  true  to  0.00001. 

118.  Koots  of  imaginary  expressions  of  the  form  ai:h -^  —I  nre  extracted 

1 

by  putting  the  expression  under  the  form  (aJoh'^  -~1)°«  ^°^  developing  by  the 
binomial  theorem ;  a  series  of  terms  will  thus  be  obtained,  which  may  be  put 
under  the  form  A+B  -/— 1»  A.  representing  the  algebraic  sum  of  the  rational 
tenns,  and  B  the  algebraic  sum  of  the  coefficients  of  V— 1«  Algebra  fur- 
nishes no  other  general  method  for  this  transformation,  but  when  n  is  a  power 
of  2,  it  can  be  effected  without  the  aid  of  series 


Ii«fe  Qg  consider,  fijnt,tihe  twp  xadieab  \a+h'^^l  and  \a — 6V  -^ 

[2]  y}a^hyr:::\^yja'^h^r:^\:=zy, 

mA.  HUmmg  boOi,  there  resuUa         

•  2a.+2i/a«4-6'ag3* 

WliataNwr  may  be  tlie  sign  of  a»  tibe  vafaie  of  o;^  is  postiye,  Iwi  tlM  of  3^  ii 

na^tjivet.   From  these  eqoalities  we  deiiye 

[3]  a:ssV2a+2^/a»Ijn^,y«\V— 2a+2Va»+i?/ V^^ 
Biitiliie  eqnalitiea  [1]  and  [2]  give 

Then«  finaOy,  patting  for  x  and  y  the  values  [3],  we  shall  hare 
[6]  ^a-6V'^=r     i^2a+2V^+^ 


-gJ--2«+2Va"+i»V-l- 
Mo«4^  if  We  consider  tiie  zadioal  expresnons 

\Ja:khV^f  V«±^  V^.  Vaift  V"^.  &c, 
ma  pliseive  that  the  extraction  of  a  single  root  which  is  some  power  of  twok 
mfk  he  v^plaoed  by  soccespive  extractions  of  the  square  root;  consequenlitf* 
iIm  ^petition  of:  the  fonanlaa  [4]  and  [5]  will  alwaya  rednce  the  above  ex* 
fssswas  to  exppessions  of  tJie  farm  AJ:B  V*-l- 

Rkmabk. — ^In  eaoh  of  tliese  formulas  the  first  member,  by  reason  of  tk 
radicals  which  it  contains,  may  have  fbur  different  vahies,  and  the  same 
true  of  the  seccmd  member.  In  both,  the  four  values  of  the  first  member  aro 
the  same,  and  this  is  the  case  evidently  with  the  second  member;  so  thai 
the  two  formulas  make  reaDy  but  one.  They  present  no  difference  except 
when  we  nse  them  simnltaneoasly  in  the  same  algebrucal  calculation,  because 
tfien  we  onght  to  regard  the  teribs  into  which  V— 1  enters  as  affected  with 
qpntrsry  signs. .  Bnt  then  it  is  necessary  to  remark  besides,  that,  by  the  very 
manner  in  which  we  have  arrived  at  these  formulas,  '^cfl+h*  in  them  repri^ 

sents  the  product  of  y}a+  b  -/— 1  yfa-^h  V— 1 ;  consequently,  the  deterui 
iaations  of  tliese  two  radicab  ou^  always  to  be  supposed  associated  in  sm;^ 
a  manner  that  their  prodnet  shonld  have  the  «gn  which  is  given  to  Va'4**^ 
m  the  second  member.    Wilfaoat  attention  to  this  the  formulas  mig^t  lead  ti^ 
frlse  resoltB. 
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Another  remark  of  importanco  may  be  added  here. 

The  methods  of  proceecUng  in  certa&i  operations  upon  imaginazy  ezpreaskiBi^ 
«jc3ubited  at  (Art.  66),  were  suited  to  the  restrictions  which  in  ordinaiy  cases 
^rouM  be  understood  as  pertaining  to  the  radical  sign.  If^  however,  l£is  sign 
hwTn  its  most  genersl  signification,  it  must  be  used  in  its  ambiguous  sense^ 
Amt  is,  as  having  J:  befiire  it  Then  V— ax  -/—a  wovdd  have  a  moM  eob- 
tended  sense  Ihan  sfanply  the  squaxB  of  '/--a.  It  would  haiffe,  in  ftetr  ibv 
▼alaes, 

+  V— ax  +  V— a,  —  ^^^  X  +  \^— «•  +  V  — «  X  —  V"^^ 

—  %/^X— /^ 

(Mr 

—Of,  +0,  +tf,  —a 

These  four,  in  fact,  amount  to  but  two,  -{-a  and  — g,  which  are  the  valoea 
obtained  by  the  ordinary^ule  of  multiplication^  -v^— ax  V — as:  -/Ts  dbo- 
If  the  quantities  under  the  radical  are  different,  the  reasoning,  will  be  a  fittis 
.  varied.    Let  the  product  be  required  of 

The  first  of  these  fiustors  V— amay  be  put  under  the  fona  a'V-— If  mhI 
dia  aecond  under  tiie  form  ft'  V— 1-    The  product  will  than  be  eaBpraased  bjr 

a'6V"^X'/^- 
Bat  after  what  hss  just  been  said,  if  there  be  no  restriction  in  the  meaning 
of  the  si^  V    9  we  have  -/— ix  V— 1=±1-    Hence. 
a'6'^^3ix  -/^=±a'6'. 
Bat  since  the  square  of  afh'  is  a^b'',  or  a&,  we  have  a'&'ss  '/a^,  and,  there- 
foza»  _^ 

die  vesah  lyfaioh  we  should  obtain  by  the  ordinary  role  lor  the  maltipBs^^ 
tion  of  radicals.  We  thus  perceive  that  this  rule  gives  us  the  true  product 
in  its  most  general  form  when  there  is  no  restriction  in  the  sense  of  the  i 
cal  aign. 
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119.  NuMBEBS  may  be  compared  in  t^vo  ways. 

When  it  is  required  to  determine'by  how  much  one  number  is  greater  or 

less  than  another,  the  answer  to  this  question  consists  in  stating  the  difisnma$ 

between  these  two  niunbers.    This  difference  is  called  the  Arithmetieal  Ratio 

of  the  two  numbers.    Thus,  the  arithmetical  ratio  of  9^  to  7  is  9—7,  or12,  and 

if  a,  6  designate  two  numbers,  their  aritimietical  ratio  is  represented  by  a#^ft. 

When  it  is  required  to  determine  how  many  times  one  number  contdns,  o» 

is.  Qonlained  in  another,  the  answer  to  this  question  consists  in  stating  the 

gioHeat  which  acises  from<  dividing  one  of  these  numbers  by  the  other.    This 

quotient  is  called  the  Geometrical  Ratio  of  the  two  numbers.     The  term 

Ratiot  yAaeauMi  witiioat  any  qnsliflcatioo,  is  ahri^  undentood  te.signj^  a 

geometrical  ratio,  and  we  shall,  at  present,  confine  our  attention  to  rstiot  of 

this  description. 
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120.  By  the  ratio  of  two  numbers,  then,  we  mean  the  qmtxeni  wfaldi  i 

from  dividing  one  of  these  nnmben  by  the  other.    Thus,  the  ratio  of  12  to  4 

12  5  1 

is  represented  by  -j  or  3,  the  ratio  of  5  to  2  is  ^  or  2.5,  the  ratio  of  1  to  3  b- 

or  .333 .  • .  We  here  perceive  that  the  vafaie  of  a  ratio  can  not  ahrayna  be  a- 
pressed  exactly,  except  in  the  form  of  a  vulgar  fraction,  but  that,  by  taking  s 
sufficient  nund)er  of  terms  of  the  decimal,  we  can  approach  as  nearly  as  w 
please  to  the  true  value. 

121.  If  a,  6  designate  two  numbers,  the  ratio  of  a  to  6  is  the  quotieBC 

arifflng  firom  dividing  a  by  &,  and  will  be  represented  by  writing  diem  a :  5,  or  r. 

122*  A  ratio  being  thus  expressed,  the  first  term,  or  a,  is  called  the  anU^ 
cedent  of  the  ratio ;  the  last  term,  or  6,  is  called  the  oonuquent  of  the  ratio. 

123.  It  appears,  therefore,  that,  in  arithmetic  an^  algebra,  the  theory  of 
ratios  becomes  identified  with  the  theory  of  fractions,  and  a  ratio  may  be  de- 
fined as  a  firaction  whose  numerator  is  the  antecedent,  and  whose  denominator 
is  the  consequent  of  the  ratio. 

124.  When  the  antecedent  of  a  ratio  is  greater  than  the  consequent,  the 
ratio  is  called  a  ratio  of  greater  inequality ;  when  the  antecedent  is  less  than 
the  consequent,  it  is  called  a  ratio  of  less  ineqttality ;  and  when  tiie  antecedent 

12 

and  consequent  are  equal,  it  is  called  a  ratio  of  equality.    Thus,  -j-  is  a  ratio 

12  3 

of  greater  inequality,  tji  '^  >  n^^o  o^  l^^s  inequality,  -  or  1  is  a  ratio  of 

equality.    It  is  manifest  that  a  ratio  of  equality  may  always  be  represented  by 
unity. 

125.  When  the  antecedents  of  two  or  more  ratios  are  multiplied  U^ther 
to  form  a  new  antecedent,  and  their  consequents  multiplied  together  to  form 
a  new  consequent,  the  several  ratios  are  said  to  be  compounded,  and  the  r»- 

suiting  ratio  is  called  the  sum  of  the  compounding  ratios.    Thus,  the  ratio  r 

Is  compounded  ^th  the  ratio  ^  by  multiplying  the  antecedents  a,  c  fixr  a  new 

antecedent,  and  the  consequents  5,  c2  for  a  new  consequent,  and  the  resnltiqg 

€u:  a         c 

ratio  T^  is  called  the  sum  of  the  ratios  t  and  2* 

In  like  manner,  the  ratios  --,  '»  jf  ~  are  compounded  by  multiplying  ad 
the  antecedents  together  for  a  new  antecedent,  and  all  the  consequents  for  a 

new  consequent,  and  the  resulting  ratio, ,  is  called  the  sum  of  the  ratios 

n>qstD 

m  p  r   t        ♦ 

»•  q*  ?  w' 

126.  When  a  ratio  is  compounded  with  itself  the  resulting  ratio  is  called  the 

dfipLicate  raHo,  or  douUe  ratio  of  the  primitbe.    Thus,  if  we  compound  tilie 

a  ■       a  c^  a 

ratio  ^  with  ^,  the  resulting  ratio,  |^,  is  called  the  duplicate  ratio  of  ^. 

.   .         a*  a 

Similarly  -^  is  called  the  triplicate  ratio,  or  triple  ratio  of  ?-. 
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a*  a 

And,  genenDy,  p  is  called  the  sum  of  the  n  ratios  ?•• 

«* 

According  to  the  same  principle,  the  ratio  — ;  is  called  the  9ubdvpUcaU  raHo^ 

a  a^     ci*     a*     a 

-  *'    half  ratio  of  -r ;  for  the  duplicate  ratio  of  -r  is  — r  X  "T=r- 

^  6*      6*     6*    '^ 

a^ 
So,  also,  the  ratio  -^  is  called  the  snhtriplicate  ratio,  or  one  third  of  the  ratw 

6* 

^  *      ■«      1        .  ,        .     ^a^ ,   a'    a^     a''^    a 

m  ^.    For  the  triple  ratio  of  -r  is  — r  x— i  X  -t=t» 

^  6»     i^     5*     5^     * 

I 

And,  in  general,  -^  is  called  one  n^  of  the  ratio  r ;  for  »  times  the  raSie 
ft" 
1         ill 
a" .    a"     a»     a*  a 

-I  M  "iX  — X-iX  ..•  to  n  terms  =j. 

ft»       i»     ft"     ft» 

NoTX. — The  ratio  —s  is  called  the  sesqniplicate  ratio  of  ?-,  for  it  is  com- 

psnoded  of  the  simple  and  snbdopficate  ratio ;  thus,  i  X  rss-* 


r^- 


1527.  JjT  the  terms  of  a  ratio  he  both  mtdtipUed,  or  both  ditdded^  by  the  same 
quantity^  the  value  of  Ike  ratio  remains  unchanged. 

The  ratio  of  a  to  ft  is  represented  by  the  fraction  t  ;  and  since  the  vahie  of 

a  fraction  is  not  changed,  if  we  multiply,  or  divide,  both  numerator  and  de» 
nominatoi  by  the  same  quantity,  the  truth  of  the  proposition  is  evident    Thus« 

a 

l^a^Jt  or  a :  ft=ma : mftrs- :  -. 
ft     ifift     6  **  • 

n 

128.  Ratios  are  compared  with  tath  other  by  reducing  the  fractions^  by 
which  they  are  represented,  to  a  common  denomnator. 

If  we  wish  to  ascertam  whether  the  ratio  of  2  to  7  is  grei^r  or  less  than 

2         3 

that  of  3  to  8,  since  these  ratios  are  represented  by  the  fractions  -  and  -, 

A  7  8 

which  are  equivalent  to  rg  and  Tg  ;  and  since  the  latter  of  these  is  greater  than 
ths  former,  it  appears  that  the  ratio  of  2  to  7  is  less  than  the  ratio  of  3  to  8. 

129.  A  ratio  of  greater  inequality  is  diminished^  and  a  ratio  of  a  less  inequal- 
ity is  increased^  by  adding  the  same  quantity  to  both  terms. 


Iff  ALeSBBX 

Let  T  represent  any  rsdo,  aod  let  z  be  added  to  eteh  of  Urn  tmaam^    T^ 

two  ratios  will  then  be 

u  g+ar 

V  h+x' 
whicht  redaced  to  a  eommon  denominator,  become 

ab-^-ax  ah+hz 

h(h+zY  b{b+zy 
a 
If  a>&,  «.  e.,  if  T  be  a  ratio  of  greater  inequality,  tibea 

a&+ar     a6+5ar 

n 
and  .••  -r  li  diminished  by  tiie  addition  of  thesame  qoantily  toeach  oCiCB  toon^ 

d 
Ajjpun.  if  a<&,  t.  e.,  if  t  be  a  ratio  of  less  inequality,  tfien 

{A+ax     ah+hx 

h(b+x)<b(b+x)' 

a 
and  •-.  T  is  increased  by  the  addition  of  the  same  quantity  to  each  of  its  teni» 

130.  If  (here  be  any  number  of  ratios  in  wfndi  the  consequent  ofihefim  raim 
is  the  antecedent  of  Oie  second^  and  the  consequent  of  the  second  the  antecedent 
of  the  thirds  and  so  on,  the  $um  of  any  number  of  said  ralbtas  u  the  ratio  of  ffc€ 
first  anteeederU  to  the  last  consequent. 

Let  the  proposed  ratios  be 

abode 

6*?3'?7' — • 

Then,  by  (Art.  1S(),  theur  sum  is 

a    b     e     d    e 

or 

ahcde-"" 

hcdef'"-' 

a 
i.e..^. 

131.  Proportion  lean  equality  of  ratios. 

Thus,  if  a,  6,  c,  c2  be  four  quantities,  such  that  a,  whendifided  by  6,  grres  die 
same  quotient  as  c  when  divided  by  d,  then  a,  5,  c,  c2  are  said  to  be  inpropef 
(um,  or  to  be  proportionals ;  the  numbers  20,  6,  36,  P  aie  proportiooals,  ftr 

y=4,and-g-=4. 

When  four  quantities  are  proportionals,  it  is  usually  emmciatod  by  saying 
that  the  first  is  to  the  second  as  the  third  is  to  the  fourth*  Thus,  if  a*  69  e,  ^i  are 
proportionals,  we  say  that  aistoiaseistoc^,  and  this  is  eapgossed  ky  ^ 
ting  them 

aibiicidf  or  a:b:sc:df 


•asfractioDi, 


a      e 

I=2- 
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VJw  int  or  Moood  fonn  of  notation  is  VBoaDy  employed  in  gepmetiy,  the 
last  in  analytical  investigations.  The  signs  : :  and  ss  have  precisely  the  same 
meaning.    The  sign  :  is  the  sign  of  division. 

a     c 

132.  The  expression  a :  5 : :  e :  c£,  or  t =2*  ^  ^^^  &  proportion,  and  a,  6,  c,  d 

are  severally  called  the  terms  of  the  proportion.  The  first  and  last,  are  called 
tbe  ejctreme  ternu^  the  second  and  third  the  mean  terms.  The  first  tenn  la 
crtled  ^e  first  antecedentf  the  second  term  the  first  consequent^  the  third  term 
tlie  second  anteeedent^  and  the  fourth  term  the  second  consequent, 

133.  When  the  second  and  third  terms  of  a  proportion  are  identical,  the 

quantity  which  forms  these  terms  is  called  a  mean  prppdrtional  between  the 

otber  two;  thus,  if  we  have  three  quantities,  a,  6,  c,  such  that 

a    h 

aibizbzCf  or  t*:^'', 

o     c 

then  h  is  said  to  be  a  mean  proportional  to  a  and  c,  and  c  is  called  a  third  pro 

portional  to  a  and  &. 

If  ,  in  a  series  of  proportional  magnitudes,  each  consequent  be  identical  with 

the  next  antecedent,  these  quantities  are^  said  to  be  in  continued  proporOan  ; 

thus,  if  we  have  a  series  of  quantities,  a,  6,  c,  i,  e,/,  g,  h^  such  that 

aih:ihic::e:diid:ei:e:f::f:gi:g:h^ 

or. 

ah     c    d    e    f    g 

then  the  quantities  a,  6,  e,  d,  Ctf,  ^,  A  are  in  continued  proportioii* 

A  continued  proportion  is  called  a  progression. 

Tiie  following  are  the  most  important  propositions  connected  ^nth  Ifae  sub- 
jeet  of  proportion. 

I.  yfour  quanHUes  he  proportionals,  the  product  of  the  extreme  terms  mU  It 
equal  to  theproduct  of  the  mean  terms, 

Vet 

aihiicidf 

or 

a     c 

h=^ 

Multiplying  these  equiils  by  kf,  the  e^>rassioB  becomeSs 

adsihe. 

II.  ConTorsely,  J^  the  product  of  any  tu>o  quantUies  he  equal  to  the  product 
oj  any  other  two,  these  four  quantilies  mU  constitiute  a  proportion^  theterme  ^ 
ofitf  ^fiheprodmAs  heing  the  means,  and  the  terms  of  the  other  the  extremes. 

ad^hc. 
Dividing  these  equals  by  hd,  the  expression  becomes 
*  a    c        e  ^a 

i.  e.,  a:h:ic:d,or  cidiiaih* 
In  the  first,  a  and  &  are  the  extremes,  and  h  and  c  the  means ;  in  Ae  second* 
kvA  e  are  the  extremes,  and  a  and  d  the  means. 

III.  If  three  quantities  he  in  con^ued  proportion,  the  produet.cf  the  extreme 
(enne  is  equal  to  the  square  cfthe  mean. 
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This  foDows  immediately  from  I. ;  for  let  a,  &,  e  be  three  quantities  m  ei» 
tinned  proportion,  then 

a     b 

a:5::5:c,  or  r==-" 

tf      c 

.%  ae^b  xbhj  I. 

:=5",  or  &=:  -/oc. 

IV .  Conversely,  ijT  tke  product  of  any  two  quantities  he  equal  to  the  »qagn 

cfa  third,  the  last  qtuintity  vtUI  he  a  mean  proportional  heHoeen  the  other  tm 

Thnsv  if  ac=:&*,  ft  is  ft  mean  proportional  between  a  and  e ;  for,  nnce 

ac=:l^, 

dividing  these  equals  by  ftc,  , 

ah  ,     , 

7-ss-^  or  a:ft::&:c. 
ft     e 

y .  Quantities  ukidi  have  the  same  ratio  to  the  same  quantity  are  eqaud  k 

one  another,  and  those  to  which  the  same  quantity  has  the  same  ratio  are  eqwd 

to  one  another. 

First,  let  a  and  ft  have  the  same  ratio  to  the  same  quantity  c,  then  assk 

Since 

aieiihic, 

or 

a_ft 

multiply  these  equals  by  c  .*.  as=ft. 
Again,  let  c  have  the  same  ratio  to  each  of  the  quantities  a  and  ft,  tlie^  assh 
Smoe 

eiaaeib, 


e     c 
a^P 


diTidfaig  these  equals  by  c, 


a:ft::3::y  > 


1^1 

a""ft 

.-.  assft. 

VI.  Ratios  that  ate  equal  to  the  same  are  equal  to  one  another. 
Let  aibiixiy  \ 
And  e:d::xiy\ 

This  is  an  axiom. 

VII.  Jff'four  quantities  he  proporHonals,  they  unll  he  proportionaU  elso  i 
nando,  that  is,  the  first  will  have  (he  same  ratio  to  the  third  that  the  second  hat 
to  the  fourth. 

Let  a:ft::c:^,  then,  also,  a:c::ft:^. 

a    c 
Since  t^>  divide  each  of  these  equals  by  c,  and  multiply  each  by  ft 

a     ft 
Then  --szj;  u  e,,  a:ci:h:d» 

VIII.  If  four  quantities  he  proportionals,  they  wiU  he  proportionals  alto 
mvertendo,  that  is,  the  second  wiU  have  to  (he  first  the  same  ratio  that  At 
fintfth  has  to  ^  third. 


BJLTIOS  AKD  PJBOPOJEITION.  135 

X«dt  a:&: :c:<i,  dien,  abo,  5:a::i2:c. 

€L    e 
Since  t:=2  ^^^  unity  by  each  of  these  equals. 

1         1 


I)  & 


b     d 

-=-;  i.  e.,  biaiidic 

a     c 

IX.  Iffofwr  quanUHes  he  proportionals,  they  will  be  proportionaU  alio  i 
ponendo,  that  u,  the  first,  together  trith  the  second,  vnll  have  to  the  second  ths 
9€ane  ratio  that  the  third,  togetHer  trith  the  fourth,  has  to  thefowrth, 

Let  aihiiczd,  then,  aho,  a'\-b:h::C'\'d:d. 

a    e 
Since  V^d*  ^^^  ^  ^  ®^^  ^^  these  equals,  then 

a  c 

or 

a+b     c+d     , 

— T— =— ^;  1.  e.,  a+b:b::c+d:d. 

X.  If  four  quantities  be  proportionals,  they  will  be  proportionals  also  din- 
dendo,  that  is,  the  difference  of  the  first  and  second  wiU  have  to  the  second  the 
tame  raitio  that  the  difference  of  Ike  third  and  fourth  has  to  the  fourth. 

Liet  a:&::c: J,  thoD,  also,  a— 5:5: :c—£^:(^. 

a    e 
Since        I^=^^«  subtract  unity  from  each  of  diese  equals,  then 

or 

^  -T— :=-^  ;  1.  e.,  a— o:&::c— tt:a. 

XI.  If  four  quantities  be  proportionals,  they  wiU  he  proportionals  also  coo- 
▼ertendo,  that  is,  the  first  wUl  have  to  the  difference  of  the  first  and  second  the 
tame  ratio  that  the  third  has  to  the  difference  of  the  third  and  fourth. 

Let  a:&::c:<2,  then,  also,  a:a — b::c:c — d. 

a     c  b     d 

Since  t= >  then,  by  prop.  VIII.,  -=- ;  and  hence,  subtracting  these  equal 

quantities  from  unity, 

a  c 

at 

a — b     c — d 


a^b^C'^d' 


I..  a:/i— -5::c:c— (/. 
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Xn.  If  four  qwrnddes  he  proportimalst  (he  wan  cf^iefirH  and  9eoomiimA 
kaoe  to  their  difference  (he  same  ratio  that  the  mm  of  the  Udrd  amd  finsrih  ^i 
to  ihdr  difference. 

Let  aihiicid^  then,  also,  a-{-&:a-- &::c+(^:e-*dL 

Since  2^2*  ^^      ^^ 

by  prop.  IX.,  -j-sz-j-  ; 

and,  by  prop.  X.,  — j— =-— j- ; 

difiding  lliese  eqaab  by  each  other, 

a4.5    e+d 

*        I.  '    1  • 

h d_ 

or 

iv=. %;  i.  e.,  a+hia'^hiieArdiC'^. 

a^^o  -  c— -a  • 

XITI.  If  there  he  any  number  of  quantities  more  than  (too,  and  om  Moay 
otheri,  which^  taken  two  and  two  in  order^  are  proportionals  (ex  nqnafi),  ^ 
first  will  have  to  the  last  of  the  first  rank  the  same  ratio  that  the  first  of  Ac 
second  rank  has  to  the  last.  , 

TiOt 

0,  &,  c,  c2  •  •  •  .  be  any  nwnber  of  (piantitjee. 


And 
Let 


e,/,  gfh  ....  as  many  othen. 
a:h  lie  if 


lie  If -i 
9  hic  iif  igyTheu,  9^  aidiieih* 

cidiigihj 
For,  since 

a    e 

hj 
«    g 

d^h' 

muldplying  the  fint  column  together,  and  ako  the 

hod-fgV 
«ir 


-¥Sjr;  i.  e.,  aidiieih. 


XrV.  Jff^  there  he  any  number  of  quantises  more  Hum  two,  and  as  mam/ 
others,  which,  taken  two  and  two  in  a  cross  order^  are  proportionals  (ex  aqnrf 
perturbatft),  the  first  wiU  have  to  the  last  of  the  first  rank  the  same  tatio  that  Ai 
first  of  the  second  rank  has  to  the  last.  . 


.^^'^Mim 


and 
JLiet 

For,  fince 
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a,  6,  Ct  <^  •  •  •  •  be  any  nnmber  of  qmmtitiait 
^/t  g^h  •  ...  as  many  others. 


aih  ::g:h  ) 
e  :d::e :/  ) 


(:e  ::/:^(Then,  also,  a:c2::e:&. 


«   i 

e      e 

or 

2=r;  1.  e.,  aidnei/L 

XV.  If  four  quantitiea  be  proportianalsj  any  powers  or  rooti  of  (he$e  qua% 
tides  will  also  he  proportionals. 

Let  a:5::c:<f ;  then,  also,  a":&"::c':c^. 

Since 

^rs^,  raising  each  of  these  equals  to  the  nth  power,  It)  ss  f^j, 


or 


where  n  may  be  either  integral  or  fractional.* 

XVI.  Jff' there  he  any  number  of  proportional  quantUieSt  the  first  tnll  have  to 
the  second  the  same  ratio  that  the  sum  of  all  the  antecedents  has  to  the  sum  of 
aU  the  consequents. 

Let  ",  ft,  e,  di  €,/,  gi  h  be  any  number  of  proportional  quantities,  such  that 
a:h::e:d::e:f::g:h. 


Then 
Since 

we  have 


a:6::a4-c4-e+^:&+(24-/-|-&. 

h-d-f-Tc 


ahszba 
ad:=hc 
af=:he 
ahzrzbg, 
and  •.  a(h^d+f+h)^b(a+c+e+g) 

a    g+c+g+g 

or  a:&::a-|-c4-«-f^*^+^+/+^* 

*  ^M  ntao  of  Um  raralting  propoitioii  's  the  «^  puwer  o;  uia  ratio  of  the  gnr«aproportia» 
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XVn.  If  three  quantUUs  he  in  continued  propartunh  (he  fnt  %b31 
Ae  third  the  duplicate  ratio  of  that  tchich  it  has  to  the  second. 

Let  a:b::&:e,  then  a:c::a":&*. 

Since 

ah  a 

v=-,  mnltiply  each  of  t^e  equals  hy  r '  "^^'^ 

a    a     h    a       a*    a    ,  ... 

XVIII.  If  four  quantities  he  in  continued  proportion^  the  first  mdU 
the  fourth  the  triplicate  ratio  of  that  uhidi  it  has  to  the  second* 
Let  a,  6,  c,  <2  be  four  quantities  in  continued  proportion,  so  that 

aihiihiciicid ;  then,  also,  azc^zra*:}*. 
Since 


a     h    c 

we  have 

a    h 
h-c 

a    e 
6=3 

a    a 

Multiplying  these  equals  together, 
a*    hca 
h^-edV 

or 

a*    a 

p=2f  i.  e.,  a:e/:;«^:6'. 


XIX.  g' two  proportions  he  multipUed  together,  term  5y  lerai*  dkeprvdmas 
unllfom  apropcTtion* 


Let 

axhiicid^ 

and 

ezfiigih; 

then 

aeihfiicg: 

dh. 

for 

a     e       _  6 

g 

hence. 

multiplying  equals, 

CLC 

=^,or«*:i/: 

■eg: 

dh.* 

The  compatibility  of  any  change  in  the  order  of  the  tdhns  of  a  proportKui 
may  be  tested  by  forming  the  product  of  the  extremes  and  means  in  both  ths 
original  and  changed  proportion,  when,  if  they  agree,  the  change  is  conect 
Thus.  a:h::c:d  may  be  written  dihiica,  for  we  have  adszhc  in  both. 

KXAMPLES  IN  PROPORTIOIT.    • 

(1)  The  mercurial  barometer  stands  at  a  height  of  30  inches,  and  the  spectftr 
CraTity  of  quicksil?er  is  13 f  J.    How  high  would  a  water  barometer  stand  ? 

Ans.  33  feet  11^  inches. 

(2)  The  weights  of  a  lever  have  the  same  ratio  as  the  lengths  of  the  oppo 
site  arms.  The  ratio  of  the  weights  is  5,  and  the  longer  arm  10  indies 
What  is  the  length  of  the  shorter  arm  ?  Ans.  2  inches. 

*  The  ratio  of  the  reaolting  prapoitioa  is  the  product  of  the  ntiof  of  tiie  two  giveo  («h 
portioat. 
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(3)  The  weights  of  a  lever  are  6  and  8  poands,  and  the  length  of  the  shorter 
18  inches.    What  is  that  of  the  longer  ?  Ans.  24  inches. 

(4)  At  the  end  of  an  arm  of  a  lever  5  inches  long,  what  weight  can  be  sup« 
ported  by  2]  pounds  acting  at  the  end  of  an  arm  4|  inches  long? 

Ans.  2^  pounds. 

(5)  Triangles  are  to  each  other  as  the  products  of  their  bases  by  their  alti- 
tudes. The  bases  of  two  triangles  are  to  each  other  as  17  and  18,  and  their 
altitudes  as  21  and  23.    What  is  the  ratio  of  the  triangles  themselves  T 

Ans.  119;  138. 

(6)  The  force  of  gravitation  is  inversely  as  the  square  of  the  distance.  At 
the  distance  1  from  the  centre  of  the  earth  this  force  is  expressed  by  the 
number  32.16.    By  what  is  it  expressed  at  the  distance  60  ? 

Ans.  0.0089. 

(7)  The  motion  of  a  planet  about  the  sun  for  a  short  space  is  proportional 
to  unity  divided  by  the  duplicate  of  the  distance.  If  the  motion  be  represented 
by  V  "when  the  distance  is  r,  by  what  will  it  be  expressed  when  the  distance  is  r'  ? 

Ans-pj. 

(8)  The  times  of  revolution  of  the  planets  about  the  sun  are  in  the  sesquipli- 
cate  ratio  of  then:  mean  distances.  The  mean  distance  of  the  earth  from  the 
siui  being  expressed  by  1,  that  of  Jupiter  will  be  6.202776 ;  the  time  of  revolu- 
tion of  the  earth  is  365.2563835  days.  What  is  the  tune  of  revolution  of 
Jupiter  ?  Ans.  4332.5848212  days. 


EQUATIONS. 

FBEUHINA&T  REMARKS. 

134.  An  equadoih  in  the  most  general  acceptation  of  the  term,  is  composed 
of  two  algebraic  expressions  which  are  equal  to  each  other,  coimected  by  the 
sign  of  equality. 

Thus,  aar=6,  ca^+dxsse,  cz»+g3*==to+^,  mx^+n3fi+p3*+qx+r=z%nTe 
equations. 

The  two  quantities  separated  by  the  sign  =  are  called  the  members  of  the 
equation,  the  quantity  to  the  left  of  the  sign  =  is  calfed  the  first  member^  the 
quantity  to  the  right  the  second  member.  The  quantities  separated  by  the 
signs  -f-  and  —  are  called  the  terms  of  the  equation. 

135.  Equations  are  usually  composed  of  certain  quantities  which  are  known 
and  given,  and  others  which  are  unknown.  The  known  quantities  are  in 
general  represented  either  by  numbers,  or  by  the  first  letters  in  the  alphabet, 
a,h,c,  &c. ;  the  unknown  quantities  by  the  last  letters,  «,  t,  ar,  y,  z,  &c. 

136.  Equations  are  of  different  kinds. 

1®.  An  equation  may  be  such  that  one  of  the  members  is  a  repetition  of  the 
other;  as,  2x— 5=:2r^5. 

2°.  One  member  may  be  merely  the  result  of  certain  operations  indicated 
in  die  otiier  member;  as,  6x+16=10x— 5— (5z— 21),  (a:+y){r— y)=sa*— y», 

I 
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3«.  AH  the  quantities  in  each  member  may  be  knoi^  and  g^en ;  aa,  SSssslf 
-{-15,  a+bssC'^d,  in  which,  if  we  anbatitate  for  a^b^Cfd  the  known  qnaa* 
tities  which  they  repreaent,  the  equality  aubaiatiiig  between  the  two  mambwa 
will  be  aelf-eTident 

In  each  of  th^  above  caaea  the  equation  is  called  an  identieal  equation. 

4".  Finally,  the  equation  may  contain  both  known  and  unknown  qoanfitiei* 
and  be  auch  that  the  equality  aubaisting  between  the  two  membera  can  not  be 
uade,manifeat,  until  we  aubetitnte  for  the  unknown  quantity  or  quantitiea  co- 
tain  other  numbera,  the  value  of  which  dependa  upon  the  known  nnmbea 
which  enter  into  the  equation.  The  discovery  of  these  unknown  nnmben 
constitutes  what  ia  called  the  solution  of  the  equation. 

When  found  and  put  in  the  place  of  the  letters  which  repreaent  them» 
if  they  make  the  equality  of  the  two  members  evident,  the  equation  la  aaid  ta 
be  ver^iedf  or  satisfied. 

The  word  equation^  when  used  without  any  qualification,  is  always  undw^ 
stood  to  signify  an  equation  of  this  last  species ;  and  these  alone  are  the  objecti 
of  our  preaent  investigations. 

x+4ss7  is  an  equation  properly  ao  called,  for  it  containa  an  unknown 
quantity  x,  combined  with  other  quantitiea  which  are  knqwn  and  given,  and 
tiie  equality  subsisting  between  the  two  members  of  the  equation  can  not  be 
made  manifest  until  we  find  a  value  for  x,  such  that,  when  added  to  4,  the 
result  win  be  equal  to  7.  This  condition  will  be  satisfied  if  we  make  x=3; 
and  this  value  of  x  being  determined,  the  equation  is  solved. 

The  value  of  the  unknown  quantity  thua  discovered  is  called  the  root  of  the 
equation,  being  the  radix  out  of  which  the  equation  is  formed ;  the  term  root 
here  has  a  different  sense  from  that  in  which  we  have  hitherto  uaed  it,  visn 
that  of  the  base  of  a  power. 

137.  Equationa  are  divided  into  degrees  according  to  the  highest  power  of 
die  unknown  quantity  which  they  contain.  Those  which  involve  the  aincqde 
or  first  power  only  of  the  unknown  quantity  are  called  stalple  equations^  or 
equa&ons  of  ike  first  degree ;  thoee  Into  which  the  aquare  of  the  nnknowa 
quantity  enters  are  called  quadratic  equations^  or  equations  of  the  second  de- 
gree :  ao  we  have  cubic  equationSf  or  equations  of  the  third  degree ;  hiquad- 
ratic  equations,  or  equations  of  the  fourth  degree  ;  equations  of  the  fifths  sixA, 

. .  • .  n^  degree.    Thua, 

at+h    sscx-{-d  IS  a  aimpie  equation. 

**■—  2ar  =s6— «•  la  a  quadratic  equation. 

a*+p3^ss2q  la  a  cubic  equation. 

«"+J«*"^+9*^+f  &c«f  =n  »  an  equation  of  the  n"^  degree. 

138.  Numerical  equations  are  thoae  which  contain  numbera  only,  in  additkm 
to  the  unknown  quantitiea.  Thua,  x>-f  &i;*s3x-f  17  and  4xas7y  are  numer* 
ical  equationa. 

139.  Literal  equations  are  thoae  in  which  the  known  quantitiea  are  repre 
sentad  by  letters  only,  or  by  both  letters  and  numben.  Thus,  a*+psfi+qxssr 
t^'~3p3*y+5qa^+rxi^ssS  are  literal  equationa. 

140.  Let  ua  now  pass  on  to  emiaider  the  aolution  of  equationa,  it  b^ng  uader- 
atood  that  to  solve  an  equation  is  to  find  the  value  of  the  unknoum  quantity,  or 
to  find  a  number  which,  v^ien  substituted  for  the  unknown  quantity  in  the  egva- 
fiom  venders  the  first  member  identical  wiA  the  second. 
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The  difficultj  of  solying  equatdons  depends  upon  the  degree  of  the  equations 
and  the  number  of  unknown  quantities.    We  first  consider  the  most  simpfe 


OK  THB  SOLUTION  OF  SIMFLB  SaUATIONS  CONTAININa  ONB  UN- 
KNOWN aUANTITY. 

141.  The  TBrious  operations  which  we  perform  upon  equations,  in  ot^der  to 
soTiTe  at  the  value  of  the  unknown  quantities,  are  founded  upon  the  following 
axioms:  • 

If  to  two  equal  quanHties  the  same  quantity  he  added^  the  nans  toiU  he  equal. 

Iff  from  hDO  equal  quatUitiei  the  same  quantUy  he  suhtractedf  (he  remainden 
mil  he  equal. 

ijf  two  equal  quantUiee  he  muUipUed  hy  the  same  quantity ^  thejproducts  will 
he  equal. 

If  two  equal  quantitiv  he  divided  hy  the  same  quantity,  the  quotients  wiU  he 
equal. 

These  axioms,  when  applied  to  the  two  equal  quantities  which  constitute 
the  two  members  of  every  equation,  will  enable  us  to  deduce  from  tiiem  new 
eq[iiations,  which  are  all  satisfied  by  the  same  value  of  the  unknown  quantity, 
and  which  will  lead  us  to  discover  that  value. 

142.  The  unknown  quantity  may  be  combined  vnth  the  known  quantities  in 
the  given  equation  by  the  operations  of  addition,  subtraction,  muttiphcation 
and  division.    We  shall  consider  these  difierent  cases  in  succession. 

T.  Let  it  be  required  to  solve  the  equation 

x.^-assh. 
If,  from  the  two  equal  quantities  x+a  and  &,  we  subtract  the  same  qnanti^ 
a,  the  remainders  win  be  equal,  and  we  shall  have 

z^a-*as=:&— a, 
or     • 

x=&— a,  the  value  of  2  required. 
So,  also,  in  the  equation 

x4.6=s24. 
Subtracting  6  from  each  of  the  equal  quantities  x+6  and  d4«  the  rasiilC  It 

r=24— 6 
s=18,  the  value  of  r  r^oired. 

II.  Let  the  equation  be 

If,  to  the  two  equal  quantities  x— a  and  &,  the  same  qoanti^  a  be  aide^ 
the  sums  win  be  equal ;  then  we  have 

m 

xssh+af  the  value  of  x  required. 

So,  also,  m  the  equation 

X— 6=24. 
Addmg  6  to  each  of  these  equal  quantities,  die  result  is 
x=244.6 
=30,  the  value  of  x  required. 
It  foQows  from  (I.)  and  (II.)  that 
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We  may  transpose  any  term  of  an  equation  from  one  member  to  ik€  other  6j 
hanging  the  sign  of  that  term.* 

We  may  change  the  signs  of  every  term  in  each  member  of  the  equation  nft 
out  altering  the  value  of  the  expression.^ 

Jf  (he  same  quantity  appear  in  each  meniber  of  (he  equation  affected  with  A 
§am^  sign,  it  m^y  be  suppressed. 

Ill    Let  the  eqastion  be 

ax=sb. 

Dividbg  each  of  these  equals  by  a,  the  result  is 

b 
r=',  the  value  of  x  required. 
a 

So,  also,  in  the  equation 

6x=24. 

'Dividing  each  of  these  equab  by  6,  the  result  is 

x=4,  the  value  of  x  requured. ' 

From  this  it  foDows  that, 

When  one  member  of  an  equation  contains  the  wJcnaum  qwuMy  aUme% 

affected  mth  a  coefficient,  and  the  other  member  contains  known  quantities  onlfff 

the  value  of  the  unknovon  quantity  is  found  by  dividing  each  member  of  the 

equation  by  the  coeffkient  of  the  unknown  quantity 

TV.  Let  the  equation  be 

a 
Multiplying  each  of  these  equals  hy  a,  the  result  is 
7r=a&,  the  value  of  x  required. 
So,  also,  in  the  equation 

I— 

Multiplymg  each  of  these  equals  by  6,  the  result  is 

x=144. 

From  this  it  follows  that,  i 

When  one  member  of  the  equation  contains  the  unknown  quantity  alone^  di" 

vided  by  a  known  quantity,  and  the  other  member  contains  known  quandtiet 

only,  (he  value  of  the  unknown  quantity  is  found  by  muUiplying^cu^  member 

of  the  equation  by  the  quantity  which  is  the  divisor  offfie  unknown  quantity. 

V.  Let  the  equati^in  be 

ax  dx    m 

-T— -c=: — — — . 
6  en 

In  order  to  solve  this  equation,  we  must  clear  it  of  fractions ;  to  effect  this, 
reduce  the  fractions  to  equivalent  ones,  having  a  common  denominator  (Art. 
41),  the  equation  becomes 

aenx     been     bdnx     bem 
ben      ben       ben  ""&«» ' 
Multiply  these  equal  quantities  by  the  same  quantity  ben,  or,  which  is  en- 

*  If  we  transpote  a  plus  term,  it  ■obtracti  this  term  fiom  both  members ;  and  if  we 
tnuupoBe  a  minoB  term,  it  adds  this  term  to  bodL 

t  This  is,  in  fact,  the  same  thing  as  transposing  every  term  in  each  member  ol^tiie  e<ios 
tkm,  or  multiplying  throoghout  by  — 1. 
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aently  the  same  tiling,  suppress  the  deDominator  ben  in  each  of  the  fractians» 
the  result  is 

aenx^bceni=hdnx—hemt  an  equation  clear  of  fractions. 
So,  also,  in  the  equation 

2r     3  X 

Xteducing  the  fractions  to  a  common  denominator 
403:     45     660     12x 
60  '"60'"  60  +  60  ' 
Multiplying  both  members  of  the  equation  by  60,  the  result  is 
40z — 45=6604-l^>  au  equation  dear  effractions 
If  the  denominators  have  common  factors,  we  can  simplify  the  above  opera- 
tion by  reducing  them  to  their  least  common  denominator,  which  is  done  (see 
Art.  44)  by  finding  the  least  common  multiple  of  the  denominators.    Thus,  in 
the  equation 

5x     Ax  7     13r 

12""  3  "-^^-g 6"- 

The  least  commoQ  multiple  of  the  numbers  12,  3, 8, 6  is '24,  which  is,  there 
fore,  the  least  common  denominator  of  the  above  fractions,  and  the  equation 
will  become 

10a:     3^     E?— HI     ^ 
24  "^  24  "^  24  ""24""  24  ' 
Multiplying  both  members  of  the  equation  by  24,  the  result  is 

lOx — 32r — 312=21-^520:,  an  equation  clear  effractions. 
Hence  it  appears  that. 

In  order  to  dear  an  equation  of  fractions^  reduce  the  fractWtu  to  a  common 
denamituUor,  and  then  multiply  each  term  by  this  common  denominator.    In  the 
fracdonal  terms  the  common  denominator  toill  be  simply  suppressed* 
143.  From  what  has  been  said  above,  we  deduce  the  following  general 

RULE  FOR  THE  SOLUTION  OF^  SIMPLE  EQUATION  CONTAININO  ONE  UNKNOWN 

QUANTITY. 

1".  Clear  the  equation  of  fractions^  and  perform  m  both  members  aU  the  alge- 
braic operations  indicated. 

3**.  Transpose  all  the  terms  containing  the  unknown  quantity  to  one  member 
of  the  equation^  and  all  the  terms  containing  known  quantities  only  to  the  other 
member,  and  reduce  each  member  to  its  most  simple  form. 

3°.  We  thus  obtain  an  equation,  one  member  of  which  contains  the  unknown 
quantity  alone,  affected  with  a  coefficient,  and  the  other  ntember  contains  known 
quantities  only ;  the  value  of  the  unknoum  quantity  tvill  be  found  by  dividing  the 
member  composed  of  the  known  quantities  by  the  coefficient  of  the  unknown 
quantity. 

The  terms  containing  the  unknown  quantity  are  usually  coOected  in  \h&  first 
member  of  the  equation,  though  they  may  often  be  more  conveniently  col- 
lected in  the  second ;  the  second  being  afterward  written  as  the  first  member, 
and  the  first  as  the  second. 

Sometimes  an  equation  presents  itself  as  one  of  a  degree  hi^er  than  the 
first,  but  both  members  are  divisible  by  such  a  power  of  the  imknown  quan- 
tity as  to  r#dnce  the  equation  to  one  of  the  first  degree. 
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la  oCfaer  cases,  deazing  an  equatkm  of  fraetioiu  rodnoea  it,  by  tlia  < 
af  those  terms  which  contaiii  the  higher  powers  of  the  unknown  qoantitf  ,  ta 
Che  first  degree. 

A  proportion  containing  an  unknown  quantity  in  any  of  ita  terma  ean  bt 
tiirown  into  the  form  of  an  e({uation  by  multifri^ng  the  eztremeB,  and  also  di« 

means,  and  aetting  the  two  products  itaa  formed  equal  to  each  other. 

I 

EXAMPLE  I. 

Given,  19x+13  =s59— 4x. 

Transposing,  19x4-  4x=59^13. 

Reducing,  S3x=46. 

Dividing  by  23,  x=2. 

Ver^ieaHon. — Substitute  2  for  x  in  the  given  equation,  it  beoomee 
19X2+13=:59— 4X2,  or 
38-4-13=59—8,  an  identity. 
Let  this  process  be  repeated  in  some  of  the  following  ezamplea. 

EZAHFLE  II. 

Reducing  to  least  common  denominator  12, 

2x     3x'  4x     6x 

12-12+1^  «  i2""i2+*- 
Multiplying  botii  members  by  12, 

2X-.3X+120  ss  4x— 6X+132. 
Transposing,  2x— 3x— 4x-f  6x=:132— 120. 
Reducing        •  x        ss  12. 

EXAMFLS  in. 

Reducing  to  least  conunon  denominator  20, 
25X+15  8x— 20  . 

Mnltiptying  both  members  by  20, 

2&r+16+140s  8X-.20+200. 
Transposhig,  2&x^  8xslf00^20— 1&— 140. 

Reducing,  17xs=s  25. 

25 

Dividing  by  17,  xs  jr. 

EXAHFI.E  lY. 

2x— 5     7X+10         ^     12x— 10 
Given.  -^ —  =16 g— . 

Reducing  to  common  denonunator, 

30x— 75     140X+200  144x— 120 

60      "■        60        —^6—       60 
Multiplying  both  members  by  60, 

30x^75— 140x— 200  =960— 144x+120. 
Transposing,  30x— 140x+144x=960+  75  4-200+12a 
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im-adncing,  34x=il355. 

Dividing  by  34,  Xssr-T—. 

It  18  unneceflsary  to  write  the  coxmnon  denominator. 

EXAMFLE  Y. 

__.                   12-4a;     Qx+5          ^  ,  7z+60     ^^ 
OiTon,  _^^_-     =3+--:^ 60. 

Reducing  to  least  common  denominator,  10,  and  negleclang  it^  we 

12.42:— 42:— 10  =30+  35X+300-.500. 
rtanspofiing,      -*4x— 4z— 36r=30-j-300  ^  12+10—600. 
Reducing,  — 43x=r-172. 

Changing  the  signs  of  both  members,* 

43x=     172t 
Dividing  by  43,  x=        4. 

EZAKPLS  TT. 

Given,  ax+5  sscx+cf. 

Transposing,  ox— crs  <£— &. 

Simplifying,  {a—'C)x=s  (^— >&. 


Dividing  by  (a— e), 


a — c 

VII. 


ox     ex  ftX 

Reducing  to  a  common  denominator, 

adhx    hchx  hdgx  t. 

Bf  ultipljong  by  hdh^ 

odhx+hchx+hdeh^hdfhx+hdgx+bdkM. 
Transposing,  adhx'{'hchx^hdfhx'^hdgxz=:bdfim'^hdeh* 
Simplifying!       {adh'{'h(!h'~hdfh^bdg)xssih3hm'^hdeh. 

hdhn-'^hdeh 
Dtvidiog  by  coefficient  of  x,  ""^adh+hch^bdfh^bdg 

hdhjm^e) 
'^adh+bek'^bdfh^hdg 

EXAMPLE  VIU. 

Given,  -— 1 — -+3a5=0. 

ft  c 

Reducing  to  common  denominator  and  neglecting  it, 

cr— oc— ac2r+3a'&c=0. 

Transposing  and  simplifying,  (c— a</)2r=ac— 3a'5c. 

«  .        ^  ac(l— 3a5) 

Dinding  by  coefficient  of  x,  x= —         . — . 

Vernation. 
ac(l—3ab) 
e^ad  <ici(l— 3a&)  .  ^  ,     ^ 

a  c(c^ad)    ^ 

*  Or  diyiding  both  inemben  by  — 43»  gives  x=4. 
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ar 

c(l-.3a&)     ,     ad{l--3ah)  .  ,  ^    ^ 
C'^cLd  c — ad       ' 

or 
eSabc-^c+ad-^ad+Scfibd+Sahc-^Sa^hdsaO. 


EXAMPLE  IX. 

Given, 
Traosposiog, 

a:+18=3x— 5. 

18+5  =3r— x 

23=2x 

23 

x=|=nj. 

EXAMPLE  X. 

Given, 

Clearing  effractions. 

a_b     d 

acesubex+edx 
ace^[be+cd)x 
ace 

^"be+cd' 

EXAMPLE   XI. 

Given, 
Dividing  by  ar, 

3a«— 10x=8x+x». 
3x— 10  =8  +x 
x=9. 

EXAMPLE  Xn. 

Given, 

Dividing  by  a:^S 

x«=ax«-». 
x=a. 

EXAMPLE  XUL 

Given, 

OX"— a'            a" 

Multiplying  by  x»,         a3f^—a'^a3f^—a''x. 
Cancehng  ox"  in  both  members, 

a' 
-a'=-a'x.-.xs- 

EXAMPLE  XIV. 

Given,  a :  6x : :  c :  i  a  bcx:=ad  .• .  ^=t-- 

144.  In  addition  to  the  axioms  in  (Art.  141)  we  may  subjok  the  fbUaffriog: 

fftwo  equal  quanHHes  be  raised  to  the  same  power,  the  results  vnll  be  equoL 

If  the  same  root  of  two  equal  quantities  be  extracted,  the  results  unU  be  equd. 

Hence  any  equation  may  be  cleared  of  a  single  radical  quantity  by  traas- 

ponng  all  the  other  terms  to  the  opposite  side,  and  then  raising  each  member 

to  the  power  denoted  by  the  index  of  the  radical.    If  there  be  more  than  oa 

mdical,  the  operation  must  be  repeated.    Thus : 
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EXAMPLE  XY. 


l^hren,  V^+7=10. 

SquariDg  each  member  of  the  equation, 

3a:+7=100. 
T*raiispo8uig,  -  SarsslOO— 7. 

lieductng,  and  dividing  by  3,  x=31. 

EXAMPLE  XYI. 


Given,  V4x+2=  \/4x+5. 

Squaring  both  aides  of  the  equation, 

4a:+2=4x+10  \/4x+26. 
Reducing,  •  —10  V4a:=23. 

Squaring  both  sides,  400^=529. 

529 
^"~400* 

EXAMPLE  XVII. 

V^3:+28      Vj+38 
^'^^^^  Vx+4  =75+6"- 

Clearing  the  equation  of  fractions, 

z+28  Vx+e  V'ar+168=ar+38  •r+4  Var+162. 
Transposing  and  reducing,  16=8  -/r. 

Dividing  both  members  bj  8,  2s=   '^x. 

Squaring  both  members,  4^       x, 

EXAMPLE  XTIII. 


Given,  V^+x  =:*^a*»+6ar+6«. 

Raising  both  members  to  the  m^  power,     

a+x  =  Vsf'+bax+h^. 
Squaring  both  members,  a*+2ax+a:«=a:»+5ax4-6«. 
Transposing  and  reducing,         — 3ax  =56* — a*. 
Changing  the  signs,  Sax  =a» — 6'. 

Dividing  by  3a,  x  =>    ^^    , 

EXAMPLE  XIX. 

Since  ^x  is  the  square  of  ^,  and  a'  is  the  square  of  a,  we  can  perfonM 
flie  division  indicated  in  the  first  fraction,  and  have  for  a  quotient 

^x+a=  ^-^— , 

...  (h^l)^x=z-(b+l)a, 

(20)  Given  4x+36=5x-f  34.  Ans.  Xss2. 

(21)  Given  4x— 12+3x+l=2z+4.  Ans.  x=3 
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(22)  Given  3a+j:— 56+2=76— a+c+6.  An8.xs=:126-*4a+c4-i. 

(23)  Giren  13J— |=s2ar— 8J.  Ajm  x=s9. 

(24)  Given  12j+3x— 6-^=~— 6}.  Ana.  x=139|. 


(25)  Given  1+1=1+7. 


AxwxslS. 


(26)  Given  |+|+~13.  Axm.  x=12. 

(27)  Given  ar+|— |=4x— 17.  Aiw.  xssS. 

x+4 

(28)  Given  5 ~-=ar— 3.  Aii».xs=7. 

ar— 5  2x— 4 

(29)  Givenar+— g— =12 ^.  An».  ar=5. 

(30)  Given  5±l+f±i=?±i+l6.  Ans.  a:=41. 

(31)  Given  5r— — +12=y+2«.  Ang.  xs=12. 

X     ix  41x 

(32)  Given  7x+13j-.-=y—8|+-^.  Ans.  x=9. 

(33)  Given  8r— 7J— |ar±10— 5ar— 2}=0.  Ans.  z=0,  or  8}* 

(34)  Given  4(5x+7— |)=f (3ar+9— 4).  Ans.  x=  —If 

x+ix+ix     20ar— 25 
(36)  Given  -Ig-ftJf  ^-__.  Ans.  ^=2^. 

X— 5  284— X 

(36)  Given  — j-+6r= — r — .  Ans.  x=s9. 

11— X     19— X 

(37)  Given  x^ ^ — =—5 — .  Ans.  x=s5. 

2a:+6  llx— 37 

(38)  Given  3x^ — ~-=5-| ^ — .  Ans.  xs=7. 

6x— 4  18— 4x 

(39)  Given— r — ^.—2= — - — +x.  ^       Ans.  xs=4» 

.     .  /^.       ^,  .  3ar— 11     6x— 6  .  97— 7x 

(40)  Given  91 +— ig- =—§—+— 3^ •  Ans.  x=9 

^— *     .    '6X+14      1 

(41)  Given  3x ^""3 12'  ^'  '^^ 

^.       X— 1  .  23— X  .        4+x 

(42)  Given  — — | — ^  =7 -j-  Ans.  x=s8 

7x+6     16+4X     ^     3x+9 

(43)  Given  — y y—  +6=— y-.  Ans.  x=l 

3«+*     7x— 3     X— 16 

(44)  Given  — ^ g—s— j— .  Ans.  xas2 

...V  ^.       17— 3x     4r+2     ^     ^    .  7x+14 

(45)  Given  — 7 —5^  =5— 6x-| ^^.  Ans.  xsb4 

00  o     ^ 

3x— 3  .  ,     20— X     6x— 8  .  4x— 4  . 

(46)  Given  x ^—+4= — — = h  '  ,     .  Ans.  rsss8 
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4i;— 21             57-*ar               5x— 96 
^47)  Given  —^—4-31+—^ — =241 jg liar.       Ana.  x=r21 

^.«v  .^.        6X+18     ^.     11— 3ar     ^       ^^     13-x     21— 2i 

(48)  Given -^n 4j ^^=^-48— 35 iT"- 

.  Ana.  x=10. 

,  2x— 3     7x4-4 

(49)  Given  5x+  — ^=-~ — [-  5.  Ana.  x=4. 

bx    d    a    ex  ad 

(60)  Qben  -_-=^_^.  Ai»  x*^^. 

(61)  Given  23+-^^+-g ^-=-^ 7- 

Ana.  xss9* 

yem    /.-  .      .    ^        3x-13       12+7x      ^         ^^       94.6X       llX— 17 

(62)  Given  4X+- j^ X-=7x-33-^— ^— 

Ana.  x=ld. 

(63)  Given  -j -Sj^-ftx=a«-36x.  Ana.  x=^j-pjj^ 

f^AK  o-       «+3x     7a— 6x  ,  ^     9x     x  ,  6x 

(64)  Given -j^ _.+3-^=^+^. 

39aR— 14g« 
^"•'*-27a6-96+12' 
tfi.K\  Oi  tx        (36c4-a<^)x      5g6       (36c— a<i)x    5a(2&— a) 

(56)  Uiven  2j_^-  2a6(a+6)  ""Sc^""  2a6(a-6)  ""    a«-6*   * 

6a(2J— a) 
^'^=    3c-^    ' 

(66)  Given  ax-(-cs=:6x-f(2.  Ana.  x=-^. 

4a* Zah 

(67)  Given  2ax— &x4-2a&s=4a^— a&-~3ax.  Ana.  xss   e^^k  ■ 

7a&— 3a* 

(58)  Given  (3a— x)(a— 5)+2axs=45(a4.x).  Ana.  x= rjr-. 

11  6c 

(59)  Given -ax+^x=c.  Ana.x=j^qp^. 

X  dx  ac(l-^3a&li 

(60)  Given 1 |-3a&s0.  Ana.  x= ^  j    • 

,^,,  ^.        a*x   ,   -      _  .  a6c— ac*4-6c£f— c*rf 

(61)  Given  j— j+(fc=6x-ac.  Ana.  x= y_j^_^> 

,     ^  ^.       ox  mx  ,   _  .  &cn4-&<^n 

(62)  Qnren  -^-c*— +i.  Ana.  ^=  ^^,^  > 

^.        «^    .  .X        <^  A  8aft»+46»— 12a«6 

(63)  Given  --j+4&=5^.  Ana.  ^=3^.^^^^^^^^ 

36x    X— &     6x— 0*     x^  4a«(a*4-a&— 6«) 

V64)  Given  5;^-^+ j-  a«-6*"4a        ^"-  '=3a»-6a»6+a6*+66» 
(a+6)(z— 6)     ^       4a5— 5»    ^    .  a*- 6x 

a<4-3a'&+4a«fe«— 6ay+2M 
^^'  ^-  6(4a»+2a6-26»)         ' 
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^.       ax     b  ^cx    px     q     rt        .  kb+kq 

(66)  G.ve»  -+«+ A  =^-«-T-      ^"^  '''-ka-kp+mc+m 

Hb+q) 
~     *(a— p)+»»(c+r)' 
„        ar .  a*  ,  6x  .  car    nu: , 
167)  Given  J+2jfc+3ifc+4S=T+^- 

Ans.  ^-i2(i-.,»)4.2(3a-f.26)+3/ 

c^ — r& 

(68)  Given  r((Lr+6— c)=c(px+^— r).  Ans.  a:=^^_^. 

(69)  Given  --^-^- ^= .  Ans.  x= — — . 

^     '  P'^9  ^ 

(70)  Given  (Jm+i?)(?j:— 3r)=(|m+2i?)(5x— 7r). 

r(952w+4928p) 
Ans.  X—      9^^208/?      ' 


m«x     A»  ,  ^ 4m«x— A*!!— 8^x 


(71)  Given— -.-+5«x=  ^^^ 


Ans.  x= 


(2041c— 4406fA-)6 

^®'^—    (456c— 648A-)« 

^  ^,        13i»— 7x  .  4ot— X      m+p 
(73)  Given ; r= — ^^^ — Arx. 

llwip— 16m«+jy» 
^-  ^— 6p— 8m+A:(m=— p«)' 

3«*«  .  (2a+6)6*x       a«i«        /     ,  6x 

f74)  Given  --7-1+     /    .  L  +/    i  ax3=3^+T' 
'  a+6^  a(a+6)«    *  (a+6)*  '  a 

3g»6c(g+^)'+g^^ 
(3ac+6)(a+6)»— (2a+6)(a+6)6» 

a«— 36x       ,       ,       66x— 5a*     £x4-4a 

(76)  Given  ax — a&>r=&xH x — — :; — • 

•    '  a  '        2a  4 

4a5«— 10a 

(76)  Given  ax'+6x=ca:»+rfx.  Ans.  x=— — . 

(77)  Given  Ax^+Bx'^-^ssiCx^—Dx-'-i.  Ans.  x=^  J^ .-. 


Ans.  x= 


14a?— 2a»6x  21a»+5a»6x 

105a» 


(76)  ^^^^-vmx — 3i^=T;;i^+2o^- 


Ans.  xs=- 


■I51a«6+28611c»m 

4m(K«— 6x8)  6m(g«— 2x)  ^  2K« 

(79)  Given  -L--J^rfn^+^ 1,  Ans.  ^=2^qp5p- 

24x'         6x^ 

(80)  «i»«"  3=5i=7:i3i-  ^-  '='«'• 


8IMFLB  SaUATIONS.  141 

,,,,  ^.         ox""         ma:"  .              hm — ap 

181)  Given  r-; — = — ; — .  A.ns.  xs= -. 

'             o+ca:    p+qx  aq-^cm 

<82)  Given  12— a?:|::4:l.  Ans.  x=4^ 

^ ,  ^.        6x4-4  18— X 

(83)  Given  —^ :  — — : :  7 : 4.  Ans.  x==2. 

(84)  Given  20: 1::1:3.1416.  Ans.  0=0.1^91. 

b  7ac" 

(86)  Given  aUi;-:7c.  Ans.  '=-r-' 

(86)  Given  r:l::c: 3.1416.  Ans.  r=;r-rTT^. 

(87)  Given  V4x+16=12.  Ans.  x=32. 

(88)  Given  V2x+3+4=7.  Ans.  x=12. 

(89)  Given  Vl2+x=2+  ^/x.  Ans.  x=4. 

(90)  Given  -/x+JOsslO-  -/x.  Ans.  x=9. 

(91)  Given  -/a:— 16s=8—  V^.  Ans.  x=26. 

(92)  Given  V^— 24=  Vx— 2.  Ans.  xs=:49. 

_          _«  25a 

(93)  Given  -/x- a= -/a:— J  V^-  Ans.  x=— . 

_        -—>,-.         9 

(94)  Given  V^X  \/x+2= -/Sx+S.  Ans.  x=^, 

(95)  Given  -/4a+x=2  -/6+x—  -/x.  Ans.  x=:\/^J. 

(96)  Given  x+a+V2ax+x«=6.  Ans.  xs=    -71    ' 

(97)  Given — p-s=— -.  Ans.  x=^ 


-^x        ^  '  *    ""1— a 

(98)  Given  ^_T     =     -J      .  Ans.  x=s4 

(99)  Given  — =r — =-^zr^ — .  Ans.  x=( r  I  . 

'              -y/x+b       Vx+36  V«— W 

3x— 1  -/3J— 1 

(100)  Given -=—=1+ 5 — •  Ans.  x=3 


ox— 6«             Jax-^b  ^             1/,        c*  \« 

I z=  M— 4ai> 

(102)  Givenx=  /a«+X'/2»'+x»— a.  Ans.  x= 

r-        15 

(103)  Given  V5+x4-  va:=— =•  Ans.  xs=4 

,  V6+X       

(104),Given^x+V«— V^— \/^=2V'TT75'  »  Ans.  xs=— . 

(105)  Given  i+5=V  ^+V;ife+|-  -^^  *=2a. 
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(106)  Given  Vl0x+3s=7.  Ana.  's=j^ 

(107)  Given  V^— 32=16—  -/*  Ans-  x=8L 

(108)  Given  -r^ ^=-^ •  A.ns.  x=5. 

(109)  Given  fc  V^^— i=^  Vcr+<£ar— /.  Ana.  x=z—--—^^^^ 

(110)  Given        ^  ^    a,==:g  V«-  Ans.  r=  ,  .  ^ . 

(111)  Given  v5m^=\^^.  Ans.  ^=^^==-9. 

(112)  QWffli  -  Vi.'x«+5«+^=rr.        An..  »=         Z„^  ' 

When  an  equation  can  never  be  verified,  whatever  value  we  pat  in  dv 
place  of  the  unknown  quantity,  it  is  said  to  be  impoinhU ;  and  when  an  e^Dt- 
tion  is  always  verified,  whatever  vahie  be  put  for  the  unknown  qiiantii^«  it  v 
said  to  be  indeterminate. 

CASES  OF  IMPOSSIBILITY  AND  INDETEBMINATION  IN  EaUATIONB 
OF  THE  FmST  DEGBJSE. 

I.  Problem. — To  find  a  number  such  that  the  third  of  it,'augmented  bj  75i 
and  &ye  twelfths  of  it,  diminished  by  35,  shall  make  duree  quarters  of  it*  added 
to  49. 

The  equation  is 

X  5x  3x 

5+76+j-2_35=-+«.  P] 

X    5x     Sx     ^ 

•••  3+r2-T=^ 

.-.  4r+5x— 9a:=108 

.-.  0=108. 

An  absurdity.    There  is,  therefore,  no  value  of  x  which  can  satisfy  fSt» 

equation  [1]. 

The  impossibility  may  be  rendered  evident  in  the  equation  [1]  itself  by  n 

ducing  the  similar  terms  in  the  first  member ;  thus, 

3x  Zx 

-+40=-^+49. 

It  is  evident  that  the  two  members  will  always  differ  by  9,  whatever  be  die 
value  of  X. 

II.  Problem. — ^To  find  a  number  such  that,  adding  together  the  half  of  it  in 
creased  by  10,  two  thirds  of  it  increased  by  20,  and  €ve  sixths  of  it  dinuiiish 
ed  by  34,  the  sum  shall  be  equal  to  twice  the  excess  of  tiiis  number  over  6. 

.-.  3r+30+4x+ 80  +52?  — 170=:12x— 60 
.•.3ar+4a:+5a:— 12ar=170— 30  —80  —60 
t.  «.,  0=0. 
The  unknown  x  is,  therefore,  altogether  indeterminate ;  that  is  to  s^,  it 
may  be  taken  equal  to  2  or  3,  or  any  number  whatever. 
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ON  THB  SOLUTION  OF  SDIPLB  EaUATIONS,  CONTAINING  TWO  OE 
MOBB  UNKNOWN  aUANTITIES. 

145.  A  single  equation,  containiiig  two  unknown  quantities,  admits  of  an  in- 
finite number  of  solutions ;  for  if  we  assign  any  arbitrary  value  to  one  of  the 
unknown  quantities,  the  equation  will  determine  the  corrosponding  value  of 
the  other  unknown  quantity.  Thus,  in  the  equation  yssx4-10,  each  value 
which  we  may  assign  to  x  will,  when  augmented  by  10,  furnish  a  oorrespond- 
tng  vajue  of  y.  Thus,  if  x=s2,  y S5l2 ;  if  x=s3,  y=:18,  and  so  on.  An  equation 
of  this  nature  is  called  an  indeUrminate  equaixon^  and  since  the  value  of  y  de- 
pends upon  that  of  x,  y  is  said  to  be  ^function  of  x. 

In  general^  every  quandty^  tohase  value  depends  upon  one  cr  more  qttantiHes^ 
i»  said  to  he  a  function  of  these  quantities. 

Thus,  in  the  equation  yssoz+b^  we  say  that  y  is  a  function  of  x,  and  that 
y  is  expressed  in  terms  ofx^  and  the  known  quantities  a,  &. 

If,  however,  we  have  two  equations  between  two  unknown  quantities,  and 
if  these  equations  hold  good  together,  then  it  will  be  seen  presently  tiiat  we 
can  combine  them  in  such  a  manner  as  to  obtain  determinate  values  for  each 
of  the  unknown  quantities ;  that  is  to  say,  each  of  the  unknown  quantities  will 
have  but  a  single  value,  which  will  satisfy  the  equations.  The  equations  in 
this  case  are  called  determinate. 

In  general,  in  order  that, questions  may  admit  of  determinate  solutions,  we 
must  have  as  many  separate  equations  as  there  are  unknown  quantities;  a 
group  of  equations  of  this  nature  is  called  a  system  of  sinudtaneous  equations. 

If  the  number  of  equations  exceed  the  number  of  unknown  quantities,  un- 
less the  equations  in  excess  conform  to  the  values  of  the  unknown  quantities 
determined  by  the  others,  the  equations  are  said  to  be  incompatible.  Thw, 
if  we  have  x+y =10  and  x— y =6,  the  only  values  of  x  and  y  which  will  satisfy 
both  these  equations  are  8  for  x,  and  2  for  y.  Now,  if  we  were  to  add  an 
other  equation  to  tiiese,  it  must  .conform  to  these  values,  and  could  not  be 
written  in  any  form  at  pleasure.  Thus,  we  might  for  a  third  equation  say 
xy^zlS;  but  we  could  not  write  xyslOO,  for  this  third  equation  would  be  in- 
compatible with  the  other  two.* 

*  EqaatioQs  may  be  incompatible  when  the  number  does  not  exceed  the  ntznber  of  an- 
knowns,  as  the  following  problem  will  thaw: 

A  sportaman  was  aaked  how  many  birds  be  had  taken.  He  replied,  if  5  be  added  to  the 
third  of  those  I  took  last  year,  it  will  make  the  ha)f  of  tiie  nom^  taken  this  year.  Bat  if 
from  diree*timeB  this  last  half  5  be  taken,  yon  will  have  precisely  the  nornber  taken  last 
year.    How  many  did  he  take  in  each  year  f 

Let  «=  the  nmnber  this  year,  and  y=  the  nomber  last  year. 

Bnbstitoting  in  the  first  the  value  of  y  in  the  second, 

8       8     3^ 
...  3jH-3dr=30^10 
0  =90; 
in  ibsoxd  eqaality,  whence  we  conclode  that  there  exist  no  values  of  «  and  jr  which  satisl* 
the  two  equations. 

This  is  because  the  conditions  of  the  problem  are  inconsistent  with  each  other.  When, 
however,  the  two  e<iuations  are  derived  from  the  same  problem,  and  its  ocmditions  are  not 
noQtndictocy,  values  for  m  and  y  wiV  always  be  foiond  to  satisfy  tiiem. 
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146.  In  order  to  solve  a  system  of  two  simple  equatioDS  ro'^^n'tning  two  un- 
known quantities,  we  must  endeavor  to  deduce  fit>m  them  a  sing^le  eqoatiao 
containing  only  one  unknown  quantity ;  we  must,  therefore,  make  one  of  the 
anknown  quantities  disappear,  or,  as  it  is  tevmed,  we  must  eliminate  it.  'Rie 
equation  thus  obtained,  containing  one  unknown  quantity  only,  will  ghre  tftie 
▼alue  of  the  unluiown  quantity  which  it  involves,  and,  substituting  tlie  viihie  ni 
this  unknown  quantity  in  either  of  the  equations  containing  the  two  imkiiowii 
quantities,  we  shall  arrive  at  tiie  value  of  the  other  unknown  quantity. 

The  process  which  most  naturally  suggests  itsetf  for  the  eUmiiuUion  of  one 
of  the  unknown  quantities,  is  to  derive  from  one  of  tiie  two  equation:*  an  ex- 
pression for  that' unknown  quantity  in  terms  of  the  other  unknown  quantity, 
and  then  substitute  this  expression  in  the  other  equation.  We  shall  see  that 
the  eUminatian  may  be  effected  by  different  methods,  which  are  more  or  Jest 
simple  according  to  the  nature  of  the  question  proposed. 

EXAMPLE  I. 

Let  it  be  proposed  to  sdve  the  system  of  equations 

y-^=  6 (1)  > 

y+^=i2 (2)  S 

147.  First  Method. — From  equation  (1)  we  find  the  value  of  y  in  tenns 
of  z,  which  gives  y=zx-{-6;  substituting  the  expression  x+6  fat  y  in  equatioo 
(2),  it  becomes  x+6+x=:12,  from  which  we  find  the  determinate  valae  x=:3; 
since  we  have  already  seen  that  yszar-f-^f  '^^  ^^  >^  ^^  determinate  value 
y=i3+6or9. 

Thus  it  appears,  that  although  each  of  the  above  equations,  considered  sep- 
arately, admits  of  an  infinite  number  of  solutions,  yet  the  system  of  eq[natioof 
admits  only  aoecammon  solution^  ^=3,  y=9. 

148.  Secoitd  Method. — Derive  from  each  equation  an  expression  for  y  in 
tarms  of  r,  we  shall  then  have 

y=  x+e 

y=rl2— z. 
These  two  values  of  y  must  be  equal  to  one  another,  and,  by  comparing 
them,  we  shall  obtain  an  equation  involving  only  one  unknown  quantity,  viz.. 

z4.6=12^x. 
Whence 

a:=3. 
Substituting  the  value  of  x  in  the  expression  y=sz-4-6,  we  find  ^^9. 
The  substitution  of  3,  the  value  of  x,  m  the  second  expression,  y=12— x, 
leads  necessarify  to  the  same  value  of  y ;  thus,  12 — 3=e9,  for  we  derived  tiie 
value  of  X  from  the  equation  z-^-  6  =:  12 — x. 

149.  Third  Method. — Smce  the  coefficients  of  y  are  equal  in  the  two 
equations,  it  is  manifest  that  we  may  eliminate  y  by  stihtracting  the  two  e^' 
tionsfrom  each  other ^  which  gives 

(y+^)-to-a:)=12-.6. 
Whence 

2xr=6 
x=3. 
Haring  thus  obtained  the  value  of  z,  we  may  deduce  that  of  y  by  making 
zssS  in  either  of  the  proposed  equations ;  we  can,  however,  determine  tfat 
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wine  of  y  directlj,  by  observing  that,  since  the  coefficxenti  of  z  in  tlie  proposed 
•ffiuitions  are  equal,  and  have  opposite  signs,  we  may  eliminate  x  by  addinfr 
the  two  equations  together ^  which  gives 

Whence  * 

2y=18 
y=9. 

If  we  examine  the  three  above  methods,  we  shall  perceive  that  they  con- 
sist ih  expressing  that  the  unknown  quantities  have  the  same  values  in  both 
equations. 

Thesfc  methods  have  derived  their  names  from  the  processes  employed  to 
effect  the  elimination  of  the  miknown  quantities. 

The  first  is  called  the  method  of  elimination  by  substitution. 

The  second  b  called  the  method  of  elimination  by  comparison. 

The  third  is  called  the  method  of  elimination  by  addition  and  subtraction* 

The  rule  for  the  first  is  to  find  the  value  of  one  of  the  unknown  quantises  tn 
ofM  of  the  equationst  and  substitute  it  in  the  other  equation. 

For  the  second,  is  to  find  the  value  of  the  same  unknown  quantity  in  each  of 
the  two  given  equations,  and  set  these  values  equal. 

And  for  the  third,  is  to  make  the  co^cient  of  (he  unknown  quantity  to  be 
eliminated  the  same  in  the  two  equations,  and  add  or  suhtract  as  the  case  may 
require.  Add,  if  the  signs  of  the  equal  terms  are  different,  and  if  they  are 
alike,  subtract.  • 

By  either  of  these  rules  a  single  equation,  containing  but  one  unknown  quam 
tity,  is  obtained. 


II. 


Take  lihe  equations 


2x+3y=zl9 (1)  > 


&r+4yss:22 (2) 

I*.  Eliminating  by  substitution. 
From  equation  (1),  we  find 

13»2r 

Hnbstitating  the  value  of  y  in  terms  of  x  in  equation  (2),  it  becomes 

13—22: 
5X+4X— 3 — =22; 

a  equation  containing  z  alone,  which,  when  solved,  gives 

rss2. 
This  value  of  x,  substituted  in  either  of  the  equations  (1)  or  (2),  gives 

y=53. 

2».  Eliminating  by  comparison 

13— 2a? 

From  equation  (1)  ys= — ^ — . 

22  ^5x 
Prom  equation  (2)  y= — j — . 

*     13— 2ar    22— 5ar 
Equating  these  vahies  of  y,  — ^ — = — j — ;  an  equation  contalmngx  only 

K 
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Wlienca 

Sabetitxitiiig  this  valne  for  x  in  either  of  the  preceding  ez{C8eBloDS  iior  y 
we  find 

y=3. 

3^  Eliminating  hy  subtraction. 

In  order  to  eliminate  y,  we  perceive  that  if  we  could  deduce  from  the  pro- 
posed equations  two  other  equations  in  x  and  y,  in  which  the  coefficients  of  y 
should  i>e  equal,  the  elimination  of  y  would  be  effected  hj  subtracting  one  of 
these  new  equations  from  the  other. 

It  is  easily  seen  that  we  shall  obtain  two  equations  of  the  form  retjnired  if 
we  multiply  all  the  terms  of  eaib  equation  by  the  coefficient  of  y  in  the  otlio. 
Multiplyiog,  therefore,  all  the  terms  of  equation  (1)  by  4,  and  all  the  tenm  of 
equation  (2)  by  3,  they  become 

ar+12y=52 
15ar+12y=66. 
Subtracting  the  former  of  these  equations  from  the  latter,  we  find 

7x=:14. . 
Whence 

a:=2. 
In  like  manner,  in  order  to  eliminate  x,  multiply  the  first  of  the  proposed 
equations  by  5,  and  the  second  by  2,  they  will  then  become 

10a:+15y=:65 
•      lOar-f  8^=44. 
Subtracting  the  latter  of  these  two  equations  from  the  former, 

7y=21. 
Whence 

y=3. 
In  order  to  solve  a  system  of  three  simple  equations  between  three  tmknown 
quantities^  we  must  fiirst  elimmate  one  of  the  unknown  quantities  by  one  of  the 
methods  explained  above ;  this  will  lead  to  a  system  of  two  equations,  con- 
taining only  two  imknown  quantities ;  the  value  of  these  two  unknown  quan 
titles  may  be  found  by  any  of  the  methods  described  in  the  last  article,  and 
substituting  the  value  of  these  two  unknown  quantities  in  any  one  of  the  original 
equations,  we  shall  arrive  at  an  equation  which  will  determine  the  value  of  tiie 
third  unknown  quantify. 

EXAMPLE  III. 

Take  the  system  of  equations 

^  3x+2y+  2=16 (1); 

i2a:+2y+22=:18 (2) 

2x+2y+  2=14 (3)  1 

1^  Eliminating  by  substitution. 
From  equation  (1),  we  find 

z=zl6^3x^2y (4). 

Substituting  this  value  of  z  in  equations  (2)  and  (3),  they  become 
2a:+2y+2(16— 3ar— 2y)=18  . . .  (6)  ? 
2x+2y+  (16— 3x— 2y)=14  . .  .  (6)  S 
these  last  two  equations  contain  x  and  y  only,  and,  if  treated  according  to  anf 
of  the  above  metiiods,  will  give  us 

Xs=:2,  V3b3. 
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Substitating  these  Tallies  of  2r  and  ^  io  any  one  of  the  equations  (' ),  {2)\  (3), 
4),  we  find 

zs4. 
2o*  laminating  hy  comparison. 

In  order  to  eliminate  z,  derive  from  each  of  the  three  proposed  equations  ■ 
value  of  z  in  terms  of  2:  and  y ;  we  then  have 

2=16— Sir— 2y 
z=  9—  a:—  y 
z=14— 2z— 2y; 
«cinating  the  first  of  these  values  of  2  with  the  second  and  with  the  third  tn 
succession,  we  arrive  at  a  system  of  two  equations : 
16— ar— 2y=  9—  r—  y  > 
16— 3x— 2y=:14— 2a?— 2y  J 
containing  x  and  y  only ;  these  equations  give 

a:=2,y=3;    ^ 
these  values  of  x  and  y,  when  substituted  in  any  of  the  three  expressions  for 
«,  give 

2=4. 
3**.  Eliminating  hy  suhtraetUm, 
In  order  to  eliminate  z  between  equations  (1)  and  (2), 
3a:+2y+  z=16 
2x+2y+22=18; 
we  perceive  diat,  in  order  to  reduce  these  equations  to  two  others  in  which 
the  coefficients  of  z  shaD  be  the  same,  it  will  be  sufficient  to  divide  the  two 
members  of  the  second  equation  by  2,  for  we  thus  have 

x+y+zssB. 
Subtracting  this  from  the  first  equation, 

3a?+2y+2r=16, 
we  find  an  equation  between  two  unknown  quantities, 

2«+y=7 (a). 

Tn  order  to  eliminate  z  between  equations  (1)  and  (3), 
3ar+2y4-2=16 
2r+2y+2=14. 
Subtract  the  latter  frofb  the  former,  which  gives 

a:=2; 
the  substitution  of  this  value  of  a:  in  equation  (a)  gives 

y=3, 
and  the  substitution  of  these  values  of  x  and  y  in  any  of  the  proposed  eque 
tions  gives 

zs:4. 
The  particular  form  of  the  proposed  equations  enables  us  to  sunplify  the 
above  calculation ;  for  if  we  subtract  equation  (3)  from  equations  (1)  and  (2) 
in  succession,  we  have 

(3ar+2y+  z)— (2r+2y4.z)=16-.14,  whence  ar=2 
(2a:+2y+22)— (2ar+2y+z)s=18-.14,  whence  2=4 ; 
and  substituting  these  values  of  x  and  z  in  any  of  the  proposed  equations,  ws 
find 

ys3. 
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£»  ard^  to  solve  a  system  of  four  equations  between  four  unknown-  guantihet, 
we  reduce  this  case  to  the  last  by  elimioating  one  of  the  unknowri  quantilias. 
We  thus  arrive  at  a  system  of  three  equations  between  three  unknown  qoao- 
tities,  from  which  the  value  of  these  three  unknown  quantities  may  be  fooad. 
Substituting  these  values  in  any  one  of  the  equations  which  involv^e  the  othei 
unknown  quantity,  we  deduce  from  it  the  value  of  that  unknown  qoanti^. 

EXAMPLK  IV. 

Take  the  system  of  equations 

^+y+«+  ^=14 (1)  ^ 

a:+y+2-  <=  4 (2) 

x+y--z+2t=zll (3) 

a:— y+2+3f=18 (4)> 

The  first  equation  gives 

t=sl4 — .r — y—z (5). 

Substituting  this  expression  for  t  in  tlie  three  other  equations,  we  find 

x+  y+  r=  9 (6) 

^+  y+32=17 (7) 

x+2y+  2=12 (8). 

in  order  to  solve  these  three  equations  between  r,  y,  :,  we  find  from  the 
fint 

•    2=9-x-y (9) ; 

and  substituting  this  value  of  z  in  the  two    ther  equations,  they  become 
a:+y=5 (10) 

y=3 (11) 

Whence  ar=2 (12). 

Substituting  the  values  of  x  and  y  in  equation  (8),  we  find 

z=4 (13). 

Substituting  these  values  of  z,  y,  z  in  any  of  the  first  ^^e  equations,  we  find 

We  can  arrive  at  the  same  result  more  simply  by  subtracting  equation  (1) 
from  the  three  following  in  succession ;  we  shall  thus  find 

2/=14— 4,  22—^=14—11,  2y— 2^=14— 18; 
the  first  of  these  three  new  equations  gives  ^=5 ;  this  value  of  ^  substituted 
in  the  two  other  equations,  gives  z=4,  y=3  ;  and  substituting  these  values  of 
y,  z,  t  in  any  one  of  the  original  equations,  we  find  z=:2. 

By  following  a  process  of  reasoning  analogous  to  the  above,  we  shall  be  able 
to  resolve  a  system  of  any  number  of  equations  of  the  first  degree,  provided 
there  be  as  many  equations  as  unknown  quantities. 

It  frequently  happens  that  each  of  the  proposed  equations  do  not  involve  ali 
the  unknown  quantities.  In  this  case,  a  little  dexterity  will  en^Ie  us  to  efl^ 
the  elimination  very  quickly. 

EXAMPLE  y. 

Take  the  system  of  equations 

2z— 3y+22=13 (1) 

4/— 2x=30 (2) 

4y+22=14 (3) 

5y+3«=32 (4) 

Upon  examining  lihese  equations,  we  perceive  that  the  elimination  of  z  be 
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tween  eqnatioDS  (I)  and  (3)  wiU  give  an  eqoation  in  x  and  y,  and  that  the 

eliinination  of  t  between  equations  (2)  and  (4)  will  give  a  second  equation  in 

V  and  y.    These  two  unknown  quantities  may  thus  be  easily  determined : 

The  elimination  of  z  between  (1)  and  (3)  gives    ....    7^—22::=  1 

The  elimination  of  t  between  (2)  and  (4)  gives    ....  20y-f-62:s=:38 

Multiply  the  first  of  these  equations  by  3,  and  then  add 

them,  we  have ^   .    .    .    .  41ys=41 

Whence ys=  1 

Substituting  the  value  of  y  in  7y — 2x=l,  we  have  .    .    .  a:=  3 

Substitute  this  value  of  or  in  (2),  we  have 4i — 6=30 

Whence t=,  9 

Finally,  the  substitution  of  the  value  of  y  in  (3)  gives    .    .  zss  b 

The  following  general  rule  may  be  given  for  a  system  of  any  number  of 
equations : 

Eliminate  one  of  the  unknown  quantities  by  combjning  the  first  equation 
with  each  of  the  others,  or  by  combining  them  all  in  any  way  in  separate 
pairs.  The  number  of  equations  and  of  unknown  quantities  is  thus  made  one 
less.  Proceed  with  these  in  the  same  way  till  there  is  but  one  equation  and 
one  unknown  quantity.  Having  found  the  value  of  this,  substitute  it  in  a  pre- 
ceding equation  containing  but  two  unknown  quantities,  which  will  then  have 
but  one,  whose  value  may  be  found.  Substitute  the  values  of  the  two  un- 
known quantities  thus  found  in  an  equation  immediately  preceding,  containing 
only  three,  and  so  on,  tiU  all  the  values  of  the  unknown  quantities  are  obtained. 

We  have  seen  in  the  method  of  elimination  by  subtraction  that,  in  order  to 
render  the  coefficients  of  the  unknown  quantity  the  same  in  both  equations, 
we  must  multiply  each  of  the  equations  by  the  coefficient  of  the  unknown 
quantity,  which  it  is  required  to  eliminate,  in  the  other.  If  the  coefficients  of 
tiie  xmknown  quantity  have  a  common  factor,  this  operation  may  be  simplified; 
thus 

EXAMPLE  yi. 
^ake  the  system  of  equations 

12r-t32y=340 (1)  > 

&c-f-24yr=254 (2)  J 

In  order  to  render  the  coefficients  of  y  equal,  observe  that  32  and  24  have  a 
common  factor,  8 ;  it  vnll  suffice  then  to  multiply  equation  (1)  by  3,  and  equa- 
tion (2)  by  4  ;  they  then  become 

36a:-|-96y=1020 
32x+96y=1016. 
Subtractang  the  latter  from  the  former, 

4zs:4 
a:=l. 
Again,  in  order  to  elinunate  x,  since  12  and  8  have  a  conmion  factor,  4,  it 
win  suffice  to  multiply  equation  (1)  by  2,  and  equation  (2)  by  3 ;  we  then  have 

24ar+64y=:680 

24ar+72y=762. 

Subtracting  the  former  of  these  two  equations  from  the  latter,  we  have 

8y=82 
y=10i. 


laO  ALQSBBX 

(7)  OifttD  z+ysi6 •  -  -  U) 

x-yss  7 (2) 

JkMm.  arssll.  yst 

(8)  Given   x+y  e=10 (1) 

2r— 3y=  6 (») 

Ajbs.  xsk7,  ysX 

(9)  Given  2z+3ysl3 (1) 

&r+4y=s22 (2) 

Ana.  x^2,  jfsj 

(10)  Ghen   xs=4y (1) 

2x+3y=44 (2> 

An*.  2-«=sl6,  y=4. 

(11)  Ghren  2x+3yss  70 (1) 

4x+5y=^130 (2) 

Ane.  xs=20y  y=10 

(12)  Given  3x— SysilS (1) 

2x+7y=r81 (2) 

\n«.  x:=16»^sr 

(13)  Given  llx+SyalOO (1) 

4x-7y«    4 %  ...  (2) 

An«.  xs=8,  ysi. 

(14)  Given  1+1=7 .  (1) 


I+l=« -J^) 


115)  Given  ^+7yss99 (1) 

?+7x=61 (2) 


Ani.  ar=s6,  y=K' 


Ans.  x=7,  y=JJ 


(16)  Given     3^+^=22 -(1) 

lltt-|r=20 (2) 

Ana.  (=5,  ii=2. 

(17)  Given  x+l:y::5:3  .  • (1) 

7+x     6-y_42     2x-a 

"T  2    -12'"     4       ^^' 

Ans.  x=r4,  y«^ 

(18)  Given  |+y=64 (1) 

■    .  ?+?.=": <») 

Ans.  rs80»lidi 

(19)  Given    6p+fas=131} (1)  •"^* 

13p—  a=142} (2) 

An8.p=16|H,i 


I 

SDIPLB  EaUATIONS.  ,  161 

(20)  Given  6f;c-14V=5V'+119| (1) 

7;;t+140=2V 12) 

An8.;t=— 24.07,  ♦=—14.24 

(21)  Given  9x=4i:' • (1) 

x+3f^26         (2) 

Ans.  ars=8,  ar'sslS. 
21  14  ,,. 

^)  ^^^u+rrsi+T, ^'^ 

21zx+282a=334       (2) 

Ans.  Ziss6l^  Za=— 33|f8. 

(23)  Given  ar— ^^=8 •  •  (1) 

.,_5=f=«,_a±5 „) 

Ans.  2r=:5,  y=5. 

y— 8     3r+4y+3     2a:+7— y  ,,. 

t24)  Given    5+^=      ^^^^   -       ^^        (1) 

7x4-6     9y+^r-8      x+y 

■-n~=      l2  4" -^^J 

Ans.  x=:7,  y=9. 

.•i5)  Given  (r+6)(y+7)=(r+l)(y-9)+112 (1)^ 

2x+10=3y+l (2) 

Ans.  x=3,  y=5. 

2x          y               3y     1  ,,. 

(26)  Qiven -3— 4+|+x=8— J-+Y2 (^) 

1-1+^4-^+^ <'> 

Ans.  x=2,  ys7 

X— 2     10-x     y— 10 
(27)  Given    — g — y-=:— ^ — (l) 

2y+4     2x+y_x+13 

3""     8"     4       ^' 

Ans.  xs7,  y=10 

^.       2y     8x— 2     ,     4+y    X— y 
,28)  Given^-- 3g-=l— 3-+-g- (1) 

x:3y::4:7 (2) 

^  Ans.  xsl2,  y=7. 

(Sa)  Given  x—^^-^j =1+— l^kA     ■^) 

3x+a^     y-5     nr+1 
ff  4    ^"^ 

(30)  Gireal- 
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(31)  Gi7eii*-+^ 


1?  .  ^_^     1 


(32)  Given    &r-f-7y=:43   . 

llx+9y=69  . 

(33)  Giyen  8r— ^lys=  33 

6x+36y=;77 


.(1) 

.(2) 

Ans.  x=4,  3f=J 

•{1)1 
.(2)$ 
Ans.  X=:3,  3r^4 

•(2)S 

Ads.  x=12,  y — J 


2r  V  3v     1 

(34)  Gi.6ny^4+|+a:=8-^+j5, 


y    f^2=U 


2x+6. 


(35)  Given  T 


3g+5y 


.17=5y+ 


4ar+7 


17     ^  ^^     3 

22— 6y     to— 7     g+l     8y+5 
3  11    ^    6    ^    18 


^36)  Given  ox-)- &y=:c 
fx+gy^h 


(37)  Given  x+ys=»  • 
X— y=<i . 


..(1) 

..(2) 
Ans.  r=2t  y^7 

•  •(1) 

.  .  (2) 

Ans.  x=8,  ys=2. 

a)i 

(2)  s 

eg — hh        ttk—^f 

(1) 

(2) 


s+d         »—d 
Am.  x=— ;r-.  y——o~ 


2   •• 


(38)  Given   *+y=» 


(1) 
(2) 


as  bi 

Ans.  x=:7-rTi  y= 


(39)  Given  ax4-&y=sc . 
mx — nysid 


(40)  Given  7ax&54&  .  .  .  . 
2ex-}-3<fv=4c  < 


/••(!) 

(2) 

fic+5(^         mc^ad 

Ans.  Xrr ; J-,  y= ; — r. 

(1) 

(2) 

4&         28ac-8Je 
Ans.  x=:ir-,  v^ — 7:7—1 — • 
7a'  ^         2lad 


(41)  Given  6cxs=cy— 26 


....  (1) 

....  (2) 


*  Theie  eqaations  thoold  not  be  deared  of  finctiani,  Imt  the  Qokoown  fractbu  be  eSari 
Mted  by  making  tfaem  alike,  and  sabtracting. 
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C4a)Qi«n5^=3jA_ (a) 


ax+2hy=zd (2) 

^— 6a«+26» 3a«+c[— M 

3a 


Ans.  x^ ^^— ,  y= =5^- 


(43)  Given  x-^^-j^:^c (1) 

a—x 

y — 6-='* ('') 

^'  *= — irp — ^'  y^ — P+r — '• 

(44)  GiyeD^^=:^-^ (1) 

5az— 26ys=c (2) 

<45)  Given  J»y+5i-^-—=c'x (1) 

6(«;+2)=cy (2) 

Am..  x= j^.  y=— ;r- 

(46)  Givenl7*-^+(6+10/)y=/'x (1) 

96—2/" 

*'+«y=iiz^ <2) 

(47)  Given  j+^=« (1) 

|+^=- (>») 

.  48)  Qvren  a:  +y  =« (1) 

x«-y«=i /  .  ..  (2) 

(49)  Given ar+y:a::a:—y:5 (1) 

a!«-y=c (2) 

a+6   le  a— 6   Ic 

(50)  Given  x+  ^/?+y=sa (1) 

x+V^-y^h  .  . (2) 

a»+&»  a&(a— 6) 

2(a+6)'  ^        a+b 

161)  Given  x»4-a:y=ra (1) 

y»+a:y=& (2) 

g  h 

Ana.  xs:  r,  y= 
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(52)  Given  2x+3y+4zs=lS  (1) 

3x+2y— 5z=:  8  (2) 

5x— 6y+3z=  5 (3) 

Aiw.  x=3;  y=2;  s'=l.    i 

(63)  Given  6x— 6y+4z=15 (1)  j 

7z+4y-.32=19 (2)  C 

2x^  y+6z=46 (3)  S 

Ajq8.x=3;   y==4  ;  :=& 

(W)  Given'  i+i=a ".  .  (1) 

i+-x=^ (^) 

i+i=c (3) 

2.2  2 

(55)  Given  x4-y836 ;  x+zs:A9;  y+zssbZ. 

Ans.  x=16 ;  ys=20 ;  z=33 

(56)  Given  v-fK^4-zs30;  v+w— 2=18;  «— tc+z=14. 

Ans.  «=16 ;  ufcrS ;  2=6 

(57)  Given  u+^sl64;  v+iwszB2i  «+iu;=136. 

Ans.  v=128 ;  0=5 72 ;  to=40. 

(58)  Given  ar+5y=c;  my+nzs^ ; /x+^=g. 

*  ^^amq+bfp^e/m 

agm+bjk 

(597  Given  3(aa:+6y)s«2;  5yrss7(x+3a) ;  llx=j2+121. 

48404-189aft 


Ans.  x= 


•440— 45a— 636 ' 
6776+ie48a— 189g' 

y—     440— 46a— 636     ' 
14520a+5544a6+2Q32gj 

*—         440— 45a— 636 

7        5     9       11       13        16 
(60)  Given  ^:^=j ;  -=^35 ;  -:;r^Za3- 

Ans.x=-40f?^;  y=-34A;  2=-.32^. 

rei)  Given —7— =7 — ;  rT-= »   iT  =y . 

^    '  a+z     h-^y     6+y    c— 2  '  <£+2     ifc— x 


*  Do  not  dear  of  fractioiui,  but  make  -,  -,  A:c.,  the  tmknown  qoantitief. 

X  y 
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C62)  Given  2x—j=^3—-x—ry. 

7x— 5zs=y  +x  —86. 
X    y      z 
2+5  +4   =^«    •  • 


(1) 
(2) 
(3) 


163)  Given    6x— 4y+52=2fi 

4x+3y— 72r=lJ  . 

12r— 6y— 32=3}  . 


|64)  Given  l&c— 7^— 5z  ss  11 . 

4y— fx+2f2=108 . 

3iz+2^+Sr  as  60. 


Ans.  a:s=48;  v=54;  z=s64. 

....  (1) 

....  (2) 
....  (3) 

....  (1) 

(2) 

(3) 

Ana.  xsl2 ;  y=:25 ;  zs6. 


<66)  Ghren  y+^=|+5 


3     5 
»— 1     y— 2     z+3 

2y— 5     ..      2 


-=1|- 


12 


(1) 
(2) 
(3) 


(66)  Given  |  +  |+yas  68. 
5x     y      z 

X      3z     u 

5  +  T+5=79 


Ans.  XBs6;  y=:7  ;  zs=;— 3. 


(2) 


8 


(67)  t}iven7x— 2z+3tfsl7. 

ty^2z+    tszll. 

5y_3x— 2tts5  8. 

4y— 3tt+2es=  9. 

3z+6tt=33. 


(3) 

y  +  z+u=248 (4)  J 

Ana.  xasl2;  y=30;  z=168;  usSO. 

(1)1 

(2) 

(3) 

{*) 

(6)  J 

Ans.  xsb2;  yt=4;  Z£=3;  «s3;  <srl. 

Elimination  may  be  efTected  in  a  general  form,  and  particular  cases  be  re* 
solved  by  substitution  in  this  form. 
We  shall  illustrate  this  with  a  system  of  three  equations. 
Given  ax  +fcy  +cz  +A:  ssO, 

a'x  +h'y  +&Z  +k'  zs^Q, 

a"x+6"y  +c"2+A:"=0. 

EHminating  among  these  three  equations  Ly  any  of  the  foregoing  metbiidt 
we  find 
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Wlieoee 

ars=2- 
Sabetitating  tlus  value  for  z  in  either  of  the  preceding  ej^reoaiopi  far  j 
we  find 

3^.  lUiminating  hy  svhtractian. 

In  order  to  eliminate  y,  we  perceive  tliat  if  we  could  dedoce  from  t2ae  p;^ 
posed  equations  two  other  equations  in  x  and  y,  in  which  the  coefficxentB  of  ? 
should  be  equal,  the  elimination  of  y  would  be  effected  by  suhtracfing  <Kie  i 
these  new  equations  from  the  other. 

It  is  easily  seen  that  we  shall  obtain  two  equations  of  the  forxn  re€{iiired  i 
we  multiply  all  the  terras  of  eaifc  equation  by  the  coefficient  of  y  in  the  other. 
Multiplyiog,  therefore,  all  the  terms  of  equation  (1)  by  4,  and  all  the  terms  of 
equation  (2)  by  3,  they  become 

ar+12y=52 
15r+12y=66. 
SubtractiDg  the  former  of  these  equations  from  the  latter,  we  find 

7x=14. 
Whence 

ar=2. 
In  like  manner,  in  order  to  eliminate  x,  multiply  the  first  of  the  proposed 
equatioos  by  5,  and  the  second  by  2,  they  will  then  become 

10a:+15y=:65 
•      lOx-f  8^=44. 
Subtracting  the  latter  of  these  two  equations  from  the  former, 

7y=21. 
Whence 

J^  crder  to  solve  a  system  of  three  simple  equations  heliween  tkres  urdsmom 
quantities^  we  must  fiirst  eliminate  one  of  the  unknown  quantities  by  one  of  the 
methods  explained  above ;  this  will  lead  to  a  system  of  two  equations,  con- 
taining only  two  imknown  quantilies ;  the  value  of  these  two  uiiJuiown  quao 
titles  may  be  found  by  any  of  the  methods  described  in  the  last  article,  aad 
substituting  the  value  of  these  two  unknown  quantities  in  any  one  of  the  onginil 
equations,  we  shall  arrive  at  an  equation  which  will  determine  the  vafaie  of  dis 
third  unknown  quantify. 

EXAMPLE  III. 

Take  the  system  of  equations 

^  3x+2y+2=16 (1); 

2x+2y+2z=18 (2) 

2a?+2y+  z=:14 (3)  I 

1*.  Eliminating  hy  substitution. 
From  equation  (1),  we  find 

2=16— 3r— 2y (4). 

Substituting  this  value  of  z  m  equations  (2)  and  (3),  they  become 
2a:+2y+2(16— 3z— 2y)s=18  • . .  (5)  i 
2x+2y+  (16— 3z— 2y)=5l4  ...  (6)  I 
these  last  two  equations  contain  x  and  y  only,  and,  if  treated  according  to  uj 
of  the  above  methods,  will  ^ve  us 

zs=2,  vb3. 
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Subatituling  these  valnes  of  x  and  y  in  any  one  of  tihe  equatioEB  (' ),  (2)',  (3), 
4),  i^e  find 

zss4. 

ii^.  JEUminating  by  comparison. 

In  order  to  eliminate  z,  derive  from  each  of  the  three  proposed  equations  ■ 
value  of  z  in  terms  of  x  and  y ;  we  then  have 

z=16— Sx— 2y 
2=  9—  ar—  y 
z=14— 2ar— 2y; 
eqnatiDg  the  first  of  these  values  of  z  with  the  second  and  with  the  third  In 
succession,  we  arrive  at  a  system  of  two  equations : 
16^3x— 2y=  9—  x— .  y  ) 
16— 3a:—2y=14— 2«— 2y  J 
containing  x  and  y  only ;  these  equations  give 

x=2,y=3;    ^ 
these  values  of  x  and  y,  when  substituted  in  any  of  the  three  expressions  for 
«.  give 

zs=4. 

3®.  Eliminating  by  suhtraedon. 
In  order  to  eliminate  z  between  equations  (1)  and  (2), 
3r+2y+  2=16 
2ar+2y+22=18; 
we  perceive  that,  in  order  to  reduce  these  equations  to  two  others  in  which 
the  coefficients  of  z  shaD  be  the  same,  it  will  be  sufficient  to  divide  the  two 
members  of  the  second  equation  by  2,  for  we  thus  have 

x+y+z=9. 
Subtracting  this  from  the  first  equation, 

3x4-2y+zr=:16, 
we  find  an  equation  between  two  unknown  quantities, 

2^+y=7 (a). 

Tn  order  to  eliminate  z  between  equations  (1)  and  (3), 
3x4.2y+2=16 
flx+2y+zs=U. 
Subtract  the  latter  from  the  former,  which  g^ves 

ar=2; 
the  substitution  of  this  value  of  x  in  equation  (a)  gives 

y=3, 
and  the  substitution  of  these  values  of  x  and  y  in  any  of  the  proposed  eqns 
tions  gives 

z=4. 

The  particular  form  of  the  proposed  equations  enables  us  to  simplify  the 
above  calculation ;  for  if  we  subtract  equation  (3)  from  equations  (1)  and  (2) 
tn  snccession,  we  have 

(3x+2y+  z)— (2x+2y+z)ss=16— 14,  whence  x=2 
(2a:4-2y+22)— (2x+2y+z)s=18— 14,  whence  zs:4 ; 
and  substituting  these  values  of  x  and  z  in  any  of  the  proposed  equations,  we 
find 

ys3. 
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This  hst  remainder,  put  eqnal  to  zero,  will  make  an  eqnatioD  from  vtiib    - 
If  eliminated,  and  which  contains  only  y.    It  ia  called  ihe  final  eqoalioB. 

ON  THE  SOLUTION  OF  PROBLEMS  WHICH  F&ODUCB  SDIPLB 
EaUATIONS. 

150.  Every  problem  which  can  be  solved  by  Algebra  incladee  in  iti  o^^ 
ciation  a  certain  number  of  conditions  of  such  a  kind  that,  in  taking  at  plaM«» 
values  for  the  unknown  quantities,  it  is  always  easy  to  see  whether  or  not  tbef^ 
wiU  verify  these  conditions.  In  the  greater  part  of  questions  in  Algebn*  te» 
verifications  consist  in  this,  that,  after  having  effected  certain  opentioBe  apia 
the  values  of  the  known  and  unknown  quantities,  we  oug^t  to  anive  at  eqoii- 
ties.  This  being  understood,  if  the  unknown  quantities  be  repreaeoted  by 
letters,  algebraic  expressions  may  be  formed  in  which  ahall  be  indicated,  fav 
means  of  signs,  all  the  calculations  necessary  to  be  made,  as  well  upon  the  sa- 
known  numbers  as  upon  the  known,  to  find  the  quantities  which  on^  to  b 
eqnal.  Consequently,  joining  these  expressions  by  the  sign  of  equality,  wi 
shall  have  one  or  more  equations,  which  will  be  satisfied  when  the  true  vii- 
ues  of  the  unknown  quantities  are  aubstitnted  in  the  place  of  the  letfiera  wbich 
represent  them.  % 

Reciprocally,  when  all  the  conditions  of  the  problem  are  expreaaed  in  the 
equations,  the  values  of  the  unknown  quantities  which  satisfy  these  equatiasa 
must  certainly  satisfy  the  enunciation  of  the  problem. 

It  b  impossible  to  give  a  general  rule  which  wiH  enable  ua  to  tranaJate  eve- 
ry problem  into  algebraic  language ;  this  is  an  art  which  can  be  acqniied  by 
reflection  and  practice  alone.  Two  rules  which  may  be  of  some  aervice  ara 
the  following :  1.  Indicate  upon  the  unknown  quantities  repreMtnted  by  UUen. 
and  upon  the  known  quantities  represenled  either  hy  letters  or  numbers^  the  same 
operations  as  toould  he  necessary  to  verify  them  if  they  were  known.  2.  Form 
two  different  expressions  of  the  same  quantity,  and  set  them  equaL  We  i 
give  a  few  examples,  which  will  serve  to  initiate  the  student,  and  &e 
must  be  left  to  his  own  ingenuity. 

PROBLEM  1. 

To  find  two  numbers  such  that  their  sum  shall  be  40,  and  their 

16. 

Let  X  denote  the  least  of  the  two  numbers  required, 

Then  will  2:4-16=:  the  greater. 

And  x4-x4-16=:40  by  the  question ; 

That  is,  2x=s40— 16s=24; 

24  -  ^ 

Or  x=-^=12=:  less  number* 

And  a:-|-16ssl2-|- 16=28=  greater  number  required. 

PROBLEM  2. 

What  number  is  that,  whose  I  part  exceeds  its  |  part  by  16t 

Let  xss  number  required. 

Then  will  its  ^  part  be  |z,  and  its  f  part  |r  ; 

And,  therefore,  {x — |r=:16  by  the  question. 

Or,  clearing  of  fractions,  4r— 3xs=192 ; 

Hence  xs=192,  the  number  reqmred. 
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PROBLEM  3. 

DiTide  ,£1000  among  A,  B,  and  C,  so  that  A  shall  hare  d72  more  than  B. 

and  C  <£100  more  than  A. 

Liet  x=  B's  share  of  the  given  snm, 

Then  win        r+  72=  A's  share, 

And  x4-172s=:  0*8  share, 

And  the  sum  of  all  their  shares,  x4-x4-724-x4-172, 

Or  3x4-  244 = 1000  by  the  question ; 

That  is,  dx=1000— 244=756, 

756 
Or  =— =de252=  B's  share ; 

Hence  x4-  72=252+  72=oe324=  A's  share, 

And  x+172=252+172=de424=  C's  share ; 

B's  share 06252 

A*8  share 324 

C*s  share 424 

Sum  of  all  . .  <3eiOOO,  the  proof. 

PROBLEM  4. 

Oat  of  a  cask  of  wine,  which  had  leaked  away-  4f  21  gaUons  were  drawn. 
«nd  then,  being  ganged,  it  appeared  to  be  half  fall:  how  mnch  did  it  hM  1 
Let  it  be  supposed  to  have  held  x  gallons, 
Then  it  would  have  leaked  |x  pUons ; 
Consequently,  there  had  been  taken  away  21 4- j^  gallons. 
But  214-32r=ixby  the  question, 

Or  126+2x=3x; 

Hence       3x^2x=126» 
Or     x=126=  number  of  gallons  required. 

PROBLEM  5. 

A  hare,  pursued  by  a  greyhound,  is  60  of  her  own  leaps  in  advance  of  tbd 
dog.  She  makes  9  leaps  during  the  time  that  the  greyhound  makes  only  6; 
but  3  leaps  of  the  greyhound  are  equivalent  to  7  leaps  of  the  hare.  How 
many  leaps  must  the  greyhound  make  before  he  overtakes  the  hare  ? 

It  is  manifest,  from  the  enunciation  of  the  problem,  that  the  space  which 
must  be  traversed  by  the  greyhound  is  composed  of  the  60  leaps  which  the 
hare  is  in  advance,  together  with  the  space  which  the  hare  passes  over  from 
the  time  that  the  greyhound  starts  in  pursuit  unlal  he  overtakes  her. 

Let  x^  the  whole  number  of  leaps  made  by  the  greyhound.    Since  the 

hare  makes  9  leaps  during  the  time  that  the  greyhound  makes  6,  it  foIlowB 

9        3 
that  the  hare  will  make  g  or  -  leaps  during  the'  time  that  the  greyhound 

3x 

makes  1,  and  she  will  consequently  make  -^  leaps  during  the  time  that  ihe 

greyhound  makes  x  leaps. 

We  might  here  suppose  that,  in  order  to  obtain  the  equation  required,  it 

3x 
would  be  sufficient  to  put  x  equal  to  60-)-^ ;  in  doing  this,  however,  we 

fhouldconmut  a  mamfett  mistake,  for  the  leaps  of  the  greyhound  are  greater 
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than  the  leaps  of  Ihe  hare,  and  we  shonld  tiraa  be  equating  two  heterogeoeea 
numbers ;  that  is  to  say,  numbers  related  to  a  different  unit.     In  order  to  re- 
move this  difficulty,  we  must  express  the  leaps  of  the  bare  in  terms  at  tht 
leaps  of  the  greyhound,  or  ^e  contrary. 
According  to  the  conditions  of  the  problen.  3  leaps  of  the  greylicnifid  are 

equal  to  7  leaps  of  the  hare ;  hence  1  leap  of  the  greyhonnd  is  equal  to  - 

le^M  of  the  hare,  and,  consequently,  x  leaps  of  the  greyhound  are  equal  tD  — 

leq)8  of  the  hare ;  hence  we  have  at  length  the  equation 

7x  3x 

3=60+2; 

Clearing  of  fractiona,  14xs:d604-9r 

xss  72. 

Hence  the  greyhound  will  make  72  leqis  before  he  reaches  the  hare,  and  m 

3 
Ihat  time  the  hare  will  make  72  Xq*  ^^  ^^^  leaps. 

PROBLEM  6. 

Find  a  number  such,  that  when  it  is  divided  by  3  and  by  4,  and  U10  qas 
tients  afterward  added,  the  sum  is  63. 
Let  X  be  the  number ;  then,  by  the  conditions  of  the  proUem,  we  have 

X      X 

5+4=  «3; 
Clearing  of  firactaons,  7xs=  63x12 

x=108. 
If  we  wished  to  find  a  number  such  that,  when  divided  by  5  and  by  6,  tfas 
sum  of  the  quotients  is  22,  we  must  again  translate  the  problem  into  algebcaie 
language,  and  then  sobre  the  equation ;  in  this  case  we  have 

f^    f-22- 
5+     6~^^' 

Clearing  of  fractions  llxr=22  X  30 

4  X=r60. 

If,  however,  we  desire  to  solve  both  these  problems  at  once,  and  all  otfaen 
of  the  same  class,  which  differ  from  the  above  in  the  numerical  values  onl^. 
we  must  substitute  for  these  particular  numbers  the  symbols  a,  &,  e,  —  — , 
which  may  represent  any  numbers  whatever,  and  then  solve  the  foflowiag 
question. 

Find  a  number  such  that,  when  it  is  divided  by  a  and  by  &,  and  the  qno- 
tients  afterward  added,  the  sum  is  p.    We  have 

X      X 

{a-\'h)x=s  ahp 
ahp 


a+6- 

161.  This  expression  is  not,  strictly  speaking,  the  value  of  the  inikDowo 
quantity  in  our  problems,  but  it  presents  to  our  view  the  calculations  whicb 
are  requisite  for  the  solution  of  them  aH.    An  expression  of  this  nature  is  esB- 
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ed  B,/ormula.  This  formula  points  out  to  us  that  the  uuknown  quantity  is  ob- 
tained by  multiplying  together  the  three  numbers  involved  in  the  question, 
and  then  dividing  their  product,  ahj)^  by  a-\-hi  the  sum  of  the  two  divisors ;  or 
i^e  should  rather  say,  that  our  formula  is  a  concise  method  of  enunciating  the 
above  rule.*  Algebra,  thpn,  may  be  considered  as  a  language  whose  object 
•8  to  express  various  processes  of  reasoning,  as  also  the  results  or  conclusion* 
to  -which  they  lead. 

Such  is  the  advantage  of  the  above  formula,  that,  by  aid  of  it,  the  most  ig 
norant  arithmetician  could  solve  either  of  the  proposed  problems  as  readily  as 
the  most  expert  algebraist  The  former,  however,  could  only  arrive  at  the 
result  by  a  blind  reliance  on  the  rule  which  the  formula  expresses ;  bu£  differ- 
ent kinds  of  problems  require  different  formulae,  and  the  algebraist  alone  pos 
sesses  the  secret  by  which  they  can  be  discovered. 

PROBLEM  7. 

A  laborer  engaged  to  serve  40  days  upon  these  conditions :  that  for  every 
day  he  worked  he  was  to  receive  80  cents,  but  for  every  day  he  was  idle  he 
was  to  forfeit  32  cents.  Now  at  the  end  of  the  time  iie  was  entitled  to  re- 
ceive $15.20.  It  is  required  to  find  how  many  days  he  worked,  and  how 
many  he  was  idle. 

Let  X  be  the  number  of  days  he  worked ; 

Then  will  40 — x  be  the  number  of  days  he  was  idle ; 

Also  or  X  80=802:=:  the  sum  earned, 

An3  (40— z)  X  32=1280— 32x=  sum  forfeited ; 

Hence  80x— (1280— 32r) =1520  by  the  question  ; 

That  is,  80z— 1280-f32z=1520, 

Or  112a:=15204- 12:80=2800 ; 

2800 
Hence  x=-r:7^=25=  number  of  days  he  worked, 

And  40 — x=40— 25=15=  number  of  days  he  was  idle. 
We  may  generalize  the  above  problem  in  the  following  mainer : 
Let  I,       n=  the  whole  number  of  days  for  which  he  is  hired, 
a=  the  wages  for  each  day  of  work, 
5=  the  forfeit  for  each  day  of  idleness, 
c=  the  sum  which  he  receives  at  ^e  end  of  n  days, 
0:=  the  number  of  days  of  work ; 
Then  n  —  x=  the  number  of  days  of  idleness, 

02:=  the  sum  due  to  him  for  the  days  of  work, 
6(n — x):±:  the  sum  he  forfeits  for  the  days  of  idleness. 
We  thus  find  for  the  equation  of  the  problem, 

ax — 6(n — a:)=  c; 
Whence  ax-^hn  -|-6x=  c 

(a-f  6)x=  c4-6n 

x=      ,  ^,  the  number  of  days  of  work. 


*  Iiot  tlie  ftadent  try  thi«  mle  npoi^^a  variety  of  namben ;  he  will  tee  that  the  genera 
bnaula  embraces  as  many  particalar  examplea  as  he  ohoosei  to  imagine. 

L 
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And.'.  n— x=  n— — j-j- 

on  4-^ — c— &n 
"■         a+b 

= — r-r-,*  the  number  of  diSB  of  idlern 

Bj  subBtitating  in  ^ese  general  expressions,  for  the  number  of  dbjs  itf 
work  and  nnmber  of  days  of  idleness,  the  particular  numerical  wines  of  tl» 
letters,  the  same  result  win  be  obtained  as  before. 

PROBLEM  8. 

A  can  perform  a  piece  of  work  in  6  days,  B  can  perform  the  same  won  a 
8  days :  in  what  time  will  they  finish  it  if  both  work  together  ? 
Let  x=  ^e  time  required. 

Since  A  can  perform  the  whole  woik  in  6  days,  ~  will  denote  the  qoaatity 

X 

he  can  perform  in  1  day,  and  therefore  g  the  quantity  he  can  perform  m  i 

X 

days ;  for  the  same  reason,  ~  will  be  the  quantity  which  B  can  perform  ia  s 
days;  and  we  shafl  thus  have 

X      X 

14xs:«8 
z=3^  days. 
Let  OB  generalize  the  above  proUem. 

A  can  perform  a  piece  of  work  in  a  days,  B  in  5  days,  C  in  c  day%  D  in  ^ 
days :  in  what  time  will  they  perform  it  if  they  all  work  together  ? 
Let  7=  the  time ; 

Then,  since  A  can  perform  the  whole  work  m  a  days,  -  will  denote  ths 

X 

quantity  he  can  perfcwm  in  1  day,  and,  consequently,  -  will  be  the  quantity  be 

XXX 

can  perform  in  x  days;  for  the  same  reason,  r,  -,  -3  ^^  ^  ^^  quantitMi 
which  B,  C,  D  can  perform  respectively  in  x  days ;  we  thus  have 

=1; 

abed 


'^ahc'\-ahd'\'acd'{'hcd' 

What  is  the  rule  expressed  by  this  formula  ? 

*  Let  the  itodent  tnuoflate  the  finrmnla  finr  the  nim^ber  of  days  of  idleness,  ud  that  fcr 
the  noiDber  of  days  of  work,  into  a  nile. 

'        p        9 

t  We  might  represent  the  piece  of  work  hjp;  then  ^  asd^  would  ezpreas  tilie  c 

which  A  and  B  can  peifonn  in  one  day,  and  tiie  eqaation  would  be 

whidv  divided  tfaronghoot  by  p,  gives  Ae  equation  iy  the  text  Whentfae  vabiaaf  aq 
titv  is  Iminaterial.  as  in  tiiis  case,  it  is  best  r^pieseafted  by  1. 
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PROBLEM  9. 

A  courierf  who  traveled  at  the  rate  of  31^  miles  m  5  hours,  was  dispatched 
From  a  certain  city ;  8  hours  after  his  departure,  another  courier  was  sent  to 
overtake  him.  The  CTecond  cojorier  traveled  at  the  rate  of  22|  miles  in  3  hours. 
In  what  time  did  he  overtake  the  first,  and  at  what  distance  from  the  place  of 
departure  ? 

Let  x=  number  of  hours  that  the  second  courier  travels. 

Then,  since  the  first  courier  travels  at  the  rate  of  31^  miles  in  5  hours,  ^ac 

63  63 

IS,  Yq  i^M  ui  1  hour,  he  will  travel  rrx  miles  in  x  hours,  and,  since  he  start 

ed  8  hours  before  the  second  courier,  the  whole  distance  traveled  by  him  will 

b«  (8+*)?5- 

Again,  since  the  second  courier  travels  at  the  rate  of  22}  miles  m  3  houn 

that  is,  -r-  miles  in  one  hour,  he  will  hence  travel  -^x  miles  in  x  hours, 
o  o 

The  couriers  are  supposed  to  be  together  at  the  end  of  the  tiaie  jc,  and 

therefore  the  distance  traveled  by  each  must  be  the  same ;  hence 

450x=(8+ar)378 ; 

.      .-.  721=3024 

a:=42. 

Hence  the  second  courier  will  overtake  the  first  in  42  hours,  and  the  whole 

45 
distance  traveled  by  each  is  -r-  X  42=315  miles. 

To  generalize  the  above, 

A  B  C 

1 \ r 

JLet  a  courier,  who  travels  at  the  rate  of  m  miles  in  t  hours,  be  dispatched 
from  B  in  the  direction  C;  and  n  hours  after  his  departure,  let  a  second 
courier,  who  travels  at  the  rate  of  m'  miles  in  if  hours,  be  sent  from  A,  which 
is  distant  d  miles  from  B,  in  order  to  overtake  the  first.  In  what  time  will  he 
come  up  with  him,  and  what  will  be  the  whole  distance  traveled  by  each  ? 

Let  x=:  number  of  hours  that  the  second  courier  travels. 

Then,  since  the  first  courier  travels  at  the  rate  of  m  miles  in  t  hours,  that  is, 

-7  miles  in  1  hour,  he  will  travel  -rx  miles  in  x  hours,  and,  since  he  started  n 
t  t 

hours  before  the  second  courier,  the  whole  distance  traveled  by  him  will  be 

m 

Again,  since  the  second  courier  travels  at  the  rate  of  m'  miles  in  tf  houiSi 

that  IS,  -rr  miles  in  1  hour,  he  will  travel  rrx  miles  in  x  hours ;  but  since  he 
r  * 

started  from  A,  which  is  distant  d  miles  from  B,  the  whole  distance  trsTeled 
by  the  second  courier,  or  -p-x,  will  be  greater  than  the  wbple  distance  traveled 
by  the  first  courieri  by  this  quantity  d ;  hence 
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(m'     m\       mn  .    _ 


(mn+tdyf 


The  whole  distance  traveled  by  first  courier,       =—  •  ^      ,      — ^  + 

t    i  mt — nUr 

The  whole  distance  traveled  by  second  courier,  ss — .  ^ — -L. — I — 


PROBLEM  10. 

A  fiither,  who  has  three  children,  bequeaths  his  property  by  wili  in  the  f<^ 
lowing  manner :  To  the  eldest  son  he  leaves  a  sum,  a,  together  with  the  n^  part 
of  what  remains  ;  to  the  second  he  leaves  a  sum,  2a,  together  with  the  n^  put 
of  what  remains  after  the  portion  of  the  eldest  and  2a  have  been  sabtracted; 
to  the  third  he  leaves  a  sum,  3a,  together  with  the  n^  pert  of  what  remains 
after  the  portions  of  the  two  other  sons  and  Za  have  been  subtxvcted.  The 
property  is  found  to  be  entirely  disposed  of  by  this  arrangement.  Reqiosed 
the  amount  of  the  property. 

Let  x^  the  property  of  the  father. 

If  we  can,  by  means  of  this  quantity,  find  algebraic  expressions  for  the  por- 
tions of  the  three  sons,  we  must  subtract  their  sums  from  the  whole  property 
X,  and,  putting  this  remainder  =0,  we  shall  determme  the  equation  of  the 
problem. 

Let  us  endeavor  to  discover  these  three  portions. 

Snice  X  represents  the  whole  property  of  the  father,  x— a  is  the  remaiDdei 
after  subtracting  a ;  hence, 

X-— a  • 
Portion  of  eldest  son,    =a -1 

an4-r— ia 

=-^ii— w 

Portion  of  second  son,  =2a-{- 


n 
nx—'3an^-x+a 


=2a+ 

4-fix— 3an — x^Ua 

(2) 


2an*4-*^-— 3^'^ — x4-a 


an+x—a    2an*-4-nr— 3a9»— x4-a 
X— 3a— = 5 -i— 

Portion  of  third  son,     =3a-4 : • 

nh: — 6an' — 2nx4-4an4-x— a 

3an'4-n»x— 6an'— 2nx+4a»4-x— a 
—  ^  (5) 

According  to  the  conditions  of  the  problem,  the  property  is  entirely  disposed 
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3f.     Hence,  when  the  sum  of  the  three  portions  is  subtracted  from  i,  the  dif- 
ference most  be  eqnal  to  zero ;  this  gives  us  the  equation 

on-j-g — a gai>»-f-^iJ?— 3a» — x-\-a 3fln3-{-n»a?— 6an» — Znx-\-ian+» — a 

*~        n  «»      .  ^  "^^ 

«^loaring  the  equation  of  fractions,  and  reducing, 

n^a:— 6<zn8— 3»*x+10aj|«+3nx— 5an— a:+a=0 
...  (;i3— 3n«-|-3n— l)x=6an8— 10an«+5an-»-a 

6gn»— 10an«+5ayi--g     (6n»— lOn'+Sn— l)a 
^"~      n«— 3n»+3fi— 1      "^  (»— 1)' 

Hy  reflecting  upon  the  conditions  of  the  problem,  we  may  obtain  an  equation 
much  more  simple  than  the  preceding.  It  is  stated  that  the  portion  of  the 
third  son  is  3a,  together  with  the  n^  of  what  remains,  and  that  the  property 
18  thus  entirely  disposed  of ;  in  other  words,  the  portion  of  the  third  son  is  3a, 
and  the  remainder  just  mentioned  is  nothing. 

We  found  the  expression  for  that  remainder*  to  be 

n«j— 6an'— 2n3:-4-4an-4-r— a  . 

n« 
Equating  this  quantity  to  zero,  we  have 

n^.— 6an'— 29ir4-4an4-^— a  / 

^  — 

...  n«z— 6a»»— 2nz4-4a»+ar— a=0 

6an* — 4an4-a 
^=    n«—2n+l 
(6n«— 4n+l)a 
-       (n-l)«       • 

This  result  is,  moreover,  more  simple  than  the  former.  We  can  easily  prove 
that  the  two  expressions  are  numerically  identical,  for,  applying  to  the  two 
polynomials  (6n»— 10n«+5n— -l)a,  and  (n» — 3n^+3n+l),  the  process  for  find- 
ing the  greatest  common  measure,  we  shall  find  that  these  two  expressions 
have  a  common  factor  n — 1 ;  dividing,  therefore,  both  terms  of  the  first  result 
by  this  common  factor,  we  arrive  at  the  second. 

The  above  problem  will  point  out  to  the  student  the  importance  of  examin- 
ing with  great  attention  the  enunciation  of  any  proposed  question,  in  order  to 
discover  those  circumstances  which  may  tend  to  &cilitate  tiie  solution ;  he  will 
otherwise  run  the  risk  o^  arriving  at  results  more  complicated  than  the  nature 
of  the  case  demands. 

The  above  problem  admits  of  a  solution  less  direct,  but  more  simple  and 
elegant  than  those  already  given.  It  is  founded  on  the  observation  that,  after 
having  subtracted  3a  from  the  former  portions,  nothing  ought  to  remain. 

Let  U8  represent  by  r  j,  r^,  r,  the  three  remainders  mentioned  in  tiie  enun 
ciation ;  the  algebraic  expressions  for  the  three  portions  must  be 


«+T'  2«+^.  3a+^ 


LI 
n'        •  n'        •  n' 


l*".  By  the  conditions  of  the  problem,  we  have  r3=0. 
Hence  the  third  portion  is  3a. 

*  Next  above  (3). 
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2".  The  reinamder,  afber  the  second  son  his  Tecaived  ta-| — -^  owy  be  rap- 
resented  by  r^  — ^,  or  ^    . 


n  n 

But  this  is  ^e  portion  of  the  third  son ;  hence  we  have 

n 


"n— 1 
Hence  the  portion  of  the  second  son  is  2<i+— ^-^n=2a4-— ^^  «• 

reducing, 

2asi4-a 

d'.  The  remainder,  after  the  eldest  son  has  received  a-|-— «  may  be  repn- 

sented  by  r, — ^,  or  ^ '-^. 

But  this  reminder  forms  the  portion  of  the  other  two  sons ;  hence  we  haw 

5(in*— 'Son 


5an*— Son                  5asi— >2a 
Hence  the  portion  of  the  eldest  son  is  a^ — j rr; — i-n=o4— ^^ —, 

or,  reducing, 

an*+3an — a 
na— 2n+l 
Hence  the  whole  property  is 

2an+a     <iii'4-3an— a 

^+";rrr+  n«-2n+i  ' 

reducing  the  whole  to  a  conunon  denominator, 

3fl(n«^2n+l)+(2gn+a)(n— l)+<in«+3gn— g , 

performing  the  operations  indicated,  and  redncing, 

(6n«— 4n+l)a 
n«— 2n+l    ' 
die  result  obtuned  above. 

This  solution  is  more  complete  than  the  former,  for  we  obtain  at  the  same 
time  the  property  of  the  father  and  the  expressions  for  the  portions  of  hii 
three  sons. 

We  shall  now  solve  one  or  two  problems  in  which  it  is  either  necessary  ac 
convenient  to  employ  more  than  one  unknown  quantity. 

PROBLEM  11. 

Recpxired  two  numbers  whose  sum  is  70  and  whose  difference  is  16 
Let  X  and  y  be  the  two  numbers. 
Then,  by  the  conditions  of  the  problem. 
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x+y^70 '••'.(!) 

X^y=:l6 (2), 

^rhich  are  the  two  equations  required  for  its  sohitLiHi. 
Adding  the  two  equations, 

22;=86 
x=43. 
Subtracting  the  second  from  the  first, 

22^=54 
y=27. 
Hence  43  and  27  are  the  two  numbers. 
/ 

FROBIiEM   12. 

A  ;  ■:*  uii  has  two  kinds  of  gold  coin,  7  of  the  larger,  together  with  12  of  the 
smaller,  make  288  shillings ;  and  12  of  die  larger,  together  with  7  of  the  smaller, 
make  358  shillings.    Required  the  value  of  each  kind  of  coin. 

Let  or  be  the  value  of  the  larger  coin  expressed  In  shillings,  y  that  of  tlie 
smaller. 

Then,  by  the  conditions  of  the  problem, 

7x+12y=288 (1) 

And 

12a:+  7y=358 (2). 

Multiplying  equation  (1)  by  7,  and  equation  (2)  by  12, 
and  subtracting  the  former  product  from  the  latter,      .    .  95xs=2280 

.•.  arss    24. 
Substituting  this  value  of  a:  in  equation  (1),  it  becomes    168-f  12y=  288 

.-.  y=     10. 
The  larger  of  the  two  coins  is  worth  24  shillings,  the  smaller  10  shillings. 

PROBLEM  13. 

An  individual  possesses  a  capital  of  $30,000,  for  which  he  receives  interest 
at  a  certain  rate  ;  he  owes,  however,  $20,000,  for  which  he  pays  interest  at  a 
certain  rate.  The  interest  he  receives  exceeds  that  which  he  pays  by  $800. 
Another  individual  possesses  a  capital  of  $35,000,  for  which  he  receives  inter- 
est at  the  second  of  the  above  rates ;  he  owes,  however,  $24,000,  fiir  whieh 
he  pays  interest  at  the  first  of  the  above  rates.  The  interest  which  he  re- 
ceives exceeds  that  which  he  pays  by  $310.  Required  the  two  rates  of  in- 
terest. 

Let  X  and  y  denote  the  two  rates  of  interest  for  $100*. 

In  order  to  findnlie  interest  of  $30,000  at  the  rate  xj  we  have  the  pre 

portion, 

30,000x 
100 :  30,000: :  X : —r^jr—a=  300x. 

In  like  manner,  to  find  the  interest  of  $20,000  at  the  rate  ofy, 

20,000y 
100; 20,000  ;!y;     ^^^  ^r=200y. 

But,  by  the  enunciation  of  the  problem,  the  difference  of  these  two  sums  is 
$800 ;  hence  we  shall  have,  for  the  first  equation, 

300r— 200y=800 (1). 

Translating,  in  like  manner,  /he  second  condition  of  the  problem  into  alge- 
braic  language,  we  arrive  at  the  second  equation. 
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350y— 240a:=310 (2) 

The  two  members  of  the  first  eqaation  are  divisible  by  100,  and  those  of  tfe 
second  by  10 ;  they  may  therefore  be  replaced  by  the  fi^wing  : 

3Z-.  2y=  8 (3) 

35y— 24x=31 (4) 

In  opJer  to  eliminate  x,  multiply  equation  (3)  by  8,  and  then  add  fw|nitini 
(4);  hence 

19y=95 
.-.  y=:  6. 
Substituting  this  value  of  y  in  equation  (3),  we  have 

3x— 10=8 
.-.  x=c6. 
Then  the  first  rate  of  interest  is  6  per  cent,  and  the  second  5  per  cenL 

PBOBLEM  14. 

An  artiBan  has  three  ingots  composed  of  different  metals  melted  together. 
A  pound  of  the  first  contains  7  oz.  of  silver,  3  oz.  of  copper,  and  6  oz.  of  tin. 
A  pound  of  the  second  contains  12  oz.  of  silver,  3  oz.  of  copper,  and  1  os.  of 
tin.  A  pound  of  the  third  contains  4  oz.  of  silver^  7  oz.  of  copper,  and  5  ol 
of  tin.  How  much  of  each  of  these  three  ingots  must  he  take  in  order  to 
form  a  fourth,  each  pound  of  which  shall  contain  8  oz.  of  silver,  3f  oz.  of  eop> 
per,  and  i^  oz.  of  tin  ? 

Let  X,  y,  and  z  be  the  number  of  ounces  which  he  must  take  in  ^mch.  of  tfat 
ingots  respectively,  in  order  to  form  a  pound  of  the  ingot  required. 

Since,  in  the  first  ingot,  there  are  7  oz.  of  silver  in  a  pound  of  16  oz.,  it  fol- 

7 
tows  ^at  in  1  oz.  of  the  ingot  there  are  r^  oz.  of  silver,  and,  consequently,  in  x 

7x 
VL.  of  the  ingot  there  must  be  rg  oz.  of  silver.    In  like  manner,  Tre  shall  find 

12y  4z 
that  -r^,  r^  represent  the  number  of  ounces  of  silver  taken  in  the  eecood  and 

third  ingots  in  order  to  form  the  fourth ;  but,  by  the  conditions  of  the  pnb 
lem,  the  fourth  ingot  is  to  contain  8  oz.  of  silver ;  we  shall  thus  have 

16+  16  +16-  ^ ^^' 

And  reasoning  precisely  in  the  same  manner  for  the  copper  and  tin,  wo  i^ 

16^  16  ^16""  4 ^"^^ 

16+  16  +16-  4    •  •  • . W 

.  which  are  the  three  equations  required  for  the  solution  of  the  problem 
Clearing  them  effractions,  they  become 

7x+12y+42=128 (4) 

Zx+  3y+72=:  60 (6) 

6^+     y+52=  68.  .....  .  (6) 

In  these  three  equations  the  coefiScients  of  y  ^re  most  simple ;  it  will,  tberv 
fore,  be  convenient  to  eliminate  this  unknown  quantity  first. 
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Multiply  eqaation  (5)  by  4,  and  subtract  equa- 
tion (4)  from  die  product,  we  have 5x-{'24zssll2  .  .  (7) 

Multiply  equation  (6)  by  3,  and  subtract  eqaa- 
tion (5)  from  the  product,  we  have l&r-{-  8z=:144  .  .  (8) 

Multiply  equation  (8)  by  3,  and  subtract  equa- 

Hon  (7)  from  the  product,  we  have 40ar=320 

*  .  .-.  x=     8 

Substitute  this  value  of  x  in  equation  (8) ;  it  be- 
comes          120-1-  8z=144 

•••  Zss     3 

Substitute  these  values  of  x  and  z  in  equation 
(6);  it  becomes :    .    .  484-^-f-15  =  G8 

•••  y=  5 

Hence,  in  order  to  form  a  pound  of  the  fourth  ingot,  he  must  take  8  ounces 
of  the  first,  5  ounces  of  the  second,  and  3  ounces  of  the  third. 

PROBLEM  15. 

There  are  three  workmen.  A,  B,  C.    A  and  B  together  can  perform  a  cer- 
tain piece  of  labor  in  a  days ;  A  and  C  together  in  h  days ;  and  B  and  C  to- 
gether in  c  days.    In  what  tim^  could  each,  singly,  execute  it,  and  in  what 
time  could  they  finish  it  if  all  worked  together  ? 
Let  x=  time  in  which  A  alone  could  complete  it. 
y=  time  in  which  B  alone  could  complete  it. 
zs=  time  in  which  C  alone  could  complete  it. 
Since  A  and  B  together  can  execute  the  whole  in  a  days,  the  quantity 

which  they  perform  in  one  day  is  - ;  and  since  A  alone  could  do  the  whole 
in  X  days,  the  quantity  he  could  perform  in  one  day  is  - ;  for  the  same  rea 

son,  the  quantity  which  B  could  perform  in  one  day  is  - ;  the  sum  of  what 

they  could  do  smgly  must  be  equal  to  the  quantity  they  can  do  tugetfafv 
hence      * 

1+H-- « 

In  fike  manner,  we  shall  have 

h\4 («) 

H4 o 

Sobtract  equation  (3)  from  (1), 

'     '     '     '         (4) 


X    z     a     c 
Add  equations  (2)  and  (4), 


2_1     1     1 

Qabc 
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In  like  maimer, 

2ahc 
^     ab'\'bc — ae 
2ahc 


a64-a<? — he' 
Let  <  be  the  time  in  which  they  conld  finish  it  if  all  worked  tc^ether;  diat, 
by  Prob.  8. 

•■••(i+D- 


\  2ahc 


(16)  What  two  nombera  are  those  whose  difference  is  7  and  sum  33  ? 

Ana.  13  and  20 

(17)  To  divide  the  number  75  into  two  such  parts  that  tliroe  tunes  th» 
giwater  may  exceed  7  limes  the  less  by  15. 

Ana.  54  aod  21. 

(18)  In  a  mixture  of  wine  and  cider,  |  of  the  whole  flus  25  gattons  w« 
wine,  and  |  part  miniu  5  gpDons  was  cider;  how  many  gallons  were  there  of 
each? 

Ans.  85  of  wine,  and  35  of  cider. 

(19)  A  bill  of  $34  was  pud  in  half  dollars  and  dimes,  and  the  Dumber  of 
pieces  of  both  sorts  that  were  used  was  just  100 ;  how  many  were  thane  of 
each? 

Ans.  60  half  dolhrs  and  40  dimes. 

(20)  Two  travelers  set  out  at  the  same  time  from  New  York  and  Albany, 
whose  distance  is  150  miles ;  one  of  them  goes  8  miles  a  day,  and  the  other  7: 
m  what  time  will  they  meet? 

Ans.  In  to  days. 

(21)  At  a  certun  election  375  persons  voted,  and  the  candidate  chosen  bad 
a  majority  of  91 ;  ho^  many  voted  for  each  ? 

Ans.  233  for  one,  and  142  for  tfae-odier. 

(22)  What  number  is  that  from  which,  if  5  be  subtracted,  j  of  the  remais- 
derwi]lbe40? 

Ans.  65. 

(23)  A  post  is  I  in  the  mud,  j>  in  the  water,  and  10  feet  above  the  water: 
what  is  its  whole  length  ? 

Ans.  24  feet 

(24)  There  is  a  fish  whose  tail  weighs  9  pounds,  his  head  weighs  as  modi 
as  his  tail  and  half  his  body,  and  his  body  weighs  as  much  as  his  head  and  his 
tail ;  what  is  the  whole  weight  of  the  fish  ? 

Ans.  72  pounds. 

(25)  After  paying  away  |  and  }  of  my  money,  I  had  66  guineas  left  m  my 
purse ;  what  wus  in  it  at  first  ? 

Ana.  120  guineas. 
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(26)  A's  age  is  double  of  B's,  and  B's  is  triple  of  C'Si  acd  the  sum  of  afl 
tlieir  ages  is  140;  what  is  the  age  of  each  ? 

Ans.  A's  =84,  B's  =42,  and  C's  =14. 

(27)  Two  persons,  A  and  B,  lay  out  equal  sums  of  money  in  trade ;  A 
gains  $630,  and  B  loses  $435,  and  A's  money  is  now  double  of  B's ;  what  did 
each  lay  out  ? 

Ans.  $1500. 

(28)  A  person  bought  a  chaise,  horse,  and  harness,  for  $450;, the  horse 
came  to  twice  the  price  of  the  harness,  and  the  chaise  to  twice  the  price  of 
tkiG  horse  and  harness ;  what  did  he  give  for  each  ? 

Ans.  $100  for  the  horse,  $50  for  the  harness,  and  $300  for  the  chaise. 

(29)  Two  persons,  A  and  B,  have  both  &e  same  income :  A  saves  |  of  his 
yearly,  but  B,  by  spending  $250  per  annum  more  than  A,  at  the  end  of  4 
years  finds  himself  $500  in  debt ;  what  is  their  income? 

Ans.  $625. 

(30)  A  person  has  two  horses,  and  a  saddle  worth  $250 ;  now,  if  the  sad- 
dle be  put  on  the  back  of  the  first  horse,  it  will  make  his  value  double  that  of 
the  second ;  but  if  it  be  put  on  the  back  of  the  second,  it  will  make  his  valu* 
triple  that  of  the  first;  what  is  the  value  of  each  horse  ? 

Ans.  One  $150,  and  the  other  $200. 

(31)  To  divide  the  number  36  into  three  such  parts  that }  of  the  first,  ^  of 
the  second,  and  I  of  the  third  may  be  all  eqaal  to  each  other  7 

Ans.  The  parts  are  8,  12,  and  16. 

(32)  A  footman  agreed  to  serve  his  master  for  q£8  a  year  and  a  livery,  but 
was  turned  away  at  the  end  of  7  months,  and  received  only  «3£2  I3s,  Ad.  and 
his  livery ;  what  was  its  value  ? 

Ans.  ce4  16«. 

(33)  A  person  was  desurons  of  giving  Zd,  a  piece  to  some  beggars,  but  found 
that  he  had  not  money  enough  in  his  pocket  by  8 J. ;  he  therefore  gave  them 
each  2{f.,  and  had  then  3d.  remuning ;  required  the  ntmiber  of  beggars  ? 

Ans.  11. 

(34)  A  person  in  play  lost  |  of  his  money,  and  then  won  35. ;  after  which, 
he  lost  i  of  what  he  then  had,  and  then  won  2s, ;  lastly,  He  lost  |  of  what  he 
then  had ;  and  this  done,  found  he  had  bnt  125.  remaining;  what  had  he  at 
first? 

Ans.  205. 

(35)  To  divide  the  number  90  into  4  such  parts  that  if  the  first  be  increased 
by  2,  the  second  diminished  by  2,  the  third  multiplied  by  2,  and  the  fourth 
divided  by  2,  the  sum,  difference,  product,  and  quotient  shall  be  all  equal  to 
each  other  ? 

Ans.  The  parts  are  18,  22, 10,  and  40  respectively. 

(36)  The  hour  and  minute  hand  of  a  clock  are  exactly  together  at  12  o'clock : 
when  are  they  next  together  ? 

Ans.  1  hour  5^^  minutes. 

(37)  There  is  an  island  73  miles  in  circumference,  and  three  footmen  all 
start  together  to  travel  the  same  way  about  it :  A  goes  5  miles  a  day,  B  8,  and 
C  10;  when  will  they  all  come  together  again  ? 

Ans.  73  days. 
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(38)  How  mach  foreign  bnody  at  Bs.  per  gaOon,  and  domestic  spirits  tt  Sc- 
per  gaOoa,  must  be  mixed  together,  bo  that,  in  setting  the  compound  at  9».  per 
gallon,  the  distiller  may  clear  30  per  cent.  ? 

Ans.  51  gallons  of  brandy,  and  14  of  sptriti. 

(39)  A  man  and  his  wife  usually  drank  out  a  cask  of  beer  in  12  days ;  bat 
when  the  man  was  from  home,  it  lasted  the  woman  30  days ;  ho^r  many  dsri 
would  the  man  alone  be  in  drinking  it  ? 

Ans.  20  days. 

(40)  If  A  and  B  together  can  perform  a  piece  of  work  in  8*  days ;  A  and  C 
together  in  9  days ;  and  B  and  C  in  10  days :  how  many  days  will  it  tui^ 
each  person  to  perform  the  same  work  alone  ? 

Ans.  A  14J^  days,  B  17|f,  and  C  23/p 

(41)  A  book  is  printed  in  such  a  manner  that  each  page  contains  a  certasi 
number  of  tines,  and  each  line  a  certain  number  of  letters.  If  each  page  we.'v 
required  to  contain  3  lines  more,  and  each  line  4  letters  more,  the  number  t»i 
letters  in  a  page  would  be  greater  by  224  than  before ;  but  if  each  page  were 
required  to  contain  2  lines  less,  and  each  line  3  letters  less,  the  number  of  let* 
tors  in  a  page  would  be  less  by  145  than  before.  Required  the  numbo*  d 
lines  in  each  page,  and  the  number  of  letters  in  each  tins. 

Ana.  29  lines,  32  letters. 

(42)  Hiero,  king  of  Syracuse,  had  given  a  goldsmith  10  pouLdd  of  gold  widi 
which  to  make  a  crown.  The  work  being  done,  the  crown  was  fouod  m 
weigh  10  pounds ;  but  the  king,  suspecting  that  the  workman  had  aUojed  h 
with  silver,  consulted  Archimedes.  The  latter,  knowing  that  gold  loses  b 
water  52  thousandths  of  its  weight,  and  silver  99  ^ousandths,  ascertained  ths 
weight  of  the  crown,  plunged  in  water,  to  be  9  pounds  6  ounces.  This  dis- 
covered ^e  fraud.    Required  the  quantity  of  each  metal  in  the  crown. 

Ans.  7  pounds  12J^  ounces  of  gold,  2  pounds  3J4  ounces  of  silver. 

(43)  To  divide  a  number  a  into  two  parts  which  shall  have  to  each  other 
the  ratio  of  m  ton. 

ma       na 

Ans.  — ; — ,  — - — , 
m-f-n  fa-|-s 

(44)  To  divide  a  number  a  into  three  parts  which  shall  be  to  each  odier 

BBminip. 

ma             na             pa 
Ans. — 


'  m+n+jp*  wi+n+i^'  m-\'n'\-p' 

(45)  A  banker  has  two  kinds  of  change ;  there  must  be  a  pieces  of  the  first 
to  make  a  crown,  and  h  pieces  of  the  second  to  make  the  same :  now  a  per- 
son wishes  to  have  c  pieces  for  a  crown.  How  many  pieces  of  each  kind  must 
the  banker  give  him  ? 

a(5— c)  &((r— a) 

Ans.  -r of  the  first  kind,  -r •  of  the  second. 

6— a  b — a 

(46)  An  innkeeper  makes  this  bargain  with  a  sportsman :  every  day  that 
the  letter  brings  a  certain  quantity  of  game  he  is  to  receive  a  simi  a,  but  eveiy 
day  that  he  fails  to  bring  it  he  is  to  pay  a  sum  6.  After  a  number  n  of 
days  it  may  happen  that  neither  owes  the  other,  or  that  the  first  owes  th«« 
second,  or  that  tho  second  owes  the  first  a  sum  c.    Required  a  fornxjla  which 
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an  all  express  in  aU  three  oases  the  number  of  days  that  the  sportaman  brought 
tlie  game. 

.  hn±c 

'       AUS.  Z=s r-r- 

In  the  first  case  c=0,  in  the  second  case  we  must  take  the  positive  sign,  in 
the  third  case  the  negative  sign. 

(47)  If  one  of  two  numbers  be  multiplied  by  m,  and  the  other  by  n,  the  sum 
of  the  products'  is  jp ;  butjf  the  first  be  multiplied  by  m\  and  the  second*  by  n\ 
the  sum  of  the  products  iap\    Eequired  the  two  numbers. 

Ans.  ; 7-,  ; —. 

(48)  An  ingot  of  metal  which  weighs  n  pounds  loses  ^  pounds  when  weigh 
ed  in  water.    This  ingot  is  itself  composed  of  two  other  metals,  which  we 
may  call  M  and  M' ;  now  n  pounds  of  M  loses  q  pounds  when  weighed  in 
water,  and  n  pounds  of  M'  loses  r  pounds  when  weighed  in  water.    How 
much  of  each  metal  does  the  original  ingot  contain  ? 

Ans.  ^^JJ7^^  pounds  of  M,  ^^p?!  pounds  of  M'. 

BEMARKS  UPON  EaUATIONS  OF  THE  FIRST  DEGREE. 
152.  Algebraic  formulae  can  offer  no  distinct  ideas  to  the  mind  unless  they 
represent  a  succession  of  numerical  operations  which  can  be  actually  perform- 
ed. Thus,  the  quantity  &— a,  when  considered  by  itself  alone,  can  only  sig- 
nify an  absurdity  when  a>&.  It  will  be  proper  for  us,  therefore,  to  review 
the  preceding  calculations,  since  they  sometimes  present  this  difficulty. 

Every  equation  of  the  first  degree  may  be  reduced  to  one  which  has  aU  ita 
signs  positive,  such  as 

ax+6=cx+i (!)• 

Subtracting  cx-\-h  from  each  member,  we  then  have 

ax — cx'=zd — 6. 
Whence 

^=511^ (2)  # 

This  being  premised,  three  difiTerent  cases  present  themselves ; 

1°.  <i>6  and  a^c* 

2°.  One  of  these  conditions  only  may  hold  good. 

3^  6><£  andc>fl. 

In  the  first  case  the  value  of  a:  in  equation  (2)  resolves  the  problem  withom 
giving  rise  to  any  embarrassment ;  in  the  second  and  third  cases  it  does  not,  at 
first,  appear  what  signification  we  ought  to  attach  to  the  value  6f  x ;  and  it  is 
this  that  we  propose  to  examine. 

In  the  second  case  one  of  the  subtractions,  d-^h,  a-^c,  is  impossible ;  for 
example,  let  5>e2  and  a>c;  it  is  manifest  that  the  proposed  equation  (1)  is 
absurd,  since  the  two  terms  or  and  h  of  the  first  member  are  respectively 
greater  than  the  two  terms  ex  and  d  of  the  second.  Hence,  wten  we  en- 
counter a  difficulty  of  this  nature,  we  may  be  assured  that  the  propped  prob- 

*  We  can  always  change  the  negative  terms  of  an  eqaation  into  positive  ones  by  trans' 
poiing  them  from  die  member  in  which  they  are  found  to  tbe  other  member. ' 
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lem  If  absurd,  since  the  eqaation  is  merely  a  fiuthfdl  expresskNi  oC  its  c«b&* 
tioYis  in  algebraic  language. 

In  the  third  case  we  suppose  b^d  and  c>a ;  here  both  sabtractioos  cs 
impossible ;  but  let  us  observe  that,  in  order  to  scire  equation  (1),  -we  8Ilbcz1c^ 
ed  fronADach  member  the  quantity  cx-|-&«  an  operation  mantfes^y  imposBiie. 
since  each  member  <cr-|-&.  This  calculation  being  erroaeons,  let  iMsak 
tract  aX'\'d  from  each  member ;  we  then  hare 

h — d=cx — ax. 

Whence 

h^d 
xz= (3) 

This  value  of  x,  when  compared  with  equation  (2),  diflers  firooi  it  in  tbs 
only,  that  the  signs  of  both  terms  of  the  fraction  have  been  changed,  and  tk 
solution  is  no  longer  obscure.  We  perceive  that,  when  we  meet  with  ths 
third  case,  it  pointi  out  to  us  that,  instead  of  transposing  all  the  terfna  inroii- 
ing  the  unknown  quantity  to  the  first  member  of  the  equation,  "we  ou^  tt 
place  them  in  the  second ;  and  that  it  is  unnecessary,  in  order  to  correct  tki 
error,  to  reeommence  the  calculation ;  it  is  sufficient  to  change  the  signs  ot 
both  numerator  and  denominator. 

When  the  equation  is  absurd,  as  in  the  second  case,  we  may  nererdides 

make  use  of  the  negative  solution  obtained  in  this  case ;  for  if  yro  snbstitati 

—X  for  -|-^t  the  proposed  equation  becomes 

— ax4-6r= — cx-{'d. 

h^d 
Whence  x = 1 

a  value  equal  to  that  in  (2),  but  positive.  If,  then,  we  modify  the  qoestioD  s 
such  a  manner  as  to  agree  with  this  new  equation,  this  second  prc^leni,  wbid 
win  bear  a  marked  resemblance  to  the  first,  will  no  longer  be  absurd,  sal 
with  the  exception  cf  the  sign,  will  have  the  same  solution. 

Let  us  take,  for  example,  the  following  problem : 

A  father,  aged  42  years,  has  a  son  aged  12 ;  tn  hou)  many  ytan  will  the  a§t 
of  the  son  be  one  fourth  of  that  of  the  father? 

Let  x=:  the  number  of  years  required. 

Then  — J--=:12+x; 

.^  x=s— 2. 
Thus  the  problem  is  absurd.    But  if  we  substitute  — x  for  -4-x,  the  eqot- 
tion  becomes 

42— X 


-=12— X 


4 

and  the  conditions  corresponding  to  this  equation  change  the  problem  to  tfaa 
following : 

A  father,  aged  42  years,  has  a  son  aged  12 ;  hoto  many  years  have  ek^pftd 
since  the  age  of  the  son  teas  one  fourth  of  that  of  the  father  /• 

Here  x=:2. 

*  Ai  a  problem  is  tnoalated  into  algebraic  language  by  means  of  an  equatian,  io  n 
equation  mav  be  translated  badi  into  a  problem,  provided  the  general  nalan  of  tbe  fraU^-. 
be  known. 
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Take  another  example. 

What  number  of  dollars  is  that,  the  sam  of  the  third  and  fifth  partB  of  which* 
diminished  by  7,  is  equal  to  the  original  nmnber? 

Here  -+-— 7=:x. 

Whence  2:=-— 15. 

The  problem  is  absurd  •  but,  substituting  —x  for  +^1 


X  fx 
or 

3'^6 


-3-5-^=-' • 


x     X 


which  gives 

1=15; 
and  the  problem  should  read,  What  number  of  dollars  is  lihat,  the  thhrd  and  fHtli 
parts  of  which,  when  Mcreased  ly  7,  give  the  original  number  ? 

153.  With  regard  to  the  interpretation  of  negative  results  in  the  solution 
of  problems,  then,  we  may,  from  what  is  seen  above,  establish  the  following 
general  principle : 

WTien  we  find  a  negative  value  for  the  unknown  quantity  in  problems  of  the 
first  degree,  it  points  out  an  absurdity  in  the  conditions  of  the  problem  prxH 
posed;  provided  the  equation  be  afaiOiful  representation  of  the  problem,  and 
ofihd  true  meaning  of  all  the  conditions. 

The  value  so  obtained^  neglecting  its  sign,  may  be  considered  as  the  answer 
to  a  problem  which  differs  from  the  one  proposed  in  (his  only,  that  certain  quan' 
tities  which  were  additive  in  (he  first  have  become  subtractive  in  (he  second,  and 
reciprocally, 

154.  The  equation  (2)  presents  still  two  varieties.    If  asc,  we  have 

d^b 

m  this  case  the  original  equation  becomes 

0x4-6=:  ax+J, 
whence  b^sd ;  if,  therefore,  b  be  not  equal  to  d,  the  problem  would  seem  ab- 
surd.* 

But  the  expression     ^    ,  or,  in  general,  ~,  where  mmay  be  any  quantity, 

tn 
repi^sents  a  number  infinitely  great    For,  if  we  take  a  fraction  — ,  the  small- 
er we  make  n,  the  greater  will  the  number  represented  by  —  beccme;  thus, 
for  n=:^  Yoo'  Tooo*  ^^  results  are  2, 100, 1000  times  m.    The  limit  is  tM- 
finity,  wluch  corresponds  to  n^O.    Or,  we  may  say,  to  prove  -r-  infinite,  that 

*  The  absurdity  is  removed  by  coniidering  that  finite  qoantitiei  have  so  e£Pect  when 
added  to  infinite  ones ;  tiiat,  in  compeiifon  with  infinities,  finite  qnantities  are  oU  equal  to 
«ne  another,  and  all  equal  to  sero 
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a  finite  quantity  oTidently  contains  an  infixute  nunber  of  seros.     The  sytatu 
for  the  value  of  z  in  this  case  is 


By  clearing  the  eipression  -r-ssao  of  fractions,  we  have  fnssOx^t  &o^ 

which  it  appears  that  the  product  of  zero  by  infinity  is  finite.     So,  also,  — =:'. 
or  the  quotient  of  a  finite  quantity  by  infinitgr,  is  zero. 
155.  If,  in  equation  (2),  a=sc,  and  hs=d,  we  have 

0 

in  this  case  the  original  equafion  becomes 

ax+bssax+b. 

Here  the  two  members  of  the  equation  are  equal,  whatever  may  be  the  filoe 

of  X,  which  IB  altogether  arbitrary,  and  may  have  any  value  at  pleasure.    W« 

perceive,  then,  that  a  problem  is  indeterminate,  and  ^  suscepUbU  ofani»- 

finite  number  of  solutions,  when  the  value  of  the  unkmnim  quaniit%f  appetst 

0 
under  (he  form  t. 

0 
It  is,  however,  highly  important  to  observe,  that  the  expreasion  g  does  oot 

always  indicate  that  the  problem  is  indeterminate,  but  merely  the  existence  d 
a  factor  common  to  both  terms  of  the  fraction,  which  factor  becomes  0  under 
a  particular  hypothesis. 
Suppose,  for  example,  that  the  solution  of  a  problem  is  exhibited  under  thi 

0 
If,  in  this  formula,  we  make  a^&,  then  '^g- 

•  Hill  infinite  valne  of  expresiions  like  --  may  be  sometiiiiei  positive,  i 
tive,  and  lometiniei  indifferently  posittre  or  negative. 

lo.  Let  tbera  be  the  ibrmala  x=-, r-.  in  which  m  and  n  are  two  inTaziaUe 

which  we  nippose  positive,  and  different  from  sero,  while  z  can  have  all  poaaible  Tahes 
Making  xz=%  we  have  2=^-  Bat  as  the  denominator,  [n — z)^,  is  always  jmsitiTe,  wfais- 
ever  z  may  be,  the  infinity  hero  should  be  regarded  aa  designating  the  positive  infinitr. 

2°.  By  analogoos  reasoning,  we  see  that  if  we  have  the  formula  x=-, r-  and  x=:a,  ve 

sboold  have  Uie  negative  infiziit>-  r=— od  . 

3^.  Let  there  be  the  fimnula  «=^^^-    The  hyi)othe8is  2=»  gives  still  '=—1  b«ft  hen; 


the  infinity  will  have  an  amhignoas  sign.  Bappose,  at  first,  ;r<fi,  and  caose  %  to  ineresML 
the  Ibrmala  will  give  increasing  valaes,4vhich  will  be  all  positive.  On  the  oootraiy,  takin. 
«>«,  then  diminishing  sr  till  it  becomes  equal  to  n,  the  fimnola  gives  increasing^  vmhiefr 
which  are  negative.  Therefore,  the  hypothesis  sr=fi  ought  to  be  considered  as  ranaing  the 
formula  to  take  two  infinite  values,  the  one  positive  and  the  other  negative.  This  is  indi 
cated  by  writing  c=:4:*  •  The  »  is  he;w  the  transition  value  between  -f-  vA — w  Zeic 
is  also  a  transition  value  between  -f-  and  —,  For,  let  x=n—z :  if  £<«,  and  z  increase  til 
s>a,  the  value  of  « in  dianging  from  +  to  —  passes  tfaroogh  0.  Unantities  in  changisg 
sign  most  always  pass  through  0  or  «o . '  They  may,  however,  pass  tiuoogfa  0  or  •  witb> 

out  ehanging  sign,  as  in  »=(i»— «)«,  and     ^    . 
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But  we  must  resark,  tfaat  a' — 6*  may  be  put  under  the  form  {a^b) 
(€fl'\-ah'\'b^)j  and  that  a'^i*  is  equivalent  to  (a— &)  (a-|-&) ;  hence  the 
above  value  of  :i:  will  be 

(g— fe)(a«+a5+6») 

^=      (a^b)(a+b)     • 
Now  if,  before  making  the  hypothesis  a =5,  we  suppress  the  commcn  fac- 
tor a— b,  the  value  of  x  becomes 

^-      a+6      ' 
■n  expression  wh*chf  under  the  hypothesis  that  assb,  is  reduced  to 

3a*_J3a 

Take,  as  a  second  sample,  the  expressid^ 

a«— &«     (fl+&)(g— fe) 

*-(a-i)»-(a-6)(a-6)' 

0 
making  a=:&,  theValue  of  x  becomes  ^=^1  in  consequence  of  the  existence 

of  the  common  factor  a^h;  but  if,  in  the  first  instance,  we  suppress  the  com- 
mon factor  a — &,  the  valuo  of  x  becomes 

a+b 

an  expression  which,  under  Vhe  hypothesis  that  a=&^  is  reduced  to 

2a 

From  this  it  appean  that  ike  symbol  -  in  algebra  sometimes  indicates  the 

existence  of  a  factor  common  to  the  two  terms  of  the  fraction  which  is  reduced  to 
thai  form*  Hence,  before  we  can  pronounce  with  certainty  upon  the  true 
value  of  such  a  fraction,  we  must  ascertain  whether  its  terms  involve  a  com- 
mon factor-  If  none  such  be  found  to  exist,  then  we  conclude  that  the  equa- 
tion in  question  is  really  indeterminate.  If  a  common  factor  be  found  to  evst, 
we  must  suppress  it,  and  then  make  anew  the  particular  hypothesis.  This 
win  now  give  us  the  true  vahie  of  the  fraction,  which  may  present  itself  under 

^1.     V        r  A  A  0 

ttno  of  the  three  forms  g,  ^,  t. 

In  the  first  case,  the  equation  is  determinate ;  in  the  second,  it  is  impossible 
ta  finite  numbers ;  in  tHe  third,  it  is  indeterminate. 

There  are  other  fcrms  of  mdetermmation  besides  ~ ;  for,  whatever  be  the 

valaes  of  P  anil  Q,  we  have 

1_ 

P 
p 

The  first  of  these  equivalents  of  ^,  where  P  and  Q  both  equal  mro,  be- 

00 

otnei  0  X  c&t  and  the  second  becomes  — ,  which  syvibols  must,  there&re,  be 

0 

sonaidered  as  having  tiie  same  naeamng  with  r. 

M 
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OISCU8SI0A    or  F0BMULA8  FUBNISBED  BT  TB£  GENERAli  EqUATlONS    OF  TBI 
FIRST   DEaB£E,  WITH   TWO   OB  MOBE   DNKHOWIT    qUAlV^TITIES. 

When  the  common  denominator  of  the  general  values  of  the  unkncnrn  qoe 
titles  reduces  to  zero,  it  is  not  readily  seen  how  the  given  equatioiia  are  w  be 
verified.    We  shall  examine  here  the  particular  cases  of  this  kind  which  ejj 
occur. 
Resume  the  two  equations, 

ax+byz=k  [1] 

a'x+6'y=it'  [2] 

from  which  we  derive  the  formulas 

kb'^bk'         ak'-^ka* 

First  particular  Case. — SuppdBe  the  denominators  to  be  zero  and  the  m 

merators  not ;  then  we  have 

T.     T  .     ^         kb'—bk'         ak'-^ka' 
ab'-^ba'^O.x^ ,  y=  .    ^   .   .     . 

The  values  off  and  y  are  then  infinite ;  that  is  to  say,  in  order  to  satisfy  & 

two  given  equations,  they  must  surpass  every  assignable  magnitude. 

ab' 
From  the  equality  oi'— 6a'=r0,  we  derive  a'=-r-,  and,  conseqnently,  tb 

equation  [2],  by  putting  in  it  this  value,  becomes 

ab' 

-j-x+b'yzrzk',  .-.  b'(ax+by)=:bk\ 

The  first  member  is  the  first  member  of  [1]  multiplied  by  b' ;  the  same  re- 
lation must  subsist  between  the  second  members,  in  order  that  the  Talae  of  i 
and  y  may  verify  at  the  same  time  equations  [1]  and  [2].  Hence  hk'=^ib\ 
or,  kb' — bk^s=0;  t.  «.,  the  numerator  of  x  would  be  equal  to  zero,  which  ii 
contrary  to  hypothesis.* 

In  this  way  the  impossibility  of  finding  values  of  x  and  y,  which  satisfy  it 
the  same  time  the  two  given  equations,  is  made  apparent ;  but  this  impossi- 
bility is  btill  better  characterized  by  the  infinite  values,  which,  at  the  same  Ome 
that  they  indicate  the  impossibility,  show  besides  that  it  arises  from  the  fact 
that  the  values  of  the  unknown  quantities  are  too  great  to  be  assigned. 

If  we  suppose  ab'^^ba'  to  be  at  first  a  very  small  quantity,  the  vahies  of  z 
and  y  will  be  very  great,  but  they  will  always  satisfy  the  equations  until  thB 
instant  ab' — &a'  reduces  to  zero,  when,  if  we  can  not  effect  in  a  direct  manner 
the  verification  of  the  equations,  it  is  solely  because  x  and  y  then  surpass  iR 
assignable  raagnitude.f 

Second  particular  C<ise. — Suppose  the  denominator  to  be  zero  at  the  same 
time  as  one  of  the  numerators;  for  example,  that  we  have 
a6'— 5a'=0,  kb'^bk'=:0. 

I  maintain  that  the  other  numerator  will  be  aJao  equal  to  zero;  for  the 
two  equalitSes  above  give 

*  The  note  to  art  154  explaioa  this  anomaly.  The  finite  quantitiea  ki^  and  bi^  are  eqoil 
when  compared  with  infinity. 

t  Considered  in  relation  to  tiie  qaestioo,  the  conditions  of  which  are  expressed  by  tfaa 
problem,  infinite  valaes  may  he  aometimea  a  tnxe  solation  of  the  qaeation.  The  appfica 
tion  of  algebra  to  geometry  famishes  nameroos  examples  of  this  kind ;  among  others  may 
be  cited  that  where  aji  angle  is  unknown,  and  we  find  ibr  its  tangent  an  infinite  value.  It 
if  clear,  then,  that  thi)  angle  mast  be  right 
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ah'   ,       Jch' 

and,  consequently,  the  other  numerator  becomes 

,,     ,   ,     akb'     akb' 
ak'—ka'sz—T ft~=0 

If  at  first  we  had  supposed  this  numerator  equal  to  zero,  we  could  have 
proved  in  a  similar  manner  that  of  a:  to  be  so  also. 
The  present  hypothesis  then  gives 

0         0 

Of  themselves  these  symbols  indicate  indetermination ;  I  shall  prove,  by  goin^ 
back  to  the  equations,  that  they  ought,  in  fact,  to  be  indeterminate. 

For  t-his  purpose,  substitute  in  equation  [2]  the  values  of  a'  and  k*^  found 
sbove,  and  it  becomes 

ah'  Jcb'       5'  1/ 

Thus  we  see  that  it  can  be  formed  by  multiplying  the  two  members  of  eqna- 
tion  [1]  by  T-;  then  all  values  of  x  and  y  which  satisfy  one  of  the  two  eqtations 

will  also  satisfy  the  other.  But  if  we  give  to  x  values  at  pleasure  in  equation  [1], 
we  can,  by  resolving  it  afterward,  find  corresponding  values  of  y ;  and  as  these 
same  values  satisfy  the  second  equation,  we  conclude  that  the  proposed  equa 
tioDs  admit  an  infinite  number  of  solutions. 

Let  it,  however,  be  observed,  that  the  indetermination  in  this  case  does  not 
permit  us  to  take  whatever  value  of  y,  and,  at  the  same  time,  of  x,  we  please, 
because  the  above  explication  shows  that,  when  one  of  these  unknown  quan- 
tities is  assumed,  the  value  of  the  other  is  determined. 

The  case  before  us  comprehends  that  in  which  A;=0,  A;'s=0,  a6'— &a's=0, 

0 
because  then  x  and  y  become  -.     If  we  return  to  the  equations  proposed,  they 

reduce  to  these, 

ax-|-&y=0,  a'x+i'y=:0. 

They  give  respectively 

a  a' 

y=-jr,y=-5;x. 

a    a' 
Bnt  upon  the  hypothesis  of  a&'— &a'=0,  we  derive  T=p ;  &en  the  two 

values  of  y  are  equal,  whatever  be  that  of  x,  and  there  is  veritable  indeter- 
mination. 

Yet  it  is  to  be  observed,  that,  if  we  take  the  j^lation  of  y  to  x,  tlus  relation 
is  determinate,  because  we  have 

y_    a       ^' %* 

a     a! 
If  the  condition  t=:t7  had  not  existed,  the  two  values  of  y  above  could  not 

have  been  equal,  except  we  suppose  x=0 ;  y  would  have  been  then  zero,  and 
the  relation  of  x  and  y  no  longer  determinate,  but  indeterminate. 

A  similar  discussion  to  the  above  might  be  given  to  a  system  of  three  or  more 
equations,  with  as  many  unknown  quantities.  It  would,  however,  be  more 
difficult  to  investigate  the  cases  of  impossibility  and  mdeterminaticm,  uftl  it  it 
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Bot  worth  while  to  delay  upon  them.  We  shall  content  ooTBelTes  witiii  tetts3| 
down  here  some  observations  intended  to  caution  the  student  ngamX  certu 
hasty  conclusions  to  which  he  might  naturafly  be  led. 

We  have  seen,  in  the  case  of  two  equations  with  two  unknown  qnantisiai 
^t  X  and  y  become  infinite  and  indeterminate  simultaneously. 

The  first  error  which  mi^t  be  committed  would  be  that  of  ouppoaing  fha 
analogy  that,  in  the  case  of  aoTeral  equations,  the  anknown  quaoatitMa  wcub 
all  become  infinite  or  indeterminate  together.  Suppose,  for  exaaiple,  i^m» 
am  under  consideration  the  three  equations 

flx  +6y  •{'Cz  =sfc^ 
a'x  +6'y  +c'2  ^kf. 

The  common  denominator  of  the  Taluea  of  x,  y,  z,  is 
and  it  may  be  written  in  three  ways : 

RB=6(c'a"—a'c")+6'(ac^— ««")+*"(«»'— «0» 
Rs=c(a'i"— 6'a")+c'(6a"— ai")+c"(a*'— '  -^ 
Place 

From  these  equations  we  deduce  h&^eh'y  and,  coosequentij,  R  beeonei 
sero.  Then  the  numerator  of  x,  which  is  formed  from  R  by  ekuta^oig  a,  ^. 
a"  into  kf  k^  A:",  becomes  zero  also.  But  as  the  numerator  of  y  is  fimned  fc; 
placing  A:,  A;',  A:''  in  R  instead  of  &,  &',  ('',  there  is  no  reason  why  tfaia  nnmerttr 
should  become  sero,  unless  we  make  some  new  hypothesis.    The  eame  mff 

be  said  of  that  of  z.    Thus  the  value  of  x  can  take  the  indeterminate  &na  -. 

9 

where  the  values  of  y  and  z  are  infinite. 

But  with  regard  to  this  indeterminate  form,  another  error  still  is  to  bs 

avoided*  because  it  may  be  that  the  indetermination  is  only  appeient  (see 

Art.  155).    In  order  to  judge  better  of  it,  we  shall  have  reganl  only  to  d» 

single  relation 

Substituting  tlus  vahie  of  &*  in  the  general  value  of  x,  it  wiD  be  seen  thtf 
kef — cV  becones  a  common  factor  of  both  numerator  and  denominator.  But 
by  hypothesis  this  factor  is  sero :  it  is  its  presenee,  then,  which  produces  ^ 
appearance  of  indetermination.  Suppressing  it,  we  have  the  true  value  of  z^ 
which  appears  no  longer  indetenmnate,  unless  some  new  hypothesis  be  joinsd 
to  those  already  made.* 

*  An  importaat  obseiration  shtmld  be  made  before  qoittiiig  the  siibieGt  of  indeterah 
aitifti  ^ 

When  the  two  terms  of  a  fi-action  decrease  so  as  to  become  lest  than  aaj  asaigBaZjie 
^antity,  if  the  snppositioiis  which  cause  one  of  tfaem  to  decrease  indefinitely  are  eotzivfy 
mdependent  of  those  which  canse  the  other  to  do  so,  the  vafaies  of  these  tenns  mvr  \m 
taken  as  near  seio  as  we  plesae,  and  snoh  that  their  reUtion,  which  is  the  rahie  ci  (te 

fraction,  maybe  eqaal  to  anyqoantity  whatever ;  conseqaeBtly,  the  symbol  ->,  at  wUsh  w 

arrive  when  the  two  terms  shall  have  attained  the  limit  of  dietr  decrease,  will  exprea 
oomplete  indetermination.  But  it  may  happen  that  the  two  tenns  of  the  finactaon  se  <m 
Motedl^ether  is  sooh  a  way.  that  to  a  verv  small  valoe  of  one  there  eonespoBda  ahr&m 
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i56.  We  shall  conclude  this  discusnon  with  the  foDowiDg  problem,  which 
will  serve  as  an  illustration  of  the  various  singularities  which  may  present 
themselves  in  the  solution  of  a  simple  equation. 

PROBLEM* 

Two  couriers  set  off  at  the  same  time 

from  two  points,  A  and  B,  in  the  same    — -k-, j g -k — 

straight  line,  and  travel  in  the  same  di- 
rection, A  C.    The  courier  who  sets  out  from  A  travels  m  miles  an  hour,  the 
Qourier  who  sets  out  from  B  travels  n  noules  an  hour;  the  distance  from  A  tp 
B  is  a  miles.    At  what  distance  from  the  points  A  and  B  will  the  couriers  be 
rogetber  ? 

Let  C  be  the  pomt  where  they  are  together,  and  let  x  and  y  denote  the  dis* 
'ances  A  C  and  B  C,  expressed  in  miles. 

We  have  manifestly  for  the  first  equation 

•  X— yrsa (1) 

Since  m  and  n  denote  the  number  of  miles  traveled  by  each  in  an  hour,  that 

IS,  the  respective  velocities  of  the  two  couriers,  it  folk>ws  that  the  time  re- 

X  y 
laired  to  traverse  the  two  spaces,  x  and  y,  njust  be  designated  by  —,  - ;  these 

two  periods,  moreover,  are  equal ;  hence  we  have  for  our  second  equation 

i=? (2) 

The  values  oix  and  y,  derived  from  equations  (1)  and  (2),  are 

am  an 

x= ^  y= . 

m— n  ^     m— n 

i^.  8o  long  as  we  suppose  m>n,  or  m—n  positive,  the  problem  will  be 
solved  without  embarrassment.  For,  in  that  case,  we  suppose  the  courier  who 
starts  from  A  to  travel  faster  than  the  courier  who  starts  from  B ;  he  must, 
therefore,  overtake  him  eventually,  and  a  point  C  can  always  be  found  where 
they  will  be  together. 

2".  Let  us  now  suppose  mK.ny  or  m — n  negative,  the  values  of  x  and  y  are 
both  negative,  and  we  have 

am  0% 

The  solution,  therefore,  in  this  case,  points  out  that  some  absurdity  must  exist 
in  the  conditions  of  the  problem.  In  fact,  if  we  suppose  m<n,  we  suppose 
that  the  courier  who  sets  out  from  A  travels  slower  than  the  courier  who  sett 
out  from  B ;  hence  the  distance  between  them  augments  every  instant,  and  it 
is  impossible  that  the  couriers  can  ever  be  together  if  they  travel  in  the  di* 
roction  A  C.  Let  us  now  substitute  — x  for  +ar,  and  — y  for  +y,  in  equa- 
tions (1)  and  (2) ;  when  modified  in  this  manner,  they  become 

a  very  small  valoe  of  the  other ;  and  that,  when  they  oonveii^  txmaid  zeio,  their  relatioo 
omverget  toward  a  detenninate  Umit;  which  it  does  not  attain  till  the  inoment  that  the 

0 
two  terms  vanish,  and  the  firaction  presents  itself  under  the  form  -.*    A  particolfir  exam* 

pie  of  this  last  case  is  the  vanishing  of  a  common  factor  of  the  nomeratar  and  denominatar 

Th«  same  remark  is  applicable  to  the  symbol  -. 

OD 

•  T>.priDe^WkfU]r«iMnpUa«dintk«dJArrallalede«lw 
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m 
•qaations  which,  when  resolved,  give 


m     n  J 


y= 


^  in  which  the  values  of  x  and  y  are  positive. 

These  values  of  x  and  y  give  the  solution,  not  of  the  propose<I  problea, 
which  is  absurd  under  the  supposition  that  rti'^nt  but  of  the  foDowiog,  wfaks 
m  the  translation  of  (he  changed  equations. 

Two  couriers  set  out  at  the  same  time  from  the  points  A  and  B,  and  trs!fi 
in  the  direction  B  C\  6cc.  (the  rest  as  before) ;  the  values  of  x  and  y  maik  tiv 
distances  A  C,  B  C,  of  the  point  C,  where  the  couriers  are  together,  fro 
the  points  of  departure  A  and  B. 

From  this  problem,  as  well  as  that  of  the  father  and  son  al^ve,  may  be  de- 
duced the  following  rule,  when  the  value  of  the  unknown  quantity  is  found  to 
be  negative : 

Change  the  sign  of  the  unknown  quantity  in  the  first  equation,  or  the  mi 
derived  immediately  from  the  problem ;  this  changed  equation,  translated  inis 
common  language,  will  furnish  the  problem  which  will  give  a  positive  solutim, 

y  the  problem  be  at  first  enunciated  in  a  general  manner,  then  negati^ 
values  of  the  unknown  quantity  may  be  regarded  as  furnishing  a  true  solutiL% 
hut  are  to  be  interpreted  in  a  contrary  sense.  Thus,  if  positive  values  reprt- 
$ent  distance  to  the  right,  negative  will  represent  distance  to  the  left ;  ifpoa- 
tive  express  distance  upward,  negative  distance  downward ;  if  the  former  im- 
dicate  time  future,  the  latter  must  indicate  time  past ;  if  the  one  gain,  the  other 
loss ;  if  the  one  a  rate  of  increase,  the  other  a  rate  of  decrease,  ^.* 
^  3^.  Let  us  next  suppose  mssn ;  the  values  of  x  and  y  in  this  case  becoow 

am        an 


x=QO,  y=oo; 

that  is  to  say,  x  and  y  each  represent  infinity.  In  fact,  if  we  sup^Mise  mmi, 
we  suppose  the  courier  who  sets  out  from  A  to  travel  exactly  at  the  same  rata 
as  the  courier  who  sets  out  from  B  ;  consequently,  the  origioal  distance,  4Z,  bj 
which  they  are  separated  will  always  remain  the  same,  and  if  the  courien 
travel /or  et?er,  they  can  never  be  together,  f 

*  Application!  of  this  use  of  positive  and  neg^ative  qaandties  constantly  occur  in  tngt- 
■ometry  and  analytical  geometry. 

t  Since  m=n,  eqaation  (2)  gives  x:=y,  and  equation  (1),  in  oonseqaence,  a=0.  To  on- 
deratand  this,  we  mast  recur  to  the  principle  stated  in  (Art.  154).  We  may  here  extend  a 
little  the  statement  there  made.  All  zeros  are  equal  when  compared  with  finite  qtiantitiei; 
but  not  when  compared  with  one  another.  Thus,  &r  is  twice  as  great  as  x,  tfaoagh  «  be  0 ; 
but  2x-{-<i=a:-\-a=sap  if  z=0.  In  the  first  of  these  oases  one  aero,  2x,  is  compared  with 
another,  and  then  they  are  not  equal ;  in  the  second,  both  zeros,  2x  and  x,  are  oompared 
with  the  finite  quantity,  a,  and  then  ore  equal. 

Again,  x-{-€K=zx'\-lOa=:iX'\-^=x,  if  x=:ao ;  but  10a  is  ten  times  as  great  as  a,  wlien  on 
connected  with  infinity.  Finite  quantities  are,  therefore,  all  equal  to  one  another,  and  aO 
equa.  to  zero  when  compared  with  infinite  ones,  but  not  when  simply  compared  witivooe 
anotiier.    It  is  rare  tha«  algebra  can  be  employed  to  demonstrate  moral  or  rcIi£noii«  t^utb- 
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4<'.  Let  U8  gappose  m'ss^n^  and  also  a=0 ;  the  values  of  or  aod  y  in  this  caae 
hecome 

that  is  to  say,  the  problem  is  indeterminate,  and  admits  of  an  infinite  number 
of  solutions.  In  fact,  if  we  suppose  a:=0,  we  suppose  that  the  couriers  start 
from  the  same  point,  and  if  we  at  the  same  time  suppose  mzszn,  or  that  they 
ta^vel  equally  fast,  it  is  manifest  that  they  must  always  he  together,  and  coDse< 
quently  every  point  in  the  line  A  C  satisfies  the  conditions  of  the  problem. 

5^  Finally,  if  we  suppose  a=0,  &nd  m  not  =n,  the  values  of  x  and  y  in 
this  case  become 

a:=0,  y=:0. 

In  fact,  if  we  suppose  the  couriers  to  set  out  from  the  same  point,  and 
to  travel  with  different  velocities,  it  is  manifest  that  the  point  of  departure  is 
the  only  point  in  which  they  can  be  together. 

ADDITIONAL   PROBLEMS. 

(1)  The  rent  of  an  estate  is  greater  than  it  was  last  year  by  8  per  cent  ot 
the  rent  of  that  ye^r ;  this  year's  rent  is  1890.    What  was  last  year's  ? 

Ans.  1750. 

(2)  A  company  of  90  persons  consists  of  men,  women,  and  children ;  thf» 
men  are  4  in  number  more  than  the  women,  and  the  children  10  more  than 
the  men  and  women  together.     How  many  of  each  ? 

Ans.  22  men,  18  women,  and  50  children. 

(3)  From  the  first  of  two  mortars  in  a  battery  36  shells  are  thrown  before 
the  second  is  ready  for  firing.  Shells  are  then  thrown  from  both  in  the  pro- 
portion of  8  from  the  first  to  7  of  the  second,  the  second  mortar  requiring  a» 
mnch  powder  for  3  charges  as  the  first  does  for  4.  It  is  required  to  deter- 
mine after  how  many  discharges  of  the  second  mortar  the  quantity  of  powder 
consumed  by  it  is  equal  to  the  quantity  consumed  by  the  first. 

Ans.  189  discharges  of  the  second  mortar. 

(4)  The  fore  wheels  of  a  carriage  are  5|  feet  and  the  hind  wheels  7|  feet 
in  circumference ;  the  difference  of  the  number  of  revolutions  of  the  wheels 
is  2000.     What  is  the  length  of  the  journey  ? 

Ans.  39900  feet,  or  7}{  miles. 

(5)  Three  brothers.  A,  B,  and  C,  buy  a  house  for  dCSOOO ;  C  can  pay  the 
whole  price  if  B  give  him  half  his  money ;  B  can  pay  the  whole  price  if  A 
give  him  one  third  of  his  money ;  A  can  pay  the  whole  price  if  C  give  him 
one  fourth  of  his  money.    How  much  has  each  ? 

Ans.  A  061680,  B  ,£1440,  C  c£l280. 

(6)  The  passengers  of  a  ship  were  |  Germans,  ^  French,  j-  English,  I 

bat  tbe  objection  to  the  doctrine  of  the  special  and  immediate  saperintendence  of  Provi. 
dence  in  the  afTairs  of  men,  that  it  implies  an  incredible  degree  of  condescension  in  an  in- 
finite being,  finds  in  the  principle  above  stated  a  satisfactory  refutation.  As  compared 
with  infinity,  the  smallest  portion  of  matter  is  eqaal  to  tbe  greatest,  and  it  is  therefore  do 
more  an  act  of  condescension  on  the  part  of  God  to  charge  himself  with  the  care  of  an  in* 
dividual  than  of  a  nation— with  the  revolutions  of  a  satellite  than  with  the  movements  of 
a  system 
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Dmeh,  and  the  residue,  amouiiting  to  31,  Americant.     Haw  many  irm 

there  in  the  whole  ? 

Am.m 

(7)  Suppose  the  aoond  of  a  befl  to  be  heard  at  the  distance  of  1142  feet  i 
a  second  in  a  stiU  atmosphere,  and  that  a  wind  is  blowing  sufficient  to  on- 
sion  a  delay  of  .|  in  time.  In  how  many  seconds  will  the  sound  reach  &&• 
tmnce  of  6000  feet  ? 

Ant.  6.304. 

(8)  Qnicksilver  expands,  for  each  degree  of  the  centigrade  thennometei, 
^\y  of  its  ▼olome.  According  to  this,  how  high  would  the  barometer  s;b^ 
when  the  temperature  is  0°,  if,  when  the  temperature  is  21°,  it  studs  m 
height  of  27  inches  8^  lines  ? 

Ans.  27  in.  7^Vf  ^^ 

(9)  What  degree  of  heat  in  a  centigrade  thermometer  would  be  jv^mi 
to  cause  the  barometer  to  rise  to  26  inches  8  lines,  if  0°  raised  it  to  26  Jncbs 
4  1uies? 

Ans.  70fr 

(10)  A  piece  of  silver,  the  specific  gravity  of  which  is  10|>  weighs  84  (x. 

How  much  weight  win  it  lose  in  water  ? 

Aiis.6oE> 

(11)  In  a  mass  of  zinc  and  copper,  weighing  100  pounds,  8  parts  are  of  tfas 
former  and  3  of  the  latter.    How  much  zino  must  be  added,  that  the  propo^ 

tions  may  be  as  14:5 ? 

Ans.3j{. 

(12)  At  the  extremities  of  two  arms  of  a  balanced  lever,  whose  lengths  an 
16  and  21  feet,  two  weights  are  suspended,  which  together  amount  to  65| 
pounds.     How  much  is  suspended  at  each  arm  ? 

Ans.  37//j  and  28,V5. 

(13)  The  range  of  temperature  of  a  thermometer  during  the  year  «v 
44fV°.  The  ratio  of  the  degrees  at  which  it  stood  at  the  extreme  poios 
above  and  below  zero  was  7 ;  4.    What  were  the  points  ? 

Ans.  28y^  above,  16^  below. 

(14)  In  4000  pounds  of  gunpowder  there  are  3240  less  of  sulphur  than  fl^ 
charcoal  and  saltpetre,  2760  less  of  charcoal 'than  of  suljlhur  and  aaltpelze. 
How  much  of  each  of  these  ? 

Ans.  Sulphur  380,  charcoal  620,  saltpetre  3000. 

(15)  It  is  required  to  divide  the  number  99  into  five  such  parts  tbst  the  tint 
may  exceed  the  second  by  3,  be  less  than  the  third  by  10,  greater  tban  dn 
fourth  by  9,  and  less  than  the  fifth  by  16. 

Ans.  The  parts  are  17,  14,  27,  8,  m^  33. 

(16)  A  and  B  began  trade  with  equal  stocks.  In  the  first  year  A  tn^ 
his  stock,  and  had  ce27  to  spare ;  B  doubled  his,  and  had  <£153  to  s^ 
Now  the  amount  of  both  their  gains  was  five  times  the  stock  of  either.    wW 

was  that  stock  1 

Ans.i90. 

(17)  WhattwonumbeiBareas2to3;  toeBchofwluch,if4beadde(iitb« 

mms  will  be  as  5  to  7  ?  ,  „, 

Ans.  16  and  24. 

(18)  Four  places  are  situated  in  the  order  of  the  letters  A  6.  C.  D. 
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distance  from  A  to  D  is  34  miles.  The  distance  from  A  to  B  is  to  the  die* 
tance  from  C  to  D  as  2  is  to  3 ;  and  one  fourth  of  the  distance  from  A  to  B« 
added  to  half  the  distance  from  C  to  D,  is  three  times  the  distance  from  B  to 
C.     What  are  the  respective  distances  1 

Ans.  AB=12,  BCs=4,  CD=18. 
^19)  A  field  of  wheat  and  oats,  which  contained  20  acres,  was  put  out  to  a 
laborer  to  reap  for  6  guineas  (of  21s.  each),  the  wheat  at  7  shillings  an  acre 
and  the  oats  at  5  shillings.    The  laborer,  falling  ill,  reaped  only  the  wheat. 
How  much  money  ought  he  to  receive,  according  to  the  bargain  ? 

Ans.  ^4  11«. 

(20)  A  general  having  lost  a  battle,  found  that  he  had  only  half  his  army 
4-3600  men  left,  fit  for  action,  one  eighth  of  his  men  -f-^OO  being  wounded, 
and  the  rest,  which  were  one  fifth  of  the  whole  army,  either  slain,  taken  pris- 
oners, or  missing.    Of  how  many  men  did  his  army  consist  ? 

Ans.  24000. 

(21)  A  shepherd  in  time  of  war  was  plundered  by  a  party  of  soldiers,  who 
took  I  of  his  flock  and  |  of  a  sheep ;  another  party  took  from  hun  |  of  what 
he  had  left,  and  |  of  a  sheep  more ;  then  a  thutl  party  took  ^  of  what  now  re« 
mained,  and  |  a  sheep.  After  which  he  had  but  25  sheep  left.  How  many 
had  he  at  first  ? 

Ans.  103. 

(22)  A  trader  maintained  himself  for  three  years  at  the  expense  of  <£50  a 
year,  and  in  each  of  those  years  augmented  his  stock  by  ^  of  what  remained 
unexpended.  At  the  end  of  3  years  his  original  stock  was  doubled.  What 
was  that  stock  ? 

Ans.  740. 

(23)  There  is  a  certain  number  consisting  of  two  digits,  the  sum  of  these 
digits  is  5,  and  if  9  be  added  to  the  number,  the  digits  are  transposed.  What 
is  the  number  1 

Ans.  23. 

(24)  A  coach  has  4  more  outside  than  inside  passengers.  Seven  outsidea 
could  travel  at  25.  less  expense  than  4  insides.  The  fare  of  the  whole 
amounted  to  d£9  ;  but  at  the  end  of  half  the  journey  the  coach  took  np  3  more 
outside  and  one  more  inside  passenger,  in  consequence  of  which  the  fare  of 
the  whole  became  increased  in  the  proportion  of  19  to  15.  Required  the 
number  of  passengers,  and  the  fare  of  each  kind. 

Ans.  5  inside,  9  outside ;  fares,  18  and  10  shillings. 

(25)  The  hands  of  a  clock  are  together  at  12 :  at  what  times  will  they  be 
together  during  the  next  12  hours  ? 

Ans.  5^  minutes  past  If  lOf f  minutes  past  2,  and  so  on,  in  each  successive 
hour  5y\  later. 

(26)  A  person  sets  out  from  a  certain  place,  and  goes  at  the  rate  of  11  miles 
in  5  hours ;  and  8  hours  after  another  person  sets  out  from  the  same  place* 
ftod  goes  after  him  at  the  rate  of  13  miles  in  3  hours.  How  far  must  the  lat- 
ter travel  to  overtake  the  former  ? 

Ans.  351  mUes. 
(27)  A  reservoir  which  is  full  of  water  may  be  emptied  at  two  cocks.    One 
IS  opened  and  f  of  the  water  runs  out ;  another  is  opened,  and  the  two  run^ 


186  ALGSBEA. 

oiog  together,  empty  the  vessel  in  {  of  on  hour  more  thao  "wns  required  im 
the  first  cock  alone  to  empty  the  fourth  part.  If  the  tvro  cocks  had  Ues 
opened  at  the  commencement,  the  reservoir  would  have  been  emptied  in }  ai 
an  hour  sooner.  How  long  would  it  have  taken  the  first  cock,  running  tlooe. 
to  empty  the  reservoir  ? 

Ans.  ihooii. 

INDETERMINATE  ANALYSIS  OF  THE  FIRST  DEGRBB. 

157.  If  there  be  proposed  for 'solution  one  equation  of  the  first  degree,  no 
taining  two  unknown  quantities,  any  value  at  pleasure  may  be  given  to  one  c-t 
the  unknown  quantities,  and  the  equation  will  make  known  a  correspondic: 
value  for  the  other;  from  which  it  appears  that  the  equation  admits  of  as 
infinite  number  of  solutions.  The  number  of  solutions  wiD,  however,  not  be 
80  unlimited,  if  it  be  required  that  the  values  of  x  and  y  shall  be  whole  ouid- 
bers ;  and  still  less  so,  if  they  must  be  both  entire  and  positive. 

Let  there  be  the  equation  ^ 

ax+hyszc, 
a,  bt  c  being  any  whole  numbers  whatever,  either  positive  or  negative ;  ann  as 
■fl  the  factors  common  to  these  three  numbers  could  be  suppressed,  soppo^ 
this  to  have  been  done. 

And  first,  let  it  be  observed,  that  if  there  should  remain  novr  a  common  he- 
tor  in  a  and  b,  the  equation  could  not  admit  of  a  solution  in  whole  numbers ; 
for  whatever  values  might  be  substituted  for  x  and  y,  the  first  member  would 
be  divisible  by  this  common  factor  of  a  and  6,  while  the  second  member  would 
not,  and  the  equality  would  therefore  be  impossible :  a  ^nd  h  must  therefore 
be  supposed  prime  to  each  other. 

156.  Take,  for  example,  the  equation 

24x+65y=243 (1) 

in  which  the  coefficients  24  and  65  are  prime  to  each  other.  • 

Resolving  it,  with  respect  to  r, 

o43_65y  S—lTy 

24  ^^     24 

In  order  that  x  and  y  may  both  be  whole  numbers,  and,  at  the  same  time, 

3— 17t/ 
satisfy  the  given  equation,  it  is  necessary  that  — -rr-^  should  be  a  whole 

24 

number. 

Representing  this  by  ^  we  have 

3— 17y     . 

and 

a:=rlO— 2y+< (3) 

The  solution  of  the  given  equation  in  whole  numbers  then  reduces  itself  tc 
the  solution  of  tlie  equation  (2). 

We  resolved  the  given  equation  with  respect  to  tlie  unknown  quantity  which 
had  the  least  coefificient ;  doing  the  same  w^ith  (2), 
3— 24«  3—7^ 


y=-T^=-^+- 


17  ^    17 

and  procee  ing  as  before. 


t 
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3— 7i 

-Tr=^' (^) 

y^-t+t^ (5) 

The  solation  of  (2)  in  whole  numbers  depends  on  that  of  (1),  which,  re* 
fiolved  with  resp«*ct  to  ^  gives 

3— 17^  3--3r 

—      7       -~"-      T      J 

3— 3^ 

-^-=^" (6) 

/=— 2<'+r (7) 

C  ontiritti.i»;  in  tho  same  way, 

3— 7r  r 

'—3  3 

r 

-3=*'" (8) 

r=i— 2r— r' (9) 

Equation  (8)  gives 

r'=3r' (10) 

The  solutions  of  the  given  equation  in  whole  numbers  are  therefore  obtained 
by  giving  to  the  indeterminate  quantity  V  all  possible  values  in  whole  num- 
bers, positive  or  negative;  and  for  each  of  these  values  of  ^'",*the  equations 
(10),  (9),  (7),  (5),  and  (3),  determine  successively  the  values  of  the  indeler 
minate  quantities  tf\  t\  U  and  of  the  unknown  quantities  y  and  x.  The  equa- 
tion is  therefore  resolved  in  the  manner  required. 

Formulas  may  be  obtained  which  give  immediately  the  values  of  x  and  y  \u 
terms  of  V".  For,  substituting  he  value  3^"  of  i"  in  (9),  we  find  <'=1— 7r' ; 
substituting  this  value  of  t*  and  that  of  ("  in  (7),  we  find  ^=— 2+17f  *' ;  sub- 
stituting this  last  value  and  that  of  V  in  equation  (5),  we  find  ^s=:3— 24t'",  and 
from  (3),  x=2+66r'. 

These  last  two  expressions  give  all  the  entire  solutions  of  the  proposed 
equations  by  attributing  successively  to  tf"  all  possible  values  in  entire  num- 
bers, positive  or  negative. 

159.  The  same  process  with  the  general  form 

dx-^-hy-i^C' 
would  run  thus, 

c— aar 

y^—r .••<^) 

Dividing  a  by  6,  and  calling  q  the  quotient,  r  the  remainder, 
c — {bq+r)x  .  c-^rx 

y= 1 =-?r+-j-. 

make 

c—rx  c — ht  ,  ^ 

-r=''---'=-r (2) 

Calling  q '  the  quotient  of  b  by  r,  and  r'  the  remainder, 

make 

:—r't  e—rf 

-—^f,.:l^-p-..         .(3) 
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And  calling  g"  the  quotient  of  r  by  r",  and  r"  the  remainder. 


make 


=«" (4) 


r 

and  so  on.  The  process  is  now  erident,  and  it  will  be  perceived  that  the  cr 
efficients  r,  r^,  r"^  which  enter  into  the  equations  (2),  (3),  (4),  are  tlie  sqc- 
cessire  remainders  which  would  be  obtained  in  operating  as  if  to  find  the  okd 
mon  divisor  of  a  and  6.  We  must  at  length  arrive  at  a  remainder  1,  becau^ 
a  and  6  are  supposed  prime  to  each  other. 

For  the  sake  of  being  more  definite,  let  r"  be  supposed  to  be  this  remaindtft 
then  equation  (4)  gives 

V=^^r'V*+c (5) 

By  means  of  equations' (2),  (3),  (4),  and  (5),  the  values  of  y,  x,  t,  and  t  cm 
be  written  as  foDows : 

£'=— rT+c. 

This  s4Ties*of  equations  shows  that  any  entire'  value  being  nasumad  hrC, 
the  resulting  value  of  tf  substituted  in  that  of  t,  the  values  of  t,  t'  in  that  of  i,  asd 
the  values  of  x,  t  in  that  of  y,  the  proposed  equation  is  resolved  in  whole  nnmlMfi. 

160.  The  success  of  the  method  is  founded  on  the  progressive  dimioutioB 
which  division  effects  upon  the  coefficients  of  the  indeterminates ;  there  is  ne 
reason,  however,  why  the  constant  term,  found  in  the  successive  eqnatioiif. 
should  not  also  be  divided.  In  this  way  the  calculation  will  involve  sma!W 
numbers,  an. advantage  which  is  not  to  be  negated. 

For  example,  tal^e  the  equation 

3x— 8y=s43. 

\s  the  multiplier  of  x  is  less  than  that  of  y,  resolve  the  equation  with  reilw- 
ence  to  x, 

*^      3     • 

Dividing  8  by  3,  the  quotient  is  2,  and  the  remiunder  2;  and  dividing  43  or 
3,  the  quotient  is  14,  remainder  1 ;  then 

217+1 

x=:2y+14+-^=2^+14+t 

2y+l=3e 

3«-.l        .  r— 1 

£—1=2/' 

«=2r+i, 

in  which  last  equality  V  may  receive  all  possible  entire  values.     By  meani  of 
this  value  may  be  found 

y=r+f=2r+l+f=3/'+l 

x=2y+14+«=2(3r+l)+14+2r+l=«'+17. 
Givmg  to  V  the  values  0,  1,  2,  3, . . .  we  find 
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y=  1,    4,    7,  10, . . . 
a:=17,  25,  33,  41, . . . 
r  may  also  receive  the  negatave  values 

"■"A,  ^^*,   — ^o,  •  • 

161.  In  the  above  example,  the  valaee  of  y  an  J  x  form  two  arithmetical  pro- 
g;ression8,  the  first  of  which  has  the  common  difference  3,  the  coefficient  of  x 
in  the  proposed  equation ;  and  the  second  the  common  difference  8,  the  co< 
efficient  of  y  taken  with  the  contrary  sign.  This  proposition  may  be  seen  to 
be  general  by  effecting  the  successive  substitutions  in  the  general  solution, 
but  the  following  demonstration  is  preferable. 

It  appears,  from  the  general  investigation  already  made,  that  the  equation 

ax+hy^c (1) 

admits  of  an  infinite  number  of  solutions  in  whole  numbers,  whatever  may  be 
the  signs  ef  a  and  &,  provided  they  are  prime  to  each  other.  Suppose  one  of 
these  solutions  to  be 

ars=A,  y=:B. 
These  values  must  satisfy  the  given  equation  (1),  thus, 

aA+5Br=c. 
Subtracting  this  equality  from  (1),  we  have 

a(a:~A)+5(y-B)=0 

••y=^  H — I — ^• 

The  values  of  x  are  to  be  whole  numbers,  and  such  that  y  shall  also  be  a 
whole  number.  Then  the  product  a(A— z)  must  be  divisible  by  h ;  but  a  is 
prime  with  &,  (A  — :r)  is,  therefore,  a  multiplier  of  h  (see  Art.  84,  Note),  hence 
we  may  write 

K^Xz=:ht; 

i  being  some  whole  number.    From  whence 

x^K^ht,  y=B+a/. 

These  formulas  exhibit  the  law  of  the  values  to  be  obtained  for  x  and  y, 
wlien  diere  are  given  to  t  all  entire  values  successively.  If  <  bo  taken  eqpial 
to  0,  1,  2,  3,  . . ..  there  results 

x=A,  A— ft.  A— 25,  A— 3i,  dec. 
ys=B,  B+a,  B+2a,  B+3a,  to.     - 

In  general,  when  t  increases  by  unity,  y  increases  by  a,  and  x  by  «->6. 
The  sdudons  in  uihoU  numbers^  fAen,  of  the  equation  ax-f-by^c,  are  the  eiir 
retponding  terms  of  two  progressions  by  differences.  In  the  progression  he* 
longing  to  each  of  the  indeterminates,  x  and  y,  the  common  difference  is  equal  to 
the  coefficient  of  the  other  indeterminate.  But  it  is  necessary  to  be  careful  to 
take  one  of  the  coefficients  ^th  the  same  sign  that  it  has  in  the  equation,  and 
Ote  other  with  the  contrary  sign. 

It  is  immaterial  which  of  the  coefficients  is  taken  with  &e  contrary  sign, 
because  in  the  formulas  which  express  x  and  y  the  signs  of  bt  and  — at  may 
be  changed,  since  t  can  receive  all  possible  values,  positive  and  negative. 

162.  In  the  general  equation,  if  c=:0,  so  that 

ar+6y=0, 
•8  one  solution  is  evident  y  x=0,  y=0,  the  general  formulas  become 
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163.  Again,  suppose  c  to  be  a  multiple  of  a  or  b.    Let  c^shd^  then 

ax-\'byz^bd» 
One  solution  is  evidently  x=0,  y=<£ ;  hence  the  general  valaes  ar» 

x=zht,  ysszd-^aL 
Example,  6ar— 7y=21. 

The  evident  solution  is  x^O,  y= — 3,  and  the  general  values 
xs=7^y=— 3+6^ 

164.  We  shall  point  out  two  simplifications  which  may  sometiiDes  be  nUt 
n  the  calculations.    An  example  will  explain  them. 

80x— 17y=39. 
Resolving  it  with  respect  to  y, 

80ar— 39 

y=— 17— • 


If  80  be  divided  by  17,  80=17  X  4+ 12 ;  but  as  the  renaunder,  12,  i 
half  the  divisor,  17,  we  observe  that  we  may  write 

80=17  X  (4+l)+12— 17=17  X  5—6 ; 
that  is,  augmenting  the  quotient  by  unity,  we  have  a  negative  remainder  lea 
than  half  the  divisor,  which  causes  a  more  rapid  reduction  in  the  oumben. 
The  39,  divided  by  17,  leaves  a  remainder  -{-5,  which  it  is  unnecessary  ta 
change.    We  have  then 

(17X5— 5)x— 17X2— 5     ^       ^     6x+5 

y^- ^5x— 2— • — • 
17                                             17 

But  another  simplification  now  presents  itself,  from  the  fiict  that  5  is  a  fictQt 

of  dr-f-S,  and  this  numerator  may  be  written  5(x-|-l)*    In  order  to  reodsi 

5(x-f  1)  divisible  by  17,  it  is  only  necessary  to  take  x-|-li  any  multiple  wfatf 

ever  of  17.    Whence  the  auxiliary  equation 

x+l=17^- 

.«.  x=17«— 1,  y=80<— 7.   . 

EBSOLUTION   OF  THE  EQUATION  OX+lj/^C  IN  NUMBSRS   BOTH    ErVTIUE  An 

POSITIVE. 

165.  We  beg^n  as  if  the  values  of  x  and  y  were  requLc^  to  be  entire  onl^, 
and  thus  derive,  as  before,  expressions  of  the  form 
x=A— 6^  y=B+a^ 

But  now,  instead  of  attributing  to  (  all  possible  values  in  whole  numbers,  we 
choose  only  those  which  will  render  x  and  y  positive.  Hence  there  result  for 
t  certain  limitations  which  are  always  easy  to  determine. 

First,  let  us  consider  the  case  where  a  and  b  have  the  sam^  sign  in  tbe 
equation 

ax+by=c (1) 

Suppose  a  and  b  positive ;  for  if  they  were  both  negative,  they  might  be 
rendered  positive  by  changing  all  the  signs  of  the  equation.  We  must  also 
suppose  c  to  be  positive,  otherwise  the  equation  would  be  impossible  in  posi- 
tive whole  numbers. 

Write  the  general  values  of  x  and  y  under  the  following  form : 

Then  we  perceive  that,  to  render  x  positive,  it  is  necessaiy,  and  is  sufficient, 

A  — B 

to  take  tK^j-^  and  likewise,  in  order  that  y  may  be  positive,  to  take  t> . 
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The  signs  >  and  <  do  not  exclude  equality ;  that  is  to  say,  if  the  first  limit 
were  a  number  n,  we  might  make  ^ssn.  The  coiTesponding  value  of  a;  would 
be  37=0. 

4 

166.  Since  t  must  be  an  entire  number  between  two  limits,  it  follows  that 
the  number  of  solutions  of  the  equation  is  also  limited. 

And  this  is  evident  from  the'  equation  itself;  for  a  and  h  being  positive  if 
wo  substitute  for  x  and  y  positive  numbers,  the  two  terms  ax-^-by  will  be  al- 
w^ays  positive;  and  as  their  sum  has  to  remain  constantly  equal  to  c,  it  is  im- 
possible that  either  of  these  terms  should  increase  indefinitely. 

It  may  happen  that  there  is  no  whole  number  between  the  limits  assigned 
above  for  i ;  then  we  conclude  that  the  equation  is  impossible.  Such  a  case 
would  happen  if  the  limits  should  be  embraced  between  two  consecutive  whole 
numbers  like  these,  <^4^  and  iK^i^',  or,  ngain,  if  they  were  contradictory, 
as,  for  example,  2^4^  and  t-^3^. 

167.  In  die  second  place,  consider  the  case  in  which  a  and  h  are  of  contrary 
signs.     Suppose  tl^e  equation  in  question  to  be 

ax — hyszc (2) 

in  which  a  and  b  represent  two  positive  numbers.  Then  the  general  valuefl 
of  X  and  y  are  of  the  form 

x=:A+bt,  y=:B+at. 
But  we  can  write  them  ' 

And  we  perceive  at  once  that  to  have  x  and  y  positive,  we  must  have,  at  the 
same  time, 

>.  -A      ,    ^  -B 

i>-y-and  t>—^; 

that  is  to  say,  we  may  attribute  to  t  all  entire  values  above  the  greatest  of 
these  limits  without  excluding  equality,  if  this  limit  is  an  entire  number. 

By  this  we  perceive  that  the  equation  ax —  by=zc  admits  always  of  an  infinite 
number  of  solutions,  while  the  equation  ax-{'by=:e  admits  of  but  a  limited 
number,  and  even  may  not  have  any. 

Let  us  apply  what  precedes  to  some  problems. 

168.  Problem  I. — A  company  of  men  and  women  expend  at  a  feast  1000 
francs.  The  men  pay  each  19  francs,  and  the  women,  11  francs.  How  many 
men  and  how  many  women  are  there  ? 

Let  X  represent  the  number  of  men  and  y  the  number  of  women.  We 
have  to  resolve  in  entire  numbers  the  equation 

19x+llyr=1000 (3) 

In  making  the  calculation,  as  in  (160),  and  profiting  by  the  simplifications  ii^ 

dicated  by  (Art.  164),  we  have  successively, 

1000— 19a:  3ar— 1 

y^-^ =91-2a:+-jY^=91-2r+< 

3z— 1=11« 
lUA-l  1— t 

1— <=3i' 
i=l— 3^. 
Arrived,  at  this  point,  we  return  to  x  and  y,  and  they  become 


192  ALGEBRA. 

ar=4t+f=4(l— 3r)+r=4— iir 
y=:91— 2r+ls=91— 2(4— llf)+(l— 3f)=84-rl9r. 
Thai,  llie  general  formuks  which  express  x  and  y  in  tarma  of  f  are 

xs:4— lir,  ys=84+19f. 
in  order  that  x  may  be  positiTe,  it  is  necessary  and  snfficieDt  i2bat  we  faci* 
lir<4,  or  f  <^ ;  and  in  order  that  y  should  be  also  positiTO,  it  is  neeessr 
and  sufficient  that  we  have  19^>  —84,  or  f  >  — 4^^.    Then  we  must  tak«r. 
one  of  the  series  of  values, 

r=0,  —1,  —2,  —3,  —4. 
To  these  values  correspond 

^=4,  15,26,  37,48 
y=:84,  65,  46,  27,    8. 
The  number  of  solutions  is  limited,  as  we  ought  to  expect*  fiijDOB,.m  tis 
equation  (3),  the  terms  containing  x  and  y  are  of  the  same  sign. 
There  are  five  solutions  in  all,  to  wit ; 

1st  solution,    4  men  and  84  women. 

2d    solution,  15  men  and  65  women. 

3d   solution,  26  men  and  46  women. 

4th  solution,  37  men  and  27  women. 

5th  solution,  48  ilien  and    8  women. 

Remark. — ^From  what  has  been  said  at  (161),  it  is  sufficient  to  procure  i 

single  solution  of  the  equation  (3)  to  form  immediately  the  general  values  dx 

aad  y.    Thus,  after  having  found  above  ^=1  —  3t',  we  make  f =0 ;  and  if  «f 

calculate  the  corresponding  values  ^=1,  x=4,  ys=84,  it  is  evident  that  the 

values  x=4,  y=84,  ought  to  form  one  solution  of  the  equation ;  then  we  ctt 

place  immediately  2:=4— lltVy=84-f-19('. 

169.  Problem  II. — With  two  measuring  rods  of  different  lengths^  Aeamel 
feet,  and  the  other  7,  t4  w  required  to  makej  by  placing  them  the  ame  t^htr  ik 
other,  a  length  of  23  feet. 

This  proUem  requires  the  solution  in  whole  numbers  of  the  wpmt&xm 

5x-f-7yss23. 

We  derive  from  it  successively 

23— 7y  2+2y 

x==-^=5-y-^=6-y-2l 

1+y  =6« 
y=:5r-l 
x=6  — 7« 
In  order  that  y  may  be  positive,  we  must  make  <>} ;  and  that  x  may  bs 
positive,  <<f.    As  no  whole  number  falls  between  \  and  f,  we  comrade  tbn 
tile  problem  is  impossible. 

Remark. — The  equation  would  have  had  an  infinite  number  of  solutions  if 
negative  values  had  been  admitted.  For  example,  if  t=:0,  we  have  x=6, 
y = — 1.  This  solution  indicates  that  by  placing  one  of  the  rods,  that  of  5  feet 
6  times  in  succession,  and  placing  afterward  the  rod  of  7  feet,  so  as  to  cut  off 
its  length  from  the  end  of  the  distance  thus  obtained,  the  remainder  would  be 
the  required  length,  23  feet. 

170.  Problem  III. — A  person  purchased  some  hares  and  sheep.  Each 
ha-'e  cost  him  8  shillings,  and  each  sheev  27.    He  found  that  he  had  paid  for 
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ihe  hares  97  MUings  more  than  far  the  sheep*    How  many  hares  did  he  pur 
ekascy  and  how  many  sheep  ? 

ar— 27y=97 
27y+97  3y+l 

8(— 1  e+1 

<+lrr3r 
«=:3r  — 1. 

By  maldxig  t'=:0,  we  have  /= — 1,  y=: — 3,  ar=:2.    And  the  general  valaea 
mra 

x=27r+2,  y=:8^— 3. 
The  values  of  x  and  y  having  to  be  positive,  these  formulas  show  that  f 
ought  also  to  be  positive,  and  large  enough  to  cause  8^' ^  3,  or  t' ^  }.    We  may 
th^n  give  to  f  all  the  values  ^=1,  2,  3,  6cc.,  to  infinity ;  and  we  form«  conse- 
qii^ntly,  the  table, 

t'=  1,    2,    3,      4,  tos. 
x=:29,  56,  83,  110,  &;c. 
,  y=  5,  13,  21,    29,  &c. 

The  problem  admits  of  an  infinite  number  of  solutions ;  and  the  answer  m, 
that  there  tfre  29  hares  and  5  sheep,  or  56  hares  and  13  sheep,  or  83  hares 
and  21  sheep,  &c. 

171.  Problem  IV. — To  find  a  number  such  that,  t^  dividing  it  hy  11,  thers 
remains  3,  and  dividing  it  hy  17,  there  remains  10. 
Let  the  number  be  represented  by  N,  then 

N=lla:+3  and  N=17y+10 

.-.  Ilz+%=al7y+10 (6) 

Proceeding  as  before, 

17y+7  6y+7 

^=-n-=2'+— i-=y+' 

6y+7=lU 

i+l=:6r 

i=6r— 1. 

The  hypothesis  ^=0  gives  <= — 1,  y = — 3,  x=  —4 ;  and  then  we  conclude 
immediately  that 

a:=17i'— 4,y=llf'— 3. 
We  can  not  take  V  negative,  nor  even  t'ssiO,  because  x  and  y  would  become 
negative;  but  we  may  take  t'=l,  2,  3,  &:c«,  to  infinity. 

If  we  wish  formulas  in  which  we  can  give  to  the  indeterminate  all  entire 
positive  values  setting  out  from  zero,  all  that  is  necessary  is  to  change  I  into 
1-f  ^t  9  being  the  new  indeterminate.    Then  we  have 
a:=13+17d,  y=8+im 
Bj  means  of  these  values,  we  find 

N=llz+  3=11(13+17<?)+  3=146+187^ 
N=:17y+10=17(  8+ll(?)+10=:146+187«. 
These  two  expressions  are  equal*  and  they  should  be,  since  equation  (6)  has 

N 


194  ALOSBBJL 

been  formed  by  eqnatiiig  the  valaes  of  N.    Wo  perceive  that  there  Is  «b  b- 

finity  of  numbers  which  fulfill  the  two  couditiona  enunciatedv  and  that  diey  an 

•U  represented  by  the  formula 

N=146+187^, 

m  which  0  is  an  indeterminate,  which  may  receive  all  positive  vahies  b^iaais 

with  zero. 

It  is  easy  to  show  that  this  number  N  satisfies  the  emmciation ;  tihat  a  c 

say,  that  if  we  divide  it  by  11,  the  remainder  will  be  3,  and  if  by  17,  the  n- 

mainder  will  be  10 ;  for  we  have 

N  3  N  10 

-=m+13+-.  and  -=ue?+8+j^. 

172.  PaoBLEH  V. — To  find  a  number  suck  that,  dividing  it  hy  11,  ^tat 
ttmains  3 ;  dividing  by  17,  Aere  remains  10 ;  and  dividing  it  hy  37,  there  r^ 
mains  13. 

In  the  preceding  problem  we  have  found  Ae  numbers  which  fiil61'tht 

first  two  conditions.    Putting  x  for  9,  which  we  may  do,  ainoe  0  can  be  mf 

positive  whole  number,  this  formula  becomes 

N=146+187r (8) 

But  in  order  that  the  number  N  may  fulfill  the  third  condition,  w^e  nna 

have  N=37y4-13.    Then  we  have  the  equation  • 

37y+13=:146+187a:. 

Then  • 

187r+133     ,  .  21+22     ^ 

ys ^^=5x+3+-^=&r+3+2< 

a?+ll=37< 
r=:37e-*ll. 
In  order  that  x  may  be  positive,  we  must  give  to  t  only  positive  values  abote 
aero.    But  in  making  <=:14-9,  we  can  attribute  to  0  all  the  entire  fXMitire 
values  beginning  by  zero.    By  this  change  x  becomes 

x=26+37d. 
And  by  substituting  this  value  in  formula  (8),  we  obtain 

N=:5008+ 69190. 
Such  is  the  general  formula  of  the  numbers  which  satisfy  the  three  comli 
tions  enunciated. 

173.  The  determination  of  the  limits  led  to  the  necessity  of  finding  (165) 
the  values  of  the  final  indeterminate  t,  which  render  positive  expreaeions  of 
the  form  A+5{,  or,  in  other  terms,  which  are  such  as  to  make 

A+&«>0. 
Transposing  the  term  A, 

»<>-A. 
If  6  is  positive,  dividing  by  6, 

But  if  &  is  negative,  the  dhrision  by  h  changes  the  signs  of  the  UMqadlitT 
and  the  two  members  are  unequal  In  the  contrsiy  sense ;  t.  e., 

«4 

Suppose,  more  genenlly,  that  we  have  the  inequalitgr 
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By  the  traDsposition  of  the  terms, 

(a— c)i>rf— 6. 
Then,  according  at  a ^c  is  a  positive  or  negativlB  quantity,  we  derive 

t> ,orK . 

This  process  b  called  resolution  of  inequalities.  The  whole  subject  cf  in 
equalities  will  be  found  treated  in  a  subsequent  article. 

174.  Resolution  in  whole  numbers  of  seyeral  equations  of  thk 

PIBST  degree,  when  THE  NUMBER  OF  EQUATIONS  IS  LESS  THAN  THAT 
OF  THE  UNKNOWN  QUANTITIES.  ^ 

Let  there  be  for  resolution  the  equations  ^ 

2x+14y— 72=r341 (1)       * 

lOjT-i-  4y+92=473 (2) 

If  we  multii^j  the  first  equation  by  5,  and  afterward  sobtnct  the  BaooBd^ 
we  shall  have 

66y— 442=1232. 
Or,  dividmg  by  22, 

3y— 2zs=56 (3) 

But  the  entire  values  of  y  and  z,  which  suit  the  proposed  equations,  ought 
also  to  satisfy  this ;  consequently,  applying  to  it  the  method  aheady  known» 
we  have 

If  we  had-  but  equation  (3),  we  should  have  its  solutions  in  whole  numben, 
by  giving  to  <  all  the  whole-number  values  possible.  But  this  equation  takes 
the  place  of  only  one  of  the  proposed,  so  that  it  is  necessary  that  the  values 
of  y  and  z  should  be  such  that,  in  adding  to  them  certain  values  of  x,  which 
must  also  be  entire,  one  of  these  proposed  equations  shall  be  verified.  For 
this  reason  we  substitute  the  preceding  values  of  y  and  z  in  equation  (1),  and 
seek  for  the  entire  values  of  x  and  ^  which  belong  to  the  resulting  equation 
The  substitution  gives 

2a:+7^s=145; 
and  from  this  we  obtain,  designating  by  t'  any  whole  nuniber  whatever, 
x=69+7r, /=l-.2^. 
Then  place  the  value  t=l — 3f  in  those  of  y  and  z,  and  you  find  the  un- 
known quantities  r,  y,  z  expressed  in  terms  of  t\  to  wit : 
x=69+7r,  y=2— 4^  z=-.25— 6^. 
These  formulas  make  known  all  the  entire  values  which  satisfy  the  equa- 
tions proposed. 

If  it  be  desired  besides  that  these  values  should  be  positivi,  t  mast  be  so 
chosen  that 

69+7i'>0,  whence  f  >  —9$ ; 
2— 4i'>0,  whence  f  <      | ; 
—26— 6r>0,  whence  f  <-.4|.  ^ 

From  this  we  find  the  only  values  which  can  be  attributed  to  f  are  <'=s— 6« 
^6,  —7,  —8,  —9.  By  substituting  these  numbers,  we  shall  have  ^we  aolob* 
tioDs  in  positive  whole  numbers : 

a^=34,  27,  20, 13,  6 
y=:32,  26,  30,  34,  38 
Zss  5,  11, 17,  23,  29. 
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175  The  preceding  example  shows  sufficientljr  the  method  to  be  ponsed 
ID  resolying  equations  of  the  first  degree  in  positive  whole  Dumbers,  w^bea  the 
number  of  unknown  quantities  exceeds  that  of  the  eqnatioiis.  But,  to  Yean 
nothing  to  be  desired,  I  shall  indicate  the  method  to  be  pursaed  in  the  oam 
of  three  equations. 

Let  there  be,  then,  between  the  unknowns  x,  y,  z,  u  three  eqnataou  «f  tbe 
Ist  degree,  which  I  will  name  collectively  the  equations  [A]. 

By  the  elimination  of  x  we  shall  find  between  y,  z,  and  u  t^vo  equatiou  of 
die  1st  degree^:  I  shall  name  them  [B]. 

By  the  elimination  of  y  we  shall  deduce  from  these  last  an  equation  of  tb 
Ist  degree  between  z  and  u:  1  shall  name  it  [C]. 

From  the  equation  [C]  we  derive  z  and  u  expressed  in  faDctkui  of  «n  am 
iliaiy  indeterminate  U 

These  values  being  substituted  in  one  of  the  equations  [B],  -wo  derive  fioa 
it  an  equation  between  y  and  U  &nd  from  this  the  values  of  y  and  t  in  fonctios 
of  a  new  indeterminate  i' ;  consequently,  we  can  also  express  z  smd  u  io  teraa 
ofr. 

Finally,  these  values  of  y,  z,  u  being  carried  into  one  of  the  equations  [A], 
there  will  result  an  equation  between  x  and  f,  which  will  enable  as  to  fatd  t 
and  f^  and,  consequently,  y,  z,  and  ti,  in  function  of  a  new  iodeterminate  r. 

When  the  equation  is  to  be  resolved  in  whole  numbers  of  anjr  sign  whir- 
ever,  we  may  attribute  to  the  final  indeterminate  tf'  all  posstUe  vahies  a 
whole  numbers.  But  when  the  solutions  are  to  be  restricted  to  such  as  an 
at  the  same  time  entire  and  positive,  there  will  exist  for  I"  limitatioiw  which  s 
will  be  always  easy  to  assign. 

176.  When  we  have  two  more  unknowns  than  equations,  or  several  more, 
Che  indetennination  is  still  greater ;  but  the  condition  of  having  vnlaes  wfaich 
shall  be  at  the  same  time  entire  and  positive,  may  limit  considerably  the  nom- 
ber  of  solutions.  We  shall  confine  ourselves  to  two  examples,  which  will  suf- 
fice to  show  how  the  method  explained  above  shotdd  be  modified  in  such  case& 
Given  to  resolve  in  positive  whole  numbers  the  equation 

iar+9y+7z=58 (4) 

As  the  unknown  z  has  the  snuillest  coefficient,  I  derive 

58— 9y— lOx 

•nd,  effecting  the  division  as  far  as  possible, 

z=8~y-x+ 1 . 

The  numerator  2— 2y-- Sx  must  be  a  whole  number,  divisible  by  7 ;  diets 

fore  I  place 

2— 2y— 3X5=7^ ; 

2— 3r— 7t  x4^t 

r.y^—^—^l^x^Zt^-^; 

and,  ar-f-^  being  obfiged  to  be  a  whole  number  divisible  by  2, 1  place,  abo, 

and,  going  back  to  y  and  z,  we  express  these  unknowns  in  function  of  t  and  { 
We  have  thus  the  three  formulas 

«=— t+2^y=l— 2^-3/',  z=7+4i+«'  ....  (6) 
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In  order  to  baye  the  entire  and  positive  solutiona  of  the  proposed  equatioo 
(4),  we  miut  give  to  t  and  t'  all  the  entire  values,  which  satisfy  simultaneonslf 
the  three  conditions 

— <+2r>0,  i—2t—3t'>0,  7+4(+f>0  ....  (6) 
From  hence  result  limitations  for  t  and  t\  which  will  be  discovered  by  0m 
ploying  for  these  inequalities  operations  altogether  analogous  to  those  of  elitni- 
aatioD.     For  greater  neatness,  suppose  the  signs  ]>  exclude  equality ;  that  is 
to  say,  that  none  of  the  three  unknowns,  x,  y,  and  z,  can  be  zero. 
First,  if  we  multiply  the  1st  by  3  and  the  2d  by  2,  they  become 
— 3f+«'>0,  2— 4r— 6f  >0  ; 
•ddmg,  tf  disappears,  and  we  have 

2— 7«>0.-.t<f 
A  similar  elimination  between  the  second  inequality  and  the  third  gives 

22+10«>0  .•.<>— 2}. 
We  see  that  the  mdeterminate  t  is  embraced  between  the  limits  — 2|  and 
)  ;  then  we  should  take  only  » 

<=— 2,  —1,0. 
Let  us  consider  each  of  these  values  successively. 
1°.  If  we  make  (=—2  in  the  three  inequalities  (6),  they  become 
2+2r>0,  5— 3«'>0.  — l+f>0; 
.•.i'>-l,i'<lf,^>l. 
As  there  is  no  whole  number  between  1  and  1{,  it  follows  that  the  value 
tsz  —2,  which  furnishes  these  limits  for  f ,  ought  to  be  rejected.         ^ 
2?.  Kwe  make  t=i — 1,  the  three  inequalities  (6)  become 
l+2r>0,  3— 3f  >0,  3+r>0; 
.•.«'>-if<  +  l,t'>-3. 
Between  — |  and  +1  there  is  no  other  entire  number  except  0  ;  then  we 
can  take  tz^—l  and  Cs=sO. 

3**.  If  we  make  t=0,  the  inequalities  become 

2i'>0,  l-r3r>0,  7+t'>0 ; 

Between  0  and  I  there  is  no  whole  number ;  consequentiy,  the  value  t=0 
ought  also  to  be  rejected. 

The  only  vahies  of  t  and  t'  to  which  positive  values  in  whole  numbers  of  z, 
y,  and  z  correspond  are,  then,  ^=-*l  and  £'=0.  By  substituting  them  in 
the  formulas  (5),  we  obtain 

x=l,  y=:3,  z=3, 
and  this  solution  is  the  only  ono  admissible. 
177.  For  a  second  example,  I  propose  the  two  equations 
6z+  7y+3z+2uz=:l00 
24x+12y+7r+3tt=200. 
Eliminating  u,  we  have 

30r+3y+5z=100. 
As  in  this  equation  the  terms  30x  and  100  are  divisible  by  5,  it  wifl  be  best 
ID  take  the  value  of  z ;  this  is 

z=20— 6x — ^. 
o 

From  wluch  we  se^  that  y  ought  to  be  a  multiple  of  5 ;  conseqaenUy,  we 
z=20— 6r— 3<; 
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tfaen,  bj  sobstitatiDg  tfaaae  nQaes  in  the  fint  of  the  two  proposed 

H  becomefl 

6r+36t+60-.18r— 9/+2a=100  ;^ 

or,  rather, 

— 12r+2«+2ti=40; 
.-.  ii=:20  +6x^l3i. 
The  three  unknowos,  y,  z,  tt,  are  thus  found  espreased  in  fnnctmna  d  x, 
and  of  the  ifldetermiDate  auxiliary  t. 

In  order  to  refolve  the  two  proposed  equations  in  positive  namberB,  it  is  «n- 
dendy  necessary  to  take  x  and  t  positive,  since  x  is  one  of  the  prinoitjie  » 
knowns,  and  since  y=i5t.    But  it  is  necessary  to  satisfy  also  the  inequlitki 
20— 6x— 3t>0,  20+6x-.13l>0. 
In  adding  them,  x  disappears,  and  there  remains 
.40— 16f>0.-.K2|; 
then  the  values  which  we  ought  to  give  to  <  are  tsO,  1,  2. 
With  the  value  t=0*  we  should  have 

y=0,  z=20— 6x,  i«=20+6x; 
and  we  see  that  we  can  make  xs=0,  1,  2,  3.    From  whence  result  fir  As 
proposed  equations 

fx=  0  fx=  1 

y=  0  I  y=  0 

2=20  12=14 

t«=:20  ltt=26 

With  the  value  t=sl  we  should  have 

y=5,  2=17— 6x,  «=7+6x; 
and  the  only  admissible  values  of  x  are  x=0, 1,  2.    Thence  result  thp  thiss 


x=  2 

yas  6 

2=  5 

^tt=19. 

Finally,  with  the  value  £=2  we  should  have 

y=10,  2=14— 6x,  «=— 6+6x. 
The  only  admissible  values  of  x  are  x=l,  2 ;  and  finom  thanco 
two  further  solutions 

ix=  1  fx=  2 

y=10  I  y=10 

2=  8  1z=  2 

tt=  0  (tt=  6. 

In  an,  nine  solutions.  There  would  be  but  three  if  those  were  excluded  is 
which  one  of  the  unknowns  is  zero. 

EXAMPLES. 

l"".  Two  countrymen  have  together  100  eggs.  The  one  says  to  the  other, 
If  I  count  my  eggs  by  eights,  there  is  a  surplus  of  7.  The  second  answeis, 
If  I  count  mine  by  tens,  I  find  the  same  surplus  of  7.  How  many  eggs  had 
each? 

Ans.  Number  of  eggs  of  the  first,  =63  or  23 ;  of  the  second,  =37  or  77. 

2".  To  find  three  whole  numbers  such  that,  if  we  multiply  the  first  by  3, 
the  second  by  5,  and  the*  third  by  7,  the  sum  of  the  products  shall  bo  560 
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1  such,  moreover,  that  if  the  first  be  multiplied  by  9,  the  aecood  by  25*  mM 
tb»  third  by  49,  the  sum  of  the  products  shall  be  2920. 

Ans.  First  number;      :b15  or  50. 
.  Second  number,  =82  or  40. 

Third  number,    r=15  or  30. 
3**.  A  person  purchased  100  animals  at  100  dollars;  sheep  at  3^  dollars  a 
piece  ;  calves  at  1 J  dollars ;  and  pigs  at  ^  a  dollar.    How  many  animals  had  he 
of  ea^h  kind  ? 

Ans.  Sheep,    5,  10,  15. 
Calves,  42,  21,    6. 
Pigs,     53,  66,  79. 
4^.  In  a  foundry  two  kinds  of  cannon  are  cast ;  each  cannon  of  the  first  sort 
weighs  1600  lbs.,  and  each  of  the  second  2500  lbs. ;  and  yet  for  the  second 
there  are  used  100  lbs.  of  metal  less  than  for  the  first.    How  many  cannons 
are  there  of  each  kind  ? 

Ans.  Of  the 'first,      11,  36...;  of  the  second,  7,  23.... 
Or,  of  the  fii-st,  11+25^ ;   (^  the  second,  74-  I6t. 
5°.  A  farmer  purchased  100  head  of  cattle  for  4000  francs,  to  wit:  oxen  at 
400  francs  apiece,  cows  at  200,  calves  at  80,  and  sheep  at  20.    How  many  had 
he  of  each  ? 

Ans.  In  excluding  the  solutions  which  contain  a  zero  the  problem  admits  of 
the  ten  following : 

Oxen,  1,  1,  1,  1,  1,  1,  1,  1,  4,  4. 
Cows,  1,  2,  3,  4,  5,  6,  7,  8,  1,  2. 
Calves,  24,  21,  18,  16,  12,  9,  6,  3,  5,  2. 
Sheep,  74,  76,  78,  80,  82,  84,  86,  88,  90,  92. 


QUADRATIC  EQUATIONS. 

178.  Quadratic  equations,  or  equations  of  the  second  degree^  are  divided 
into  two  classes. 

I.  Equations  which  mvolve  the  square  only  of  the  unknown  quantity. 
These  are  termed  incomplete  or  pure  qtutdratics. .  Of  this  description  are  the 
equations 

2*      5  7  259 

ax«=5;  3a^+12=150-:c«;  3- i2+3:c»=^24+^+-24"5 
they  are  sometimes  called  quadratic  equations  of  two  terms^  because,  by  trana- 
poftition  and  reduction,  they  can  ahvays  be  exhibited  under  the  general  fimn 

a2*=b. 
Thus  the  third  of  the  equations  given  above, 

a:*     5  7  259 

irhen  cleared  of  fractions,  becopies 

ar9— 10+72j?3s=7+48a:«+259, 
or,  transposing  and  reducing, 

32j«=276, 
which  is  of  the  form 

a9*7szh. 
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II.  EqaatioDs  wlucb  involve  both  the  Bqoare  and  die  simple  power  ^f  tfae 

unknown  quantity.     These  are  termed  adfteUd  or  complete  qvadradcM^    Of 

lliifl  description  arb  the  equations 

52^     X     Z  2x  273 

ax«+6x=c;  z«-10x=7  ;  — --+j=8-y-x«+-j^; 

diey  are  sometimes  called  quadraJdc  equations,  of  Otree  terms,  becaaae,  liy 
transposition  and  reduction,  they  can  always  be  exhibited  under  the  genand 
form 

Thus,  the  third  of  the  equations  given  above, 

—     5     3_       2r  273 

6  ""2+4"-®""  3  ^^+12' 
when  cleared  effractions,  becomes 

10a*— 6x+9=:96— 8r— 12a«+273, 
or,  transposing  and  reducing, 

22a*+2x=360, 
which  is  of  the  form 

I  eafl'{'hxz=c. 

SOLUTION  07  PURE  qUADllATICS  CONTAINIITO  ONB  UNKlfOWIT  qUAKTTrr 

179.  The  solution  of  the  equation 

presents  no  difficulty.    Dividing  each  member  by  a,  it  becomes 

h 

whence 

h 
If  -  be  a  particular  number,  either  integral  or  fractional,  we  can  extract  its 

square  root,  either  exactly  or  approximately,  by  the  rules  of  arithmetic.    If 

-  be  an  algebraic  expression,  we  must  apply  to  it  the  rules  established  for  the 

extraction  of  the  square  root  of  algebraic  quantities. 
It  is  to  be  remarked,  that  since  the  square  both  of  +m  and  — m  is  +fl^, 

io,  in  like  manner,  both  ^+   /-)    and  (  —   /-j    is  -^ — .    Hence  the  above 

equation  is  susceptible  of  two  solutions,  or  has  two  roots ;  that  is,  there  are 
two  quantities  which,  when  substituted  for  x  in  the  origical  equation,  will  ] 
der  the  two  members  identical ;  these  are 

for,  substitute  each  of  these  values  in  the  original  equation  <ufs=b,  it  becon 

a: 
and 

«X  (— J^)  s=^.  or  aX-=6,  i.  e.,  6= 


IX  (+-/-)  =&,  or  ax-=6,  i.  e.,  ossb 
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Hence  it  appears  that  io  pure  quadratics  the  two  valaes  of  the  unknown 
quantity  are  equal  with  conti*ary  signs.* 

EXAMPLE  I. 

Find  the  values  of  z  which  satisfy  the  equation 
4z8— 7=:3a:«+9. 
Transposing  and  reducing,  a:* = 1 6 

=  ±4; 
hence  the  two  values  of  a;  are  +4  ^d  —4,  and  either  of  these,  if  substttutnd 
for  X  in  the  original  equation,  wiU  render  the  two  members  identical. 

EXAMPLE  II. 

Clearing  effractions,  8z«— 72+10.t«=     7— 24a«+299 
Transposing  and  reducing,  422's=:378 

-     378 
^=12- 

=     9 
.*.  r  =  ±3, 
and  the  two  lalues  of  x  are  +3  and  —3. 

EXAMPLE    III. 

-I 


^=±^^ 


_    =fcVl5 
""       3 
Since  15  is  not  a  perfect  square,  we  can  only  approxunate  to  the  two  valueii 
of  X.    We  find  the  approximate  values  to  be 

x=1.290994,or  —1.290994. 

EXAMPLE  IV. 

X 


^r«+x8— r 


Clearing  of  fractions,  a:  =  m  -/  r*+ a:^ — mx, 

.-.  (m+l)x  =m-v/r»jp?. 
.Squaring,  (m»+2m+l)a:«=m«(r«+x°), 

mr 
x=±- 


V2m+1' 


*  One  might  sappose  that  in  extracting  the  sqnare  root  of  both  members  of  snch  an  eqaa- 
tioQ  aa  3fl=b,  the  doable  sign  phoold  be  preiixed  to  x^  the  root  of  afl,  alao.  But  it  is  to 
be  obierred,  that  it  is  the  valae  of  -|-x  that  is  required.  Besides,  sappose  we  were  to  write 
42X=^l/6 ;  combining  these  signs  in  all  possible  ways,  there  result  die  foor  eqaations^ 

~\-X=:-\-'\/lf,  -\-x= — '\/b,  — z=x-f-\/&,  — x=s — v'^» 
the  last  two  of  which  may  be  deduced  from  the  first  two  by  changing  the  ftigns  of  the  two 
members ;  the  equation  :^a.'=^'(/6  expresses  nothing  more,  therefore  than  the  equatkm 
Ks:j^yb.    We  might  always  omit  -j^,  since  it  is  implied  before  -y/  " 
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SXAMPUB  ▼. 


— =11. 

Render  the  denommator  rational  by  multiplying  both  terms  c   die  fiidki 
by  the  numerator,  the  equation  then  becomes 
(m+x+  V2mz+?)« 

_ : —-,1, 

Extracting  the  root, 

Transposing,  '/2mx4^=ibm'\/n— ^m-f-x). 

Squaring,  2fiu;-4-z°=3:m^:f  2iii  V»(wi+^) +('»+')*• 

'transposing  and  reducing, 

••'"+''  =  ±27^ 

m(l+n) 

(6)  ll(a*— 4)=6(z«+2).  Ana.  r=±3. 

ar+7        r— 7  7 

a:«— 7z     jf'+rx     z*— 73" 


14.7        X— 7  7 


m+  Vm'— x*     X 


(8)  —^-^ =-.  Am.  x=  ±  Vim»-A 


(9) 


(10)  ^^±^^^-^=0.  An.  x=±2,^P?. 

180.  In  the  same  manner  we  may  solve  all  equations  whatsoeTer,  of  inj 
degree,  which  involve  only  one  power  of  the  unknown  quantiQr ;  thst  is,  il 
equations  which  are  included  under  the  general  form 

or" =6, 
MT  equations  of  two  terms. 
For,  dividing  each  member  oi  the  equation  by  a,  it  becomes 

b 
a 
Extracting  the  n**  root  on  both  sides, 

x= 


fa 
If  n  be  an  even  number,  then  the  radical  must  be  affected  with  the  dosUi 

wgi*  dbf  for,  in  that  case,  both  (-{-"/--j    and  (^•f-j    wiL  equsHjr  p» 

dace  - 
a 
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EXAMPLE  XI. 

fijt*— 67=2x«+135 
a:«=64 

ar=  V'el^V  V64=  V  ± 8r=  ±2. 
Here  +2  and  —2  are  two  of  the  roots  of  the  above  equatiov . 

EXAMPLE  XII. 


p      "^      X  q  ' 


{p+x)Vp+X' 


pxVx 


Or,  (p+xfr=xK^. 

Squai-ing,  (p+xf=^x^,  -. 

Extracting  the  cube  root,  j?4"^=^^/— . 

£_ 


EXAMPLE  XITI. 

4r'4H  Ans.x=g)S=- 

EXAMPLE  XIV. 

643^— 48y*+ 12y«— 1  =:64. 
Evtzactiiig  the  ciibe  root,  we  hare 

EXAMPLE  XY. 

a*-3f»=117 (1) 

X  — y  r=     3 (2) 

Cubing  the  latter  equation, 

a:s-ac«y+3a:y«-2r*=  27, 

out  ^ — y»s=117. 

.*.  by  subtraction,  3a:^— Srys        =  90, 

and  xy{x-^y)       *=  30; 

dividing  by  (2),  we  have  .*.  xy        =  10. 

Now  from  (2)  a*-.2xy+y«=     9, 

and  4ay        =  40.^ 

.-.  by  addition,  a?»+2a:y+y«=  49, 

aod  r+y=:±7, 

bat  (2)  ir— y  ==     3. 

By  addition*  2x  =  10,  or  —  4, 

.%  ar  =s     5,  or  —  2, 

and  by  subtraction  2y  =    4,  or  ^10, 

.*.  y  =     2,  or  — >  5. 
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(16)  4x«— 2=s2^+26.  Ans.  xr=  ±  VU. 

(17)  a:«:(18— x)«::25:16.  Ans.  r=10  wr  9a 

(18)  71 : — ^^::16:9.  Acs.  x=z8  or  56. 

^     '  14— X        X 

75{x— 7)     48(x— 4) 

(19)  — ^ — -^=z    ^     ^  \  Ans.  x=19  or  5|. 
^     '      X— 4            X— 7  ^ 

(20)  x2— xyr=40,  xy— y»=15.  Ans.  x=zt8,  y=zt3. 

(21)  (x— y)x=91,  (x— y)«=49.  Ans.  x=±13,  y=i6. 

X  V  Ans.  x=24,  or  — i?, 

(22)  (x-y)-=24,  (x-y)|=6.  ^^,2,  or  4. 

(23)  x»y=48,  xy»s=36.  Ana.  x=4,  y=X 

(24)  ixy=  Vl^+yi+x+y,  x-+y=(x+y)«-Jxy«.         • 

Ans.  r^S,  y^S. 

(25)  -^=x+y.  ^^--^=4.  Ans.  x=2,  y=2. 

(26)  x"+y"=a,  x*— y*=6. 

(27)  r— 5x^+10x»— 10x»+5x— 1=32.  Ans.  x=3 

(28)  r— 2i<+l=25.  Ans.  /=  ±  V^- 

(29)  Va:— Vy=3,  Vx+ Vy=7.  Ans.  x=625,  y=16. 

(30)  x^— y=969,  x«— y«=9.  Ans.  x=i5,  y=±4. 

16 

(31)  x'— y»=56,  X— y=— .  Ans.  x=4  or  —2,  y=:2  or  —4. 

(32)  x«y+y«=116,  xyi+y=14.  Ans.  x=5  or  2-/!,  y=4  or  10. 

(33)  V^+  >/y=6,  x+y=72.  Ans.  x=64  or  8,  y=8  or  64. 
34)  x3+y5=20.xl+yJ=6.      Ans.  x=±8  or  ±  ^8,  y=32  or  1024 

^35)  x*+2xY+y*=1296— 4xy(x«+xy+y«),  x— y=4. 

Ans.  x=5  or  —1,  y=l  or  — 5 

181.  We  have  seen  that  an  equation  of  the  form  ax'=&  has  tivo  roots,  or 
Dhut  there  are  two  qnantities  which,  when  substituted  for  x  in  the  origiod 
equation,  will  render  the  two  members  identical.  In  like  manner,  we  sbal 
find  that  every  equation  which  involves  x  in  the  third  power  has  three  rooU ; 
an  equation  which  contains  x*  has  four  roots  ;  and  it  is  a  genera]  proposition 
in  the  theory  of  equations  that  an  equation  has  as  many  roots  as  it  has  di- 
mensions, 

132.  Tho  above  method  of  solving  the  equation  ax":=&  will  give  us  only 
one  of  the  n  roots  of  the  equation  if  n  be  an  odd  number,  and  two  roots  if  n  be 
an  even  number.  Such  a  solution  must,  therefore,  be  considered  imperfect, 
and  we  must  have  recourse  to  different  processes  to  obtain  the  remaining 
roots.    This,  however,  is  a  subject  which  we  must  postpone  for  the  present  ^ 

SOLUTION  OF  COMPLETE  qUAI) RATIOS,  CONTAISIWO  OWE  U.f  KNOWW  qUA:?niTV 

183.  In  order  to  solve  the  general  equation 

tfx*+6x=c, 
let  us  begin  by  dividing  both  members  by  a,  the  coefficient  of  x* ;  the  < 
tkon  then  becomes 

^a      a 
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or, 

putting,  for  the  sake  of  simplicity, 

h         e 

This  form  of  the  quadratic  equation  may  be  produced  by  loultiplyiog  to- 
gether two  simple  equations.     Suppose 

X— asO,  *— /J  ssO ; 
...  (a-a)(ar-i9)=0, 
which  is  satisfied  by  making  xssa,  or  XT=p,  , 

Multiplying  the  two  factors  (x— a)  and  (x — /?),  the  equation  becomes 

2i»--(a+p)x+ap=0  ^ (1) 

Substituting  first  df  and  then  ^,  for  x,  this  may  be  written  either 

o»-(o+/3)a+a/3=0. 
or 

/3»-(a+/3)^+a/3=0, 
which  are  identical. 

Putting  in  equation  (1)  above,  p  in  place  of  ^(a-f-/3),  and  — q  in  place  of 
a3,  it  assumes  the  form 

afi+px-^q^O. 
But 

By  subtraction,  ^+4g=a^^2off+^=(a-P)« ' 

g+ig=-p- 

By  addition  and  subtraction,    a  =  —  ^ -|- 1  Vp^+^q 

As  a  and  /3  are  the  values  of  r,  and  differ  only  in  the  sign  of  the  radical  part, 
both  may  be  written  together  thus : 

Hence  the  following  rule  for  resolving  a  complete  or  adfected  quadratic 
equation. 

Reduce  the  given  equation  to  the  form  z'-)-px — q^O  hy  clearing  of  frac" 
Oonty  transposing  all  the  terms  to  the  first  member^  and  dividing  througJunU  hy 
ike  coefficient  of  the  square  of  the  unknoum  quantity.  The  eqtuUion  heing  thus 
prepared,  the  value  of  the  unknown  quantity  loill  be  equal  to  ^  the  coefficient  of 
ita  first  power  with  the  sign  changed,  ii^the  square  root  of  the  square  of  this 
coefficient  —4  times  the  known  terms  of  the  equation. 

The  expression  a:r=— ij?±^-/i^+49  may,  by  passing  the  |  under  the 
radical,  be  written  ar=— Jj'i  V(5jp)*+?»  which,  translated  into  a  rule,  is 
often  the  more  convenient  form. 

EXAMPLES. 

(1)  ar»— yx+2=0. 
By  the  rule. 


11  I  ,    //11\«     ,     „     11  .  ,   /121     ^     11  ,  ,    /49     11  ,  7 

.«.  xs=3  or  J, 
iooording  as  we  use  the  upper  or  lower  sign. 
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(2)  3x^2"  s2 ;  chaDgiDg  all  the  signs, 
2:8— 3xr=— 2,  or2»— 3x+2=0. 

By  the  rule, 

a:=|±W9-2x4=2  or  1. 

Either  of  these  Tolnes  of  x  will  satisfy  the  giveo  equstkn*     Fi 
tuting  2,  we  have 

3x2—4=2; 
ind  substitutiDg  1,  we  have 

3X1—1=2. 

(3)  a*+exszie. 

By  the  form,  

X3S— 3db  Vd+16=2  or  —8. 

(4)  a*— 10x=j--21_ 

x=5±  V26— 21 
x=7  or  3. 

(5)  ac2«+6cx— a<£x— W=0. 
Diyidiog  by  oc, 

/h     d\       hd 


.  by  the  rule, 


d  h 

.«.  x=-,  or  — • 

(6)  2«+6x=27.  Ana.  xs3,  or  ^» 

(7)  x«— 7x+3Js=0  Ans.  x=6|«  or  f 

lOx 

(8)  a^+-yz=19.  km.  x=3,  or  — 6J, 

5     X" 

(9)  2= j+ —.  A:i3.  x=10,  or  2, 

(10)  x"— 6x+8=80.  Ans.  x=12,  or  —6. 

(11)  x«— 10x+17=l  Ans.  x=8,  or  2. 

(12)  x*—x— 40=170.  Ads.  xs=15,  or  —14. 

(13)  32«— 9x— 4=80  Ans.  x=7,  or  —4. 

(14)  7x«— 212+13=293.  Aifa.  x=8,  or  -6. 

X*     4x  57 

(16)  -+  -— 19=15i.  Ans.  x=9,  or  — g-. 

22*            X  9 

(16)  -^ +3i=5+8.  Ana.  x=3,  or  -j. 

(17)  x+4+^^^^=13.  Ana.  x=4,  or  —2. 

36— tt 

(18)  4tt =46.  Ana.  «=12,  or  —J, 

(19)  16-^=^=^+3^                            •  Ana.  p=6.  or  f 
t&+3     16—2^  69 
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n-L7  94-4  n 

<21)  14+4  D  —5-57=3  D  +      3  Ans.  D  =9,  or  28. 

^   7A»     2A     llA+18 

(22)  -3Y— 3-= — 35 — •  Ans.  A=:2,  or  -S. 

<  +  22      4      9<^6 

(23)  — ^= ^=--^.  Ans.  <=2.oril. 

^        ^+1     13 
<24)  ^+^=-6--  Ans.  ^=2,  or  -3. 

8v  20 

48  165 

(27)  g+3=;+io-^'  ^°^  ^^^J*  ^"^  ^' 

(28)  a:»— 8a:=14.  Ans.  ar=9.4772+,  or  — 1.4772+. 

(29)  3a:»+x=7.  Ans.  af=1.3699+,  or  --1.7032+. 

(30)  6;r— 30=3a:«.  Ans.  z=l±3/^. 

(31)  (a:—  'v/142.334)(x+  ^  142.334) =27.22ar. 

Ans.  z=13.61zt  V 327.666. 
432)  23 :  (140+3r)=(240+2r) :  1041.  Ans.  x=  — 27.4*or  —352.6. 

-•54 
2    • 

(34)  2l2«— 1617z+20748=0.  Ans.  2=€0.73,  or  16.27. 

(35)  3.5^«—11.75g-— 41.25=0.  Ans.  g=5.5,  or  —2.14. 

1±V1008 


(36)  (3a:+l)(4ar-.2)s=:(13x+7)(5x— 3).  Ans.  ar=L- 

00 

v;4-4    .7— u;     4t04-7 
(38)  -f ^^1:3=—^'- 1-  Ans.  t£;=21,  or  6. 

(<0)  ^+-^=7.  Am.  *=3.  or  -f 

(«)^+fe-'=3+^^  AM.  ,=6.  or -V. 


(33)  (z+6) :  (3x+12)=(3z— 12) :  (x— 6).  Ans.  x=±- 
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9     ^4^+3       ^     18 
,    ^  2x^1      8— a*     X 

(«)  3::F=S:I2+2-  Am.  .=2,  or  .-V 

(43)  ^ zi+"-rT-<;7-=r--  Ans.  x=3,  or  f  f. 

^'*''  6x— x«~a:»+2x     5x  # 

,    ^  4x«+7x     6x— x«     4x»  A             o            .« 

(44)  --^+-5^=-.  Ans.  x«=3,  or  -«. 

(45)  ^t^^=x»+x+8.  Ans.  x=4,  or  -y 

(<6)  «-jq|^j=(«+6)a-.  Am.  ^=     ^(^^t) 
(47)  a^+6x+cx+a6— flc+5c— a«=0.         Ans.  x=a— 6,  or  — a— c. 
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(48)  2(6— c)yt/2+d»=(6— c)«+ay«. 


V2(6-c)  J:  V(^+{2^a){h^f  . 
Ads.  t/= 

^  a 

184.  If  &:=a  in  the  general  form  (x^a)(z«-&)^0,  it  awinnMW  ihe  pctt 
alar  form  (a:— a)«=a*— 2aj:+a«=0. 

If  the  two  valaes  of  x  be  +a  and  —a,  the  form  (r — a)(a:4-ir)=j*— a*=» 

185.  Recollecting  that  the  value  of  the  unknown  quantity  is  called  the  roiid 
the  equation,  it  is  seen  that  every  equation  of  the  second  degree  has  two  rot& 
and,  by  the  general  form  (l)*^^ — (a-{-5)r-|-a5=0,  that  their  sum  is  eq^L^^ 
the  coefficient  of  the  second  term  with  the  contrary  sign,  and  that  their  pC 
net  is  equal  to  the  absolute  term  or  known  quantity,  when  transposed  to  vi* 
first  member.  Thus,  in  Example  4,  above,  the  sum  of  the  two  roots3asf; 
— 9  is  — 6,  and  the  product  -—27.  The  same  may  be  seen  in  other  eicr 
ples. 

The  general  form  02^-^-6x^0  is  capable  of  producing  all  the  psitiGilff 
forms  by  the  supposition  of  particular  values  for  the  coefficients.  Thos,  ii' 
6^0,  it  assumes  the  form  of  pure  equations.    If  c=0,  it  may  be  written 

x(ax-f  6)=0, 

•  i 

which  we  perceive  may  be  Verified  by  making  x=sO,  or  0x4-6=0  •*•'=-'' 

h 
The  roots  are,  therefore,  in  this  case,  0  and ,    Whenever  an  eqmiioof 

divisible  throughout  by  the  unkoown  quantity,  one  of  its  roots  is  zero. 

When  we  know  that  the  two  roots  of  the  equation  of  the  second  degree  v 
real,  the  above  relations  make  known  at  once  the  nature  of  these  roots;  k 
example,  admitting  that  those  of  the  equation  x'— 2x— 7=0  are  ml  ^ 
conclude  immediately  that  they  are  of  different  signs,  because  their  prodnd 
is  equal  to  the  absolute  term  —7,  and,  moreover,  that  the  greater  is  positin 
because  theur  sum  is  -|-2,  the  coefficient  of  x  taken  with  the  contrary  sign* 

.    186.  Another  mode  of  solution  may  be  derived  as  foDows : 

If  we  can,  by  any  transformation,  render  the  first  member  of  the  eqot&A 
]^-|-j7X=9  the  perfect  square  of  a  binomial,  a  simple  extraction  of  the  Bqtoi* 
root  will  reduce  the  equation  in  question  to  a  simple  equation. 
But  (x+ipy  is  af^+px+ip^. 

In  order,  therefore,  that  the  first  member  may  be  transformed  to  a  perfect 
square,  we  must  add  to  it  the  sqimre  of  ^p ;  that  is,  the  square  qfhdftlu  » 
^ficient  of  the  second  ierm^  or  simple  power  o/^x ;  it  thus  becomes 

which  is  the  square  of  x-}-jr.     But  since  we  have  added  ^  to  the  left-hnnJ 

member  of  the  equation,  in  order  that  the  equality  between  the  two  meoben 
may  not  be  destroyed  we  must  add  the  same  quantity  to  the  ngl:t4)aod  oeff- 
ber  also ;  the  equation  thus  transformed  will.be 

x-+px+^=^+^. 
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or 


(.+!)•=? 


+^- 


P  fP 

Eztmcting  the  root,  ar+^siy -j^g. 


Transposing,  '^=— Q=*=-J^+g 


-  2  • 

the  same  form  for  the  valne  of  x  las  we  obtained  by  the  first  method. 

We  afliz  the  sign  ^  to  xl^+q,  because  the  square  both  of  ^J-j^q, 

and  also  of  — -f^+j,  is  +f^4-5j,  and  every  quadratic  equation  must 

therefore,  have  two  roots. 

From  what  has  just  been  sud,  we  deduce  the  following  genend 

RULE  FOR  THE  SOLUTION  OF  A  C01IFI.ETE  QUADRATIC  EQUATION. 

1.  Transpose  all  the  krunon  qttantUieSt  when  necessary  t  to  one  side  of  the 
equation^  arrange  all  the  terms  invokmg  the  unknown  quantity  on  the  other 
nde^  and  reduce  the  equation  to  the  form  w^J^hmsc* 

2.  Divide  each  side  of  the  equation  by  the  ooefftdeni  ofx*. 

3.  Add  to  each  side  of  the  equation  the  square  of  half  the  co^gident  of  the 
nmple  power  ofx. 

That  member  of  the  equation  which  inTolves  the  unknown  quantity  will 
thus  be  rendered  a  perfpct  square,  and,  extracting  the  root  on  both  sides,  the 
equation  win  be  reduced  to  one  of  the  first  degree,  which  may  be  solved  in 
the  usual  manner. 

EXAMPLE  I. 

12ar— 210=206— 3a*+6. 
Transposing  and  reducing, 

3z«+12t=s:420. 
Dividing  by  the  coefiSdent  of  2", 

2«+4x=140. 
Completing  the  square  by  adding  to  each  side  the  square  of  half  the  ooefiScisok 
of  the  second  term 

z84.4x+4=140+4, 

0 

(ar+2)«=144. 

Extracting  the  root,  x-|-2=  i  -y/lAi 

=  ±12 
.•.3r=— 2±12. 
Hence 

<x=— 2+12=10 
ir=— 2— 12=— 14. 
Either  of  these  two  numbers,  when  substituted  for  x  in  the  original  eqaathaL 
win  render  the  two  members  identical. 

o  / 
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C  O/B 

DivuKng  by  a+6,       *"— J^Ifc  '  *=(a+ft)«' 

Completiiig  the  square, 

e  ^ ac  ^ 


""2(a+5) 
Extracting  the  root, 


>•     <«+4#c 
$  "■4(a+6)«- 


e               Vca+4flc 
'-2(5+6)-=^   2(^+ft)  ' 
c  J:  Vc^+4fle 
«       •••*=      2(a+h)     ' 
Th  e  two  ▼ahiee  of  t  hero  are  

*=     2{a+6)     ♦'^-     2{a+6)     * 

EXAICPLB  TIU. 

Transposing,      (ii»-««)a*— 26n«x=  -n«(a*+  6*). 
Dividing  by  the  coefficient  of  2*, 

2l>n»r  ,    g*+^ 

Completing  the  square, 

26it«x  ,  /   gw«   y     /   hn*  y    ig(jg+y) 

EstractiDg  the  root, 


X: 


The  two  TaluM  of  x  are 


v9)  2«+4x=i:21.  Ans.  x=3,  r=r— 7, 

(10)  a*— 9x+4j=0.  Ans.  r=8J,  ar=-. 

(11)  622r— l&t»=s6384.  Ans.  r=:22f  x=18f, 

7+  V— 1039         7—  ^^— 1039 

(12)  8x«— 7x+34s=0.  Ans,  xs—^-^^j^ ,  x= j^ . 
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.-14-^133  -«l— -/133 

(13)  3a«+x=:ll.  Am.  a:= ^ ,  x= g^lifi 

(14)  |— 4— a*+ar-^=45-ar«+4ar. 

Ana.  ar«:7. 12.  •  •    .,  xs=— 5. 73.  •• 
/,1.x  o      g^-*0     3x^10    „  A  23         ^ 

(15)  3*-is?=T- 9i::2F=2-  ^°»-  ^=T'  ^=*- 

90       90         27  '  5 

(16)  ~ ^ 1^=0.  Ana.  x=4,  Xrs  -^. 

^     '   X     x+1     x+2  3 

/  -.     ,     .  3flftp    6a«+a5— 25»     Mx       ^  2a— 5  3a+2t 

(18)  *iu^ — 2i»x  -Jnsszfuf — mn.       Am.  t=s—j — -. — 7-,  x=— 7 7-. 

(19)  4aV4.4c^7+4a6(i*x*.9o^^+(aeB+5i>)>3s0. 

Ans.  ^— 2a+3(^  Vc'  ^— "2a-3<iVc- 

t^)  9t>-3d»ft«^^V     36'     + 3=S? )x+-^y/(a+b)c^O. 

(3— d»)  -/a+d        3Mc</  -/c 
^'  ^'^    a6(l+26»)    •  '='"lir— • 

187.  The  aboTe  rule  will  ODsble  us  to  solre,  not  only  quadratic  equations, 
but  an  equations  which  can  be  reduced  to  the  fonn 

x«"+px«=(7; 
that  is,  all  equations  which  contain  only  two  powers  of  the  unknown  qoantitf, 
and  in  which  one  of  these  powers  is  double  c^  the  other. 

For  if^  in  the  aboTo  equation,  we  assume  ysax*,  then  ^asa^,  and  it  be- 
comes # 

Solving  this  according  to  the  rule, 


Putting  for  y  its  value. 


^-  2  ' 


x-= 5 . 


Extracting  the  «ith  root  on  both  sides. 


2 


EZAMFLK  I. 

x«— 25x»=— 144, 
Assume  x'ssy,  the  aboTO  becomes 

^-25y=-144. 
Whence  ys:16,  ys:9. 

But  since  sflsay .«.  x=^  ±  ^y ; 

.•.x=±\/l6»x=±V9. 
Thus  the  four  values  of  x  are  -|- 4,  —4,  -4-3,  — 3, 
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'  EXAMPLX  II. 

««— 7x«=8. 
Aasiime  x'ssyt  y*— 7ys=r8. 

Whence  ^=8,    y=— 1 

And  since  2*^y.*.:rs=:±  vy. 

Whence  the  foor  roots  of  the  eqastion  are  :£:  ^Bt  :t  ^ — It  ^  •  !■(  >»• 
of  whkh  are  impoMible  roots. 

KrAMFLX  lU. 

Let  2«— 2x>as48. 

Assome  :i'ssyi  the  above  becomes 

y»-2y=:48. 
Whence  y=8,  or  —6. 

Bat  since  x'^y  •*•  xss  Vy- 

Hence  two  of  the  roots  of  the  aboTe  eqnation  are  +  V^  ^^  —  V^  \  tl» 
remaining  four  roots  can  not  be  determined  by  this  process. 

XXAMFLK  lY. 

Let  2r— 7  -/a:=99, 

or  2x— 7x*s=99. 

This  equation  manifestly  belongs  to  this  class,  for  the  exponent  of  r  in  the 
first  term  is  1,  and  in  the  second  term  half  as  great,  or  |. 

In  this  case  assume  ^xs=y,  the  equation  becomes 
2y«—7y=:99. 

Whence  ys=9,    y=— j. 

But  shice  i/xssy  .%  f  ssy* 

^  .••  X:s81,    Xss—r-. 

To  account  for  the  two  values  of  x  in  this  equation,  it  must  be  obeerred  tbsc 
one  belongs  to  +  ^tx^  the  other  to  -^  ^x. 
Tins  win  appear  clearly  in  the  following  example. 


;  y. 

axs6-|-  4a: (1) 

Solving  this  equation  in  the  same  manner  as  the  preoedmg,  we  shall  find 
2fl64,c+  t/^g^+c'         2afe+c—  '/4fl6c+c« 
'-  2««  •*-  2a» 

If  we  substitute  these  two  values  of  x  in  the  original  equation,  we  ahaH  find 
tfiat  the  first  only  will  verify  it ;  the  second  belongs  to  the  equation 

axs=6—  -/S (2) 

These  two  equations,  multiplied  together,  produce  the  complete  quadrstic 
equation 

aV— (2a6+c)x+6«=0, 
whose  roots  are  the  two  values  of  x  given  above. 

The  explication  of  this  matter  is,  that  ^fx  is  always  supposed  to  have  tfas 
double  sign  JLf  uid  therefore  the  general  form  expressed  by  fquatioo  (1)  i&> 
volves  covertly  that  expressed  by  equation  (2).    It  is  necessary,  therefore,  if 
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examples  of  this  kind,  to  tiy  the  answers  obtained,  by  substitnting  them,  in 
order  to  see  which  belongs  to  the  given  form. 

188.  Many  other  equations  of  degrees  higher  than  the  second  may  be  solved 
by  completing  the  square ;  although,  it  must  be  remarked,  we  can  seldom  ob- 
tain all  the  roots  in  this  manner.  The  transformations  to  which  we  subject 
equations  of  this  nature,  in  order  that  the  rule  may  become  applicable,  depend 
upon  Tarioos  algebraic  artifices,  for  which  no  general  rale  can  be  given.  The 
following  examples  will  serve  to  give  the  student  some  idea  of  the  course  he 
must  purstle ;  a  little  practice  will  soon  render  him  dextroua  in  the  employ 
ment  of  such  devices. 

EXAMPLE  TI. 

Let  -/*+12+ Vx+12=:6 

Assume  x+l2=zy,  the  equation  l^en  becomes 

which  eyidently  belongs  to  the  same  class  as  the  preTioni  examples ;  completiiif 
tt»e  square,  we  shall  have 

y''=s2,  or  —3. 
Raising  both  sides  of  the  equation  to  the  power  of  4, 
ys=16,  or  81 
••.  X,  or  y— 12=  4,  or  69. 

EXAMFLE  YII. 

Let  2a*+  \/2?+T=ll. 

Add  1  to  each  member  of  the  equation,  it  becomes 

2a*+l+  -/2?+i=12. 
Assume  22^-|-lss:y,  then 

y+y*=12. 
Completing  the  square,  and  solving,  we  find 

y^,  or  V2a^+1=3.  and  —4 
22>-|-l=9,  and  16 

16 
i«=r4,  and  — . 

Hence  x=:+2,  -2,  +-y/^.  -yj^' 

it  may  be  remariLod,  that  it  is  in  general  unnecessaiy  to  substitute  y,  which 
his  been  done  in  the  above  examples  for  the  sake  of  persjHcid^  sloiM. 

EXAMPLE  Tin. 

Let  (r+l) +*=48-|. 

TnuwpMing  (*+-)  +(x+-)=42. 

Considering  x+-  as  one  quantity,  and  completing  the  square. 
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ss6.  and  ^'^ 
Hanoe  we  haf  e  the  two  eqoakioiie 

2*— Garss— 8 

Sohiof  the  tet  in  the  navel  manner,  we  find 
jrss4,  and3, 
and  by  the  aesond^  we  haifo 

—7+  y/rf       ^  —7—  y/rf 
x^ 2 .and g , 

which  are  the  four  roots  of  the  proposed  equation.  If  we  had  r^JcLod  m 
equation  by  performing  the  operations  indicated,  instead  of  emjdoyiii^  l!i 
above  artifice,  it  would  have  become 

a  complete  equation  of  tlie  fourth  degree. 
The  roots  of  equations  of  the  fourth  degree,  reducible  to  die  seoood  istbon 

present  themselres  ordinarily  under  the  form  yjai:  '/h^  and  fieqaeodf  tf 
ford  an  application  of  the  process  exhibited  at  (Art  104). 

(9)  a:*+4a«=sl2.  Ana.  x=±  '/2,  or  ±  V^^- 

(10)  a<— ar»— 513=r0.  Ans.  r=3,  or  -  VE 

(11)  ar«— 13x«+36=:0.  Ana.  ar==±2,  i=±3. 

(12)  (2«-.2)«=i(x«+12).  Ans.  ar=  ±2,  x^^ 

(13)  (2«— l)(a«— 2)+(2«— S)(i:*-.4)=JC*+5.      Ans  x=;±l,  ^=±3. 

(14)  ^^n^^p.  Ans.  .^i^^^^f 

a5):^^=ti:^.  Ans.x=4. 

4+  ^x         -/x 


(16)  .^^£f±^^?Z:Vx  ^^  .^/-ftJzV4.»+4a»+ft^« 

a+y/x          y/x  \            2(a4-l)            / 

(17)  -/x»— 2Vx— x=Q.  Ans.*=4. 

(18)  V^+y/^s=6yfx.  Ans-rsfc 

(19)|=:22i+^.  Ans.r=49. 


Ans.  xs25  or  49. 

Ans.xs=243,or(-28)'' 
Ans.x=4,or(-7)^ 


64 
will  not  sttisfy  &•  eqaitioo,  and  is,  tfaeiefcro,  to  be  rejected.    (See  Bx.  5»  p.  SliJ 


*  In  thia  and  some  of  the  IbDowing  exaxnplea  anotber  Tafaie,  *=  q-i  i*  also  (banl  ^' 
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(23)  32^+z'sa3104. 

(24)  ax^+hx^=c. 

8 

(26)  3*^-^*= -692. 
2 


(26)  a-— 2ar5=5. 

an)  ^  ^+^^i/^— ^( V^4^) «!g» 

(30)  iH-5=sV;H^fl^ 


97\* 


Ana.  ir=64,  or  (— j- 1 


s 

Atis.  irs=8,  or  (— — ) 


Ant.  xss{adi  V^^+^f 
Asa. 


(31)  a;+16— 7i/x+16=10— 4i/a?+16. 
(33)  aa— 2a;4.6v'«*— 2a;-H5=:ll. 


(34)  8a!S4-3«^V2*M-3a>f^-fa=(K 

(35)  [(»-a)a— «]«— (»-l^«=88— (»-.a). 

(36)  (x-|-6)H'«a!*(a:+6)=1384.a*. 

(37)  »-.l=2+g. 

r 

(38)  »A— 2iBH«=l32- 


(40) 


9x+'i/l<toS4^6£Bac=3l5a;S-~4 

*= ——* 

X — 5 


(«)^« 


(«)  (-3*+(-S)*=?- 


(44)  «*-(9ftH-^)a*+W<^=0. 


(45)  a!»— «4.5^2a:s— 5{r-H=: 


_to-fto 


(46) 


Am.«=1 

,orl±2i/15. 

Aaf. 

-3.— :• 

Am.  ffa&:6,  or  —1,  ( 

^5±3^-3 

Am.  2=4 

Ass.  2=4. 

Am.  a=4»  or  —3,  < 

„l±^     43 

90 

Aiu.x=^or 


-"^fc^-i 


Ank  «=s:jt:3,  or  — 81,  or  ^. 


Am.  as=J-Vfc-HWi-t»ai/i5c^. 

-^-  *=|(dLV"=^— 3). 


NoT«.— In  some  of  tbe  above  ezaaaples  we  have  given  answen  which  wifl  not  satifiy 
tibe  e<iaation  oaleia  the  doable  sign  be  nnderttood  be&re  the  radical  In  some  cases  this 
signii  onderstood,  in  others  not;  bat  wfaethetr  it  is  ornot  wifl  always  be  known  fitaa  te 
probUsi  from  which  the  eqoation  is  derived. 
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OK  THE  SOLUTION  OF  aUADBATIC  EQUATIONS  CONTAINING  TWO 
UNKNOWN  aUANTITIES. 

169.  An  equation  contuning  two  unknown  quantities  is  said  to  be  of  die 
$econd  degree  when  it  involves  terms  in  which  the  sum  of  the  ezpanemls  (ftki 
unknoton  quantities  is  equal  to  2,  hut  never  exceeds  2.    Thas« 

3a«— 4x+y«— xy— 6y+6=0,  7zy— 4x+y=0, 
are  equations  of  the  second  degree. 

It  follows  from  this  that  eveiy  equation  of  the  second  degree  containii; 
two  unknown  quantities  is  of  the  form 

a^+hxy+cj*+dy+ex+f=iO, 

where  a,  &,  c, represent  known  quantities,  either  numerical  or  a^ 

braical;  t.  «.,  the  equation  contains  the  second  power  of  each  of  the  onknovc 
quantities,  the  first  power  of  each,  and  the  product  of  the  two.  Not  tka 
every  equation  of  the  second  degree  contains  all  these,  but  when  any  one  d 
them  is  wanting  the  coefficient  of  that  term,  in  the  general  form,  is  said  to  be 


Let  it  be  required  to  determine  the  values  of  z  and  y,  whi^  satisfy  Ae 
equations. 

af/'+hxy+cj^+dy+ex+fzzzO (1)  > 

a'y»+6'xy+c'2«+rf'y+e'x+/'s=0 (2)  $ 

Arranging  these  two  equations  according  to  the  powers  of  y,  they  beoane 

a^+(hx+d)y+(c^+ex+f)=^0 l 

ay+(5'x+c£')y+(Cx«+e'x+/')=0 J 

Put                         h  x+d  =A ;   c  a*+e  z+f  ^k 
1/x+d'szh' ;  c'x«+«'x+/':^K 
.-.  a}/^+hy+k  =0 (3) 

fly+*'y+^=o (4) 

Multiply  (3)  and  (4)  by  a'  and  a  respectively,  and  also  by  kf  and  k  ;  thsa 

aay+a'hy+a'k=:0 (5) 

aay+ah'y+ak'^iO (6) 

dfy+Wr'y+Arifc'rrO (7) 

a'k^+h'ky+kk'=0 (8) 

Subtracting  (6)  from  (5),  and  aJso  (7)  from  (8),  we  have 

(a'fc— aA')y+a'it— aifc'=0 (9) 

(Vit— df)y+Vit— Wr'srO (10) 

Multiplying  (9)  by  h'k^hk*,  and  (10)  by  a'A:— a*',  we  have 

{a'h'^ah')(h'k^hk')y+(a'k'^ak')(h'k^ht)=:0  .  .  (11) 

(a'it-.ait')«y+(a'A:— aAr')(Vifc— W:')s=0  .  .  (12) 

.-.  (a'A— afc')(VA:— WfcO=s(a'it— aJt')» (13) 

Substituting  the  values  of  ^  V,  A:,  A:'  in  equation  (13),  we  have 

Hence,  by  multiplying  and  expanding,  the  final  equation  in  x  is  of  die  fiMotfa 
degree,  which  will,  in  general,  be  the  degree  of  the  equation  obtained  by 
eliminating  between  the  two  equations  of  the  second  degree ;  but  the  geoeial 
fi>rm  includes  a  variety  of  equations,  according  to  the  values  of  the  coeffideoH 
tf,  5,  c,  &c.;  when  d^  ««/»  d\  d^J'  are  each  z=0,  the  solution  may  be  obtiia- 
ed  by  quadratics,  the  resulting  equation  in  x  being 

\[a'h^ah'yj^a'd^ad'\  .  {(6'c-6c')x-(c'/f-.c<i')}=(a'<?-.flc')V 
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AJthough  the  principles  already  estabUsbed  win  not  enable  us  to  solve  equa- 
tions of  this  description  generdUy^  yet  there  are  many  particular  cases  in 
'^rbic^  they  may  be  reduced  either  to  pure  or  adfected  quadratics,  and  the 
Toots  determined  in  the  ordinary  manner. 


EXAMPLE  I. 

Required  the  values  of  x  and  y,  which  satisfy  the  equations, 

\^+y—v 

c      xy=if 

2«+2xy+^s=i?« 

Axy^=A(f 


Sqiuuring  (1), 
Multiply  (2)  by  4, 
Subtract  (4)  from  (3), 
or 

Extract  the  root, 
But  by  (1), 
Add  (1)  to  (5), 
Subtract  (5)  from  (1), 


a:— y==t\/i>*— 45» 


•        2x=p±  y/jfl-Af. 
2y=p=pVjP"-45« 
Hence  the  corresponding  values  of  x  and  y  will  be 


p+yfP^^Af) 


y= 


j>—  Vp^—4f 


2 


JP-VJP'-4^1 


'  and 


y*= 


P+  Vp*—if 


(1)? 
(2)$ 
(3) 
W 


(5) 


EXAMPLE  II. 


Square  (1), 
Butby(2)r. 
Subtracting, 


5x+y=a. 

ix«+y»=6» 
x"+2xy+y«=a«. 
a*  +y»=y. 


2xy        =a«— 5«  .  . 
Subtract  (3)  frtwn  (2),   x«— 2xy+y«=26«— a«, 
or                                         (x-y)«=2y-fl». 
Extracting  the  root,                  x— y = ^  '^2h* — 
But  by  (1),  x+y=:a, 

•.  adding  and  subtracting 


2x=a±  V2y— a« 
2y=a:F  V26«— a». 
Hence  the  corresponding  values  of  x  and  y  will  be 
a+  V26«— a«^ 
2 L 


X=s- 


'  and 


y=T 


•  •  •  • 


m 


(«) 


1  y  will  be 

""  2  J 


EXAMPLE  ni. 


Cube  (1), 
But  by  (2), 
Subtracting, 


<x+y=m.  .  .  . 
Jx»+y'=»»   .  .  . 
'•+3a^+3ary'+y'='»'- 

3x>y-|-        3xy«=sm»— n», 
3xy(x+y)=f»»— n». 


(1)1 
(2)$ 


920 
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SulMtitiito  for  (or+Sf)  its  mine  oerived  from  (1), 
3xy .  mssffi'— n* 


Squaring  (1), 
But  by  (3) 

Subtnetmg, 


But  by  (1), 


3m 


(x-y)«= 


4n»— m« 


3m 


I 

T+y   =m 


3m 


.-.  2r=m±y- 
2y=m:f^ 


(4n* — m* 


3m 


f4n*— m* 
"3m 


Hence  the  two  corresponding  values  of  x  and  y  are 

m        Ri^ 

m       / 


f4n' — m' 
12m 


m        /i 

^m       jin^-^m^ 
^"'2'^V     12m    . 


I: 


—in' 


^  and 


12m 


f4n»— m» 
12m 


EXAMFUE  IV. 

!T*+xV+y*=a 
^+^V+y'=2» 

square  (1),  a^^~x^y^+f+2x^ .  z'^y'*+2r^y*+2yi .  xV=a«, 

But  by  (2),  a'+xV4-y» srft. 

Subtractang, 


2ar* .  arV+2sarM+.2y  Vy^8atf»— fc, 

3     3 

.•.  2x^y* .  a 
...   x?/ 


But  bj  (1), 
And  by  (3), 

Ad&g, 


' 2g 


_g«— t 
2a~" 


■(1){ 
(2)) 


(J) 


l<) 
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Again,  from  (1),         x^+x^y^+y^ssa. 

And  from  (3).  3xV         _3(a'-&) 

2a 


But  by  (4).  rJ+y*      =±x^ 


2a 


.  adding  and  •obtractiDg,        x*      =  it'^-^ =tv-- 


6— a» 


2a 


2 
Hence  the  corresponding  Talues  of  x  and  y  are 


V8a  >         ^   ^""c  V8a  > 

.        .  and  L        ^ 

±y3a«-^—  V36— a«  >  4  r  db  V3a«-*6+  ^36— a«  )  t 


c  ±  V3a«— 6—  -/So— a* )  f  r  db  '•3a»-*6+  ^36— a«  ) 

*=1 ;?^^ S     ^=i 7^ J 

The  foDowing  require  the  completion  of  the  square : 


EXAMPLE  y. 


^x+y+2*+f=a (1)  / 

ix-y+a*-y«==6 (2)  $ 


.y+a*-y.=6 (2)i 

Add  (1)  and  (2),  2a:«+2j:=a+5 (3) 

Subtract  (2)  from  (1),  2y+2y=a— 6    (4) 

Equations  (3)  and  (4)  are  common  adfected  quadratics ;  aohring  these  in  the 

f  naual  manner,  we  find 

— 1±  Vl+2a+26^ 
x= 


— ldbVl+2a— 26 


EXAMPLE  YI. 


s*+y=  « 

>z<4.y«=272 

Rtiw  (1)  to  die  4th  power. 

a-+4*»y+eiy+4ay+y«=:1296. 
But  from  (2),            «•                                  +y«=  272, 
Subtracting                      4x*y+&tiy+ixf        =1024, 

or                                        aty(2i«+3ry+2j«)s=1024 

But  by  (1),                           2:Q,(2j:«+4*y+2y)=144*y 

SobtiuitiDg  (3)  from  (4),                              2zys:144zy-.1024. 

.(1) : 

.(3) 
.(4) 
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TnotposiDg  and  dividing  by  2, 

ly— 72zy  r=^512. 

Completing  11  e  •qnare,  2fy*—72ry+ 1296=1296^519^ 

or  (xy— 36)«=  784. 


Firat,  let  no  suppose  xyaeS. 
By  (1), 
And 
Subtracting, 


.ay— 36  =±  V784 
2y  =36:^28 

=64,  and  B. 

a-+2xy+y«=36, 

4xy        =32. 
a!«-.2ry+y»=  4 

•.X— y  =±2, 
a:+y  =6. 


But 

.*.  adding  and  subtracting, 

Secondly,  et  ua  take  the  other  value  of  xy,  or  64. 
By  (1).  a*+2xy+y«=       36, 

4xy        =     256. 
Subtracting,  2*_2ry-|-y*=— 220, 


But 

.*.  adding  and  subtracting, 


.-.x— y  =±V— 220, 

x+y  =6. 


Xr= 


6+V— 220' 


y=- 


6— V— 220 


6— V— 220 


and 


y= 


6+ V—220  1 


Hence,  in  the  above  equations,  two  of  the  roots  of  x  and  %  are  poot'de,  wd 
two  impossible. 

(7)*  2x  +3y  =118 (1)  > 

6a*— 7y»=4333 (2)  J 

x=36>      ,x= —229^1 
^;y=16Hy=      192Ai 

(8)    8x+23y  =  2x»+2y» (1)) 

34y4.  6a!«-6y"=13xy+24 : (2)  J 


-1811 
x=3>    *""   133 


r=3) 
/=2$ 


y=- 


34 


133    J 


X=s 


55T  Villi 


y=- 


26 
—  9±3-/1114 


(9)  (x-y)(x«-y)=a 
(x+y)(x«+y)=6 


(1)? 

m 


Ans.  x= ,  y^— -■    '  ^   . 

2V26— a  2V26— a 


*  The  IbUowfaig  ezamplei,  tboagfa  &  Tslaable  exerciM,  are  likely  to  detain  the 
lODg,  and  may,  if  neccMaiy,  be  omitted. 
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(10)    xyt 

xyz 
xyz 


-s=& 


(1) 
(2) 


x+z 


=c 


An8.x=±l^ 


(3) 
2a6c(a64-6c— ac) 


(a6+ac— 6c)(6c+ac— aft)' 
_        i        2ahc{hC'\-ac^ab) 


-Wi 


2a&c(a&-|-^^-~^) 


Ul)  ar+y=a, 

(12)  4a:y=96-.a:y, 

x+y  =6. 

(13)  :r»+y-=:2a», 

ary=c«. 

(14)  ar»+x+y=18-y«, 
•  a:y=6. 

(15)  di^Sixy+yS+axrrlSa— 9y 

ay— y*=:8. 

M  •»  l-y^    ap-~y=78, 

(17)  aV—7ay*— 945=765; 

ay— y=12. 

(18)  a^- V^+y--i/^+i/y=a 

yH-l/y=5* 
a?--y=2. 

'vH-y   V  3x 


(<z64-&c — ac)(bc+ac — ab)' 

a  ,     /46— fl'         a       /46— a' 
Ans.  x=-±^-^^^.  y_:f  ^_^. 

Ans.  x=4,  or  2,  or  3±  V^^ 
y=2,  or4,  or3:Fy"2r. 

Ad8.  x=\a"±  -/«*"—(:**)■, 


^     (a-±  Va**— c*»)* 

Ans.  xs=3,  or  2,  or  — 3±  V3, 

y=2,  or  3,  or  —3^  V3. 

Ans.  a=— 9^^?,  y=— aj-l/?, 
akok  a=«,  or  9,       y=4,  or  1. 


Ans.  x=s9,  or  3,  or  • 


y=3,  or  9,  or 


— 13=P'V/— 39 


17^61/- 
y= — 6j-\/ — 2;  also,  y=3,  or  — IfiL 

35 
Ans.  x=9,  or  -, 

y=:4,or-. 

Ans.  »=5,  or  -^ 


y=3,  or- 
as.  a=6  or  j 


10 
9 

y^l2  or  — 9. 


(21)  «*-2a;«y+y«=49  Ans.  :r=i3,  or  J-^/e,  or  j^— "=fcl/Ef^ 


««..-2*«y«-fy<— xH-y*=sMl 


y=2,  or  —1,  or 


l±lA:-«       1±V5 
2 '"—3^ 
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Ana.  «=<,«-. 


r=u-. 


^)  «l4.yl=3jr  (see  note,  page  tlT), 


f+«r=y*+<y- 


AM.-r=5.or-or ^ 

3r=:6,  or  150,  or — _ 


(30)  «H-r=2«— ^yaH-y-K 

8«— i/y     15    8«+/^ 


3r=4,flri 

Am.  «=I1»  or  — 1,  or  6l±i/-3Ji* 

y=sl,  or  —11,  or  — ei^y^^i^: 

"is!*;!! 

:i(rl 


(31) Si/«a— 9«yS3B9y~16«y» 

5»=4+«5|f». 


AiM.c=iorU, 
AM.«=9,0ri 


P&OBLElkCS  PRODUCING  PUBJ!  EaUATIONS. 

(1)  What  two  numbers  are  those  whose  sum  is  to  the  greater  as  10  to  7 
and  whose  sum,  multiplied  by  the  less,  produces  270  ? 

Ans.  db2lBiidJ:9 

(2)  There  are  two  numbers  in  the  proportion  of  4  to  6,  and  the  difienflt* 
of  whose  squares  is  61.    What  are  the  numbers  ? 

Ans.  ±12and±Ii 
(9)  A  detachment  from  an  aimj  was  marching  in  regular  cohnmii^^ 
men  more  In  depth  than  in  front ;  but  upon  the  enemy  coming  is  b\^  ^ 
front  was  increased  by  845  men,  and  by  this  movement  tha  detachment  wa 
drawn  up  in  five  lines.    Required  the  number  of  men  ? 

Am.  4550. 

(4)  Two  worlunen,  A  and  6,  were  engaged  to  work  for  a  certain  ras^ 
of  days  at  different  rates.    At  the  end  of  the  time,  A,  who  had  been  idle  4  d 
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Aoae  days,  had  75  shiltiDgs  to  receive ;  but  6,  who  had  been  idle  7  of  those 
days,  received  only  48  shilliogs.  Now,  had  B  been  idle  only  4  days  and  A  7, 
they  ivould  have  received  exactly  alike.  For  how  many  days  were  they  en- 
l^aged,  how  many  did  each  work,  and  what  had  each  per  day  ? 

Ana.  A  worked  15  and  6  12  days. 

A  received  5  and  B  4  shilfings  per  day. 

(5)  A  vintner  draws  a  certain  quantity  of  wine  out  of  a  fnll  vessel  that  holds 
2d6  gallons,  and  then  filling  the  vessel  with  water,  draws  off  the  same  qaantity 
of  liquid  as  before,  and  so  on  for  four  draughts,  when  there  were  only  81 
gallons  of  pure  wine  left*    How  much  wine  did  he  draw  each  time  ? 

Aqs.  64,  48,  36,  and  27  g^dloiit 

PaOBLBMS  WHICH  FEODUCE  ADFECTEB  OB  COMPLETE  aUADBATIC 

BaUATIONS. 

PROBLEM  1. 

190.  To  find  a  number  such  that  twice  its  square,  augmented  by  three 

timea  the  number,  is  equal  to  65. 

Let  X  be  the  number  required*  we  have  for  the  equation  of  the  problem, 

22B+3xse65. 

o  ^       ^  .  3  ,     /66  .   9  3  ,  23 

Solving  the  equation,  xrs— -±y — +~ = ""J ^T* 

Hence  x=:5;  x=— — . 

The  first  of  these  two  values  satisfies  the  conditions  of  the  problem,  as  stated 
m  the  enunciation ;  for,  in  fact, 

2(6)»+3X  5=2x25+16 
=65. 
In  order  to  interpret  the  meaning  of  the  second  value,  let  us  observe,  that 
if  we  substitute  — a;  for  +x  in  the  equation  22"-|-3a;r=65,  the  coefficient  of  3x 
akme  will  change  its  sign,  for  (— x)'=(+7)'=:x*.    Hence  tiie  value  of  x  wiB 
DO  longer  be 


3    23 

*— 4±-4-' 

^wUlbecmne 

Hence 

'     13 

where  tiie  values  of  x  differ  from  those  already  found  in  sign  alone. 

13 
Hence  we  may  conclude  that  the  negative  solution  — ^,  considered  with- 
out reference  to  its  sign,  is  the  solution  of  the  foflowing  problem : 

To  find  a  number  such  that  twice  its  square,  diminitked  by  three  timet  tiia 
number,  is  equal  to  65. 
In  foct,  we  have 


^/13\«  13     169     39 

^2  )  •3XT«-2— 2 


=65. 
P 
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PBOBI.EM  2. 

A  tailor  bought  a  certain  number  of  yards  of  doth  for  j  2  ponnds.  If  be  k 
paid  the  same  sum  for  3  jrards  less  of  the  same  cloth,  then  the  dodi  ^ 
hare  cost  4  shillings  a  yard  more.    Required  the  number  of  yards  pmcksi 

Let  X  be  the  number  of  yards  purchased. 

240 
Then  —  is  the  price  of  one  yard,  expressed  in  shiDingB. 

If  he  had  pud  the  same  sum  for  3  yards  less,  in  that  case  the  price  of«s 

240 
would  be  represented  by 5. 

But  by  the  conditions  of  the  problem,  this  last  price  is  greater  tfau  ^ 
former  by  4  shillings ;  hence  the  equation  of  the  problem  will  be 

240      240 
ii:3=T+^' 
or  2*»3x=180. 


«ru  3  ,     /9  3  ,  27 

Whence  ^=-±^+180=.±- 

.-.  r=al5;  r=— 12. 

The  value  of  x=:15  satisfies  the  conditions  of  the  problem,  for 

240       ^   -240 
_«ie;-=20, 

die  price  of  each  yard  in  the  first  case  being  16  shillings,  and  in  the  hst  c» 
20,  which  exceeds  the  former  by  4  shillings. 

With  regard  to  the  second  solution,  we  can  form  a  new  enanciatiiin  tDiHsd 
it  will  correspond.  Resuming  the  original  equation,  and  changing  z  ioto  ^ 
it  becomes 

240         240 

or 

240       240 


x+3" 

an  equation  which  may  be  considered  as  the  algebraic  representation  of  tbe 
foBowing  problem : 

A  tailor  bought  a  certain  number  of  yards  of  cloth  for  12  pounds.  If  he  ^ 
paid  the  same  sum  for  3  yards  moret  then  the  cloth  would  ha?e  cost  4  sfaiBio? 
a  yard  less*    Required  the  number  of  yards  purchased* 
The  above  equation  when  reduced  becomes 
a*+3x=180, 
instead  of  j^— >3xssl60,  as  in  the  former  case ;  solving  the  above,  we  fiod 
xsl2;  xs:— 15. 
The  two  preceding  problems  illustrate  the  pinciplo  expluned  with  n^ 
to  problems  of  the  first  degree. 

PROBLEM  3. 

A  merchant  purchased  two  bills ;  one  for  $8776,  payable  in  9  monthii  ^ 
oliher  for  $7488,  payable  in  8  months.  For  the  first  he  paid  11200  loan 
than  for  the  second.    Required  the  rate  of  interest  allowed. 
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Ijat  2:  represent  the  interest  of  $100  for  1  month. 

Then  12x,  9r,  Sj  severally  represent  the  interest  of  $100  for  1  year,  9 
tnontha,  8  months. 

And  100-f  9x,  100+8r  represent  what  a  capital  of  $100  will  become  at 
the  end  of  9  and  of  8  months  respectively. 

Hence,  in  order  to  detennine  the  actual  value  of  the  two  biQs,  we  have  the 
following  proportions : 

The  fourth  terms  of  the  above  proportions  express  the  sum  paid  by  the 
merchant  for  each  of  the  bifls. 

Hence,  by  the  conditions  of  the  problem, 
877600       748800 

loo+gx^ioo+er^"^^^^' 

or,  (Mviding  each  member  by  400, 

2194  1872 

•=3. 


100+9jr     100+8ar" 
Clearing  of  fractions  and  reducing, 

2162;"+4396x=2200. 
Whence 


_    2198 .    te20o    mgey 

*""      216=*=V  216+\216/ 
— 2198zl:  '•5306404 
""  216 

— 2198i:  '•5306404 
^^==  18 


—2198±  2303.6.. 


18 

.•.  12a:=6.86 ;  and  12xa= —250.08. 

The  positive  solution,  122r=5.86 ,  represents  tiie  required  rate  of  in- 
terest per  cent,  per  annum. 

With  regard  to  the  negative  solution,  it  can  only  be  considered  as  connected 
with  the  other  by  the  tAme  equation  of  the  second  degree.  If  we  resume 
the  original  equation,  and  substitute  — x  for  +x,  we  shall  find  great  difficulty 
in  reconciling  this  new  equation  with  an  enunciation  analogous  to  that  of  the 
proposed  problem.  ^ 

PROBLKH  4. 

A  nisn  purchased  a  Ubrse,  which  he  afterward  sold  to  disadvantage  for  24 
pounds.  His  loss  per  cent,  by  this  bargain,  upon  the  original  price  of  the 
horse,  is  expressed  by  the  number  of  pounds  which  he  paid  for  the  hone 
Required  the  original  price. 

Let  X  be  the  number  of  pounds  which  he  paid  far  the  horve. 

Then  x— 24  will  represent  his  loss ; 
But,  by  the  conditions  of  the  problem,  his  loss  per  cent,  is  represented  by  the 
nomber  of  units  in  r; 
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Hb  loit  per  cent,  on  one  poood  m  ^^, 


r  eeiB^  on  x  pounds  moat  be  j^^t  < 


»  hit  loat  per  eeiB.  on  x  pounds  most  be  t^«  or  x  tunes  as  ff9A 
'Hiis  gives  the  equation, 


100"  

xs:50:t  Vl00s=50dbl0. 

fienee  xs60;  x=40. 

Both  these  solntions  eqnslljr  fUfiU  the  conditioiis  of  the  problem. 

Let  us  suppose,  in  the  first  place,  that  he  paid  60  pounds  for  the  hone,  a< 

he  sold  it  for  24,  his  loss  was  36.    On  the  other  hand,  by  the  eonociatioB.  b 

60  60X60 

'oas  was  60  per  cent  on  ^b»  original  price ;  t.  e.,  r^  of  60,  or     .^^  s$ 

thus  60  satisfies  the  conditions. 

In  the  second  place,  let  us  suppose  that  he  paid  40  pounds ;  his  loss  k& 

case  was  16.    On  the  ot^er  hand,  his  loss  ou^t  to  be  40  per  centoBta 

40  40  X  40 

.riginal  price ;  t.  e.,  rrr  of  40,  or      ^    «16 ;  thus  40  also  satisfisi  tbees 

ditions. 

OKNERAL  DISCUSSION  OF  THX  XqUATIOIT  OF  THS  SKCOHD  PESBII 

101.  The  general  fonn  of  the  equation,  the  coefficients  being  ooaaiendr 
pendently  of  their  signs,  is 

I.«  II.  Let  q  be  positive  and  <  p 

(  P      IP 

L  Ifp  be  positive,  3:=  — oity-r — 9,  and  both  Talnes  are  n^g^ 

n.  IfpbenegatifB.xaB4>~:i:<^'^---9,  and  both  vahMssrspoaitin. 
Tn.,  IV.  Let  q  be  positiTe  and  >  ~r. 


in.  Up  be  positiye.  r=-|±^|^-ff, 
IV.  Ifi>  benegatiTe,x=+|±^^^^, 


and  both  vahiss  STB  i 


*  In  tins  and  sU  the  idlowiiig  Tslnei  of  #,  cslling  the  tenn|  belse  tbe  ft&il  ife» 
HOBslptit^  sad  -J^jdl  tlia  tadlctl  ptit^  W0  pereaiT*  tiist^  when  q  is  ponthi^tbef^ 

psit  if  greater  dian  the  ndioni],  sinoe  ^^  ilone  eq^ 

of  llie  wbolo  ezpreiaioa  is  that  of  the  radical  pait ;  bu^  wben  q  is  negitxre,  tbe  it&^ 
part  is  leas  than  the  rationa],  and  tiie  signoftiie  whole  ezpnasioniatfiBtonbant*^ 
part 

t  In  tbis  case,  if  we  examine  tfie  general  eqoalion,  we  shall  find  dtat  I 
ahsaid  j  in,  transposiag  q,  and  completing  the  square,  we  haTo 
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89tf 


V  •,  VI.  Let  q  bo  negative  and  <^f 

V.      If  jp  be  positive,  x=  — 1±  yj^+  ?» 
^      VI.     Ifjp  be  negative,  x=:+|±y^+^. 

VII.»  VIII.  Let  o  be  negative  and  >^, 

4 

Vn.   If^  be  positive.  x=-|±^^V^, 
VIIL  If  i>  be  negative,  x==+|±-^/^+^ 


and  one  valae  b  positive 
tiie  other  ne^tive. 


LX.,  X.  Let  g=^,  and  be  positive. 


IX.  If  JP  be  positive,  xsc^^. 


and  the  two  vahies  are  iaqnaJ. 


X.    J£p  be  negative,  2;=  -f-^. 
XL,  XII.  Let  9=0, 

XL    If  JP  be  positive,  x=  — =|±f  »  one  value  ss  — ^,  the  other  s^u. 

XII.  If  p  be  negative,  x=+|±|,  one  value  =+;>,  the  otiier  s=0. 

XIII.  Let  q  be  negative. 

{XIII.  jprsO,  x=±  ^q,  the  two  vahiea  are  eqnal  with  opposite  signs 

XIV.  Let  q  be  positive, 

{ XIV.  j»s=0,  iss  ±  V'— 9t  both  values  are  imaginaiy. 

XV.  Let  ^=0,      , 

{XV.  |7s=0,  then  fssO,  or  both  values  are  equal  to  0. 

bat  lince  ^"^  ^'  ^  hypotfaeni,  a  negatire  quantity,  wo  may  represent  it  by  — «» whsM 
« if  loine  positive  qfoaatity ;  then 

(hit  if,  the  ram  of  two  qnantitiea,  each  of  which  is  eaientiaSy  positive,  is  eqaal  to  0^  a 
naoifef t  abaoidity.    Solving  the  eqoatioD, 


and  tiia  symbol  \^ — m,  wbiofa  denotes  absurdity,  serves  to  distingnisb  fliis  case.    Heno^ 
whtn  the  rooii  am  imaginary t  tkeprohlem  to  which  the  equation  cormponds  i»  abtnrd. 

We  ttin  say,  however,  that  the  eqoation  has  two  roots ;  for,  rabjecting  diese  valaes  of 
a  to  Ae  same  calcoUtions  as  if  they  were  real,  that  is,  rabstitoting  tfiem  for  « in  the  pn> 
posed  equations,  we  shall  find  that  they  render  the  two  members  identicaL 
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XVI.  One  cate,  attended  with  remarkable  circamataiiceSv  ali  remiiBitBbe 
exaniined.    Let  us  take  the  equation 

Whence  x= r -. 

Let  na  auppoee  that,  in  accordance  with  a  particular  hypotlieais  made  obqi 
given  qoantitiea  in  the  equation,  we  have  arrO ;  the  expression  for  r  tk 
becomes 


x=s  — g — ;  whence 


'=0 


o 

0 
—2b 


""     0 

The  seoond  of  the  above 'vahies  is  under  the  form  of  infinity*  and  maj  be  est 

sidered  as  an  answer,  if  the  problem  proposed  be  such  as  to  admit  of  ia&ato 

solutions. 

0 
We  must  endeavor  to  inteipret  the  meaning  of  the  first,  -• 

In  the  first  place,  if  we  return  to  the  equation  aa^-f-5x — cs=0,  we  paiceifi 

c 
diat  the  hypothesis  a=0  reduces  it  to  5x=c,  whence  we  derive  xs=r,  i/s^ 

and  determinate  expression,  which  must  be  considered  as  representing  tbetm 

0 
value  of  r  in  the  case  before  us. 

That  no  doubt  maj  renuun  on  this  subject,  let  us  assume  the  equatioo 
ox'-l-ftx— c=0, 

and  put  XSS-,  the  expresskm  will  then  become  ^ 

a      h 

Whence  cy«— 6y— a=0. 

Let  asO,  this  last  equation  wiQ  become 

cy«— 6ys=0, 

h 
from  which  we  have  the  two  values  ^=0,  ysr- ;  substituting  these  vaioeis 


s-,  we  deduce 


l-.x=J;2-.x=J.* 


*  Td  ■how  more  diitinctly  how  Ibe  indetsiminate  fimn  ariaef,  let  as  resume  lliejW^ 
value  of  one  of  the  roots. 

if  a  were  a  ftctor  of  both  the  nomentor  and  deoominator,  it  might  be  ■appiMui*'' 
then  a,  being  pat  eqaal  to  zero,  would  give  the  tnie  value  of  «.  We  can  not,  vi^ 
Aow  the  extatence  of  this  factor  in  the  two  tenna  of  the  fraction  aa  it  atandi ;  Intif  «* 
BBoUiply  both  numerator  and  denominator  by  — b — ■\/l^'^4ae,  it  becomes 
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—26 
l^ith  respect  to  the  vnlue  x=:— r— ,  it  is  only  to  be  observed  that  the 

divisor  zero^  baviag  to  be  regarded  as  the  limit  of  decreasing  magnitudes,  either 
positive  or  negative,  it  follows  that  the  infinite  value  ought  to  have  the  am- 
bigaous  sign  ±. 

Thus  the  values  of  or,  to  recapitulate,  become 

•  x=px=±at>. 

it  is  remarkable  that,  for  this  particular  case,  we  have  three  values  of  x 
while  in  the  general  case  there  are  but  two. 

To  comprehend  how  these  values  truly  belong  to  the  equation  cufi-\'ha, 
-*c=:0,  put  it  under  the  form 

— hx+e 

—^—^'^ 

When  a=:0,  the  question  is  to  find  values  which  will  render  — -5 —  asero 


We  see  that  7=7  will  do  it;  and  as  the  same  expression  can  be  written  under 


h      e 
the  form [-3,  we  perceive  that  it  becomes  zero  also,  from  the  values 


XVII.  Let  us  consider  the  still  more  particular  case  still,  where  we  have, 

0 
at  the  same  time,  a=:0,  6=:0.    Then  the  two  general  values  of  x  become  ^. 

We  have  seen  above  that  the  first  may  be  changed  into 

2c 

Transforming  the  second  in  a  similar  manner,  it  becomes 

(—5—  '•^►'+4ac)(— 6+ V^+4ac)  —2c 

x^- 


2a(— 6+  -/i«+4ac).  — 6-|-  y/l^+4ac      ^ 

In  which,  making  a=:0,  &ssO,  the  values  of  x,  thus  transformed,  both  give 
xssao ;  and  here,  also,  the  infinity  ought  to  be  taken  with  the  sign  db* 

If  we  suppose  a=rO,  &:=0,  c=0,  the  proposed  equation  will  become  alto- « 
gether  indeterminate. 

The  namerator,  being  tiie  piodnct  of  the  som  and  difference  of  two  qnantitiei,  is  equal 
to  the  difference  of  their  sqaares,  to  wit :  iA — {l^-\-4ae)=: — Aae,  We  see,  Ihereibre,  that 
Sa  if  a  oommon  fisctor  to  the  numerator  and  denominator  of  the  laat  explosion.  Sapprew- 
bg  it,  we  have 

2c 


64-l/4«-|-4ac 
in  which,  if  we  make  a=0,  it  gives  4r=^. 

*  In  the  analytic  theory  of  cnrrei  these  ralaes  answer  to  tiie  intersections  of  the  ■■»<• 
of  sbsoissas  with  the  ccore  of  the  3^  order,  the  equation  of  which  is  y«-f  &r-|-^=0.  If  thfa 
eonre  be  oonstmcted,  it  will  be  foond  to  cut  the  axis  of  abscissas  fbrst  at  a  finite  AimtAJt^iff 
from  the  origin,  and  besides  has  this  axis  for  an  asymptote  both  on  the  side  of  the  positiva 
tnd  negative  absdssas;  which  amnnnts  to  saying  tiiat  it  cats  it  at  infinity  in  eMier  di 
reotian. 
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I 
192.  Let  m  now  proceed  to  ifliutnte  the  priociplee  ertaMiahed  in  tini  ga 
•111  discuBsion,  by  applyiiig  them  to  different  problem^ 

FROBI.E1I  5. 

'     To  find  in  a  line,  A  B,  which  joins  two  lights  of  different  intensitjee,  a  pan 
which  is  illuminated  equally  by  each. 

r, X ^, — B f;. 

(It  is  a  principle  in  Optics  that  the  intensities  of  the  same  fig^t  at  di&nK 
distances  are  inversely  as  the  squares  of  the  distances.) 

Let  a  be  the  distance  A  B  between  the  two  lights. 

Let  b  be  the  intensity  of  the  light  A  at  the  distance  of  one  f«Kit  from  A. 

Let  c  be  the  intensity  of  the  tig^t  B  at  the  distance  of  one  foot  from  B. 

Let  P I  be  the  point  required. 

LetAPissx;  .-.  BPi«:a— x. 

By  the  optical  principle  above  enunciated,  since  the  intensity  of  A  at  th» 

distance  of  1  foot  is  &,  its  intensity  at  the  distance  of  2,  3, 4, feet  most  bt 

h   b    b  h 

7t  A«  TE«  benoe  the  intensity  of  A  at  the  distance  of  xfeet  must  be  -r.     Int^ 

same  manner,  the  intensity  of  B  at  the  distance  a — x  must  be  -z ;  hm 

aoeordtng  to  the  conditions  of  the  question,  these  two  intenuties  are  eqaal*. 
hence  we  have  for  the  equation  of  the  problem 

b         e 
?^(a— x)»* 
Solving  this  equation,  and  reducing  the  result  to  its  most  simple  fimn* 

We  shall  now  proceed  to  discuss  these  two  values : 
ay/h 


,  x=- 


.  x=- 


Vb+Vc 
ay/b 


whence 


Wh^Vc 


L  Let5>c. 

^         a^b  -•* 

The  first  value  of  x,     .,  ,     >  ,  is  positive,  and  less  than  a,  for     ,.     — 

is  a  proper  fractaon ;  hence  this  value  gives  for  the  point  equally  illuminated  a 
point  Pi,  situated  between  the  points  A  and  B.  We  perceive,  moreover,  thst 
the  point  Pi  is  nearer  to  B  than  to  A ;  for,  since  &>c,  we  have 

V6+  Vb>  Vh+  Vc,  or  2  ^/b>  V6+  Vc.  and  .-.  -^^^~^>i, 

a^b         a 
and.  consequently,    ,,  ,     >  ^^,    This  is  manifestly  the  result  at  which  we 

ought  to  arrive,  for  we  here  suppose  the  intensify  of  A  to  be  greater  than  that 
ofB. 

The  corresponding  value  of  a— x,    /r  ■     #  »  u  positive,  and  less  than  7. 

aVh 
the  second  value  of  x,     .,_^^  ■,  is  positive,  and  greater  than  a,  for 
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yfh  ayfh 

Vb>  Vb^  Vc, .-.  ^^„^,>1»  and  ...  -^^_^>a. 

This  second  valne  gives  a  point  P,,  situated  in  the  production  of  A  B,  and  to 

the  right  of  the  two  lights.    In  fact,  we  suppose  that  the  two  lights  give  forth 

rays  ia  all  directions ;  there  may,  therefore,  be  a  point  in  the  production  of  A  B 

eqiially  illuminated  by  each,  but  this  point  must  be  situated  in  the  production 

of  A  B  to  the  right,  in  order  that  it  may  be  nearer  to  the  less  powerful  of  the 

two  lights. 

It  18  easy  to  perceive  why  the  two  values  thus  obtained  are  connected  by 

the  same  equation.    If,  instead  of  assuming  A  Pi  for  the  unknown  quantity  x, 

b          e 
"WB  take  A  P-*  then  B  P«=a:— a,  thus  we  have  the  equation  3=; r; ;  but 

since  (x«a)*  is  iflentical  with  (a-^x)^  the  new  equation  is  the  same  as  that 
already  established,  and  which,  consequently,  ought  to  give  A  P,  as  well  as 
AP,. 

—.a  ^c 
The  second  value  of  a— x,     .,_^    >  ,  is  negative,  as  it  ought  to  be,  being 

estimated  in  a  contrary  dbection  from  the  first,  on  the  general  principle  already 
established,  that  quantities  estimated  in  a  contrary  sense  should  be  represented 

witii  contrary  signs ;  but  changing  the  signs  of  the  equation  a— x=  -jr j-, 

a.  ^c 

we  find  X — a=   g,^,  ,  and  this  value  of  x — a  represents  the  absolute 

lengtiiofBP,. 

II.  Let  5<c 

The  first  value  of  x,     ,,  .     ,"  i^  positive,  and  less  than  o»  ^^^"^  '/ft+  V< 

>  Vb+  vb, ...  Vb+  V02  vb, ...  V6T7^<5'  •••  7f^4 

a^c  a 

Fhe  corresponding  value  of  a— x,     ,.  ,     ,  ,  is  positive,  add  greater  than  - 

Hence  the  point  P 1  is  situated  between  the  points  A  and  B,  and  is  nearer 
to  A  than  to  B.  This  is  manifestly  the  true  result,  for  the  present  hypothesis 
supposes  that  the  intensity  of  B  is  greater  than  the  intensity  of  A. 

The  second  value  of  x,     .. ,  ,  or     ,  ^    , .,  is  essentially  negative.    In 

order  to  interpret  the  signification  of  this  result,  let  us  resume  the  origiiial 

b  c 

equation,  and  substitute  — x  for  4.x,  it  thus  becomes  -;=.,> a*    ®^^  *^°®^ 

(a-'Z)  expresses  in  the  first  instance  the  distance  of  B  from  the  point  required, 
a-^x  ought  still  to  express  the  same  distance,  and,  therefore,  the  point  re« 
quired  must  be  situated  to  the  left  of  A,  in  P 3,  for  example.  In  figust,  since 
the  intensity  of  the  light  B  is,  under  the  present  hypothesis,  greater  than  the 
*ioten9ity  of  A,  the  point  required  must  be  nearer  to  A  than  to  B. 

— « Vc  ay/e      , 

The  correspondmg  value  of  a— -x,     1^^    /^t  or  "7^;~7J»  >•  positive,  and 

the  reason  of  this  is,  that  z  being  negat  ve,  a—x  expresses,  in  reality,  s» 
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III.  Let&sse. 

The  first  two  values  of  x  and  of  a— x  are  reduced  to  7;^.  wiucfa  gtm  & 

bisection  of  A  B  for  the  point  equally  illuminated  by  each  light,  a  result  vU 
is  manifestly  true,  upon  the  supposition  that  the  intensity  of  the  two  li^  a 
the  same. 

The  other  two  valoes  are  reduced  to  "3—1  that  is,  they  become  v^kdf. 

that  is  to  say,  the  second  point  equally  iUuminated  is  situated  at  a  distutt 
firom  the  points  A  and  B  greater  than  any  which  ean  be  assigned.  This  r^ 
suit  perfectly  corresponds  with  the  present  hypothesis;  for  if  we  sappos 
the  difference  &— c,  without  vanishing  altogether,  to  be  exceedingly  sm^tk 
•econd  point  equally  illuminated,  exists,  but  at  a  great  distAce  from  the  tm 

lights ;  this  is  indicated  by  the  expression  -^7 /-« the  denominator  of  which 

is  exceedingly  small  in  comparison  with  the  numerator  if  we  sappose  b  mj 
neariy  equal  to  c.  In  the  extreme  case,  when  &=:c,  or  \/6 —  >/<^=Ottbe 
point  required  no  bnger  exists,  or  is  situated  at  an  infinite  distance. 

IV.  Let  &=c  and  a=0. 
The  first  system  of  values  of  x  and  a — x  in  this  case  become  0,  and  Ar 

•econd  system  -.    This  last  result  is  here  the  symbol  of  indeterminatioo;  fii 

if  we  recur  to  the  equation  of  the  problem 
•  be 


a*""(a— x)«' 


(&— c)2*— 2a&rs  — a*fr, 
it  becomes,  under  the  present  hypothesis, 

0.x*~0.xs=0, 
an  equation  which  can  be  satisfied  by  the  substitution  of  any  number  wfaatem 
for  X*    In  fact,  since  the  two  lights  are  supposed  to  be  equal  in  intensity,  tsd 
to  be  placed  at  the  same  pomt,  they  must  illuminate  every  point  in  the  fine 
A  B  equally. 

The  solution  0,  given  by  the  first  system,  is  one  of  those  solutions,  ts/^M^ 
tfi  number ^  of  which  the  problem  in  this  case  is  susceptible. 

V.  Let  azsO,  5  not  being  s=c. 

£ach  of  the  two  systems  in  this  case  is  reduced  to  0,  which  proves  ^  in 
this  case  there  is  only  one  point  equally  illuminated,  viz.,  Oit  point  in  iM 
the  two  lights  are  placed. 

The  above  discussion  affords  an  example  of  the  precision  with  which  tigeb^ 
answers  to  all  the  circumstances  included  in  the  enunciation  of  a  proUem.  * 

We  shall  conclude  this  subject  by  solving  one  or  two  problems  which  re 
quire  the  introduction  of  more  than  one  unknown  quantity. 

PROBLEM  6. 

To  find  two  numbers  sdch  that,  when  multiplied  by  the  numbers  avAl 
respectively,  the  sum  of  the  products  may  be  equal  to  2s,  and  the  ^do^aet^ 
the  two  numbers  equal  to  jp. 
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Ijet  X  and  y  be  the  two  Daniben  sougnt,  the  equat  ona  of  the  problem  will 
be 

ax+hy=z23 (1) 

^=i> (2) 

Froin(l) 

2«— ax 

SubfltituliDg  this  value  in  (2)  and  reducing,  we  have 

a3fi^2sx+bpzsz0. 
Whence 

x^^^ik-^V^-a^pb, 

And  .*. 

The  problem  is,  we  perceive,  susceptible  of  two  direct  solutions,  for  s  is 
manifestly  >  '^s^^a^bp ;  but  in  order  that  these  solutions  may  be  real  we 
must  have  «*>,  or  =sa'5p. 

Let  asshssl ;  in  this  case  the  values  of  x  and  y  are  reduced  to 

X=:S:k  Vs^—p,  y=«=F  V^*'— i>. 

Here  we  perceive  that  the  two  values  of  y  are  equal  to  those  of  x  taken  m 
an  inverse  order ;  that  is  to  say,  if  <-{-  V^ — P  represent  the  value  of  x,  then 
#—  V«* — P  will  represent  the  corresponding  value  of  y,  and  reciprocally. 

We  explain  this  circumstance  by  observing  that,  in  this  particular  case,  the 
equations  of  the  problem  are  reduced  to  x^y=2Si  xy=p,  and  the  question 
then  bepomes,  Required  two  numbers  whose  sum  is  25,  and  whose  product  if 
p,  or,  in  other  words,  To  divide  a  number  2s  into  two  parts^  suck  that  their 
product  may  be  eqiial  to  p. 

PROBLEM  7. 

To  find  four  numbers  in  proportion,  the  sum  of  the  extremes  being  2<,  the 
earn  of  the  means  2s',  and  the  sum  of  the  squares  of  the  four  terms  4c'. 

Let  a,  X,  y,  z  represent  the  four  terms  of  the  proportion ;  by  the  conditions 
of  the  question,  and  the  fundamental  property  of  proportions,  we  shall  have  as 
the  equations  of  the  problem 

a+z=z2s (1) 

x+y=:2s' (2) 

xy=az (3) 

a«+x«+y«+2«=4c« (4) 

Squaring  (1)  and  (2)  and  adding  the  results, 

a«+x»+y«+2«+2fl2+2xy=4(««+«'»). 

But  by  (4),  fl«-faa-|'y*+2» =4c«. 

Subtracting,  2a2+2xy=4{««+«'«— c»). 

.-.  by  (3),  4a2=4(««+«'«-c«)=4t3f  .     (5)  ' 

Squaring  (1),  a«+2az+2»=4«». 

But  by  (6),  4a2        g=4(5«+g^^(»). 

Subtracting,     .  *        d«— 2fl2+2«=:4(c»— £«)i_ 

Extracting  the  root,  a— 2s=  ±2  -/c*— «"• 

Mvt  by  (1),  a+2=2j. 
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.'.  addiiig  aiid  salitractiiig, 

Preebely  in  the  9aine  manner  we  shall  find 

The  four  numbers  will  therefore  be 


These  four  numbers  constitute  a  proportion,  for  we  have 

(8)  What  two  numbers  are  those  whose  sum  is  20,  and  their  pfrodoct  36? 

Ans.  2  and  1& 

(9)  To  divide  the  number  60  into  two  such  parts  that  their  product  dsj 
be  to  the  sum  of  their  squares  in  the  ratio  of  2  to  5. 

Ana.  20  and  40. 

(10)  The  difference  of  two  numbers  is  3,  and  the  difference  of  tJieir  cidisi 
is  117.    What  are  those  numbers? 

Ans.  2  and  5. 

(11)  A  company  at  a  tavern  had  «£8  155.  to  pay  for  then-  reckonnig;  but, 
before  the  bill  was  settled,  two  of  them  left  the  room,  and  then  those  who  re- 
mained had  105.  apiece  more  to  pay  than  before.  How  many  were  there  ia 
company  ? 

Ans.  7. 

(12)  A  grauer  bought  as  many  sheep  as  cost  him  ^60,  and  afVer  reserviof 
15  out  of  the  numbe^  he  sold  the  remainder  for  d£54,  and  gained  2».  a  head  \pf 
them.    How  many  sheep  did  he  buy  7 

Ana.  75. 

(13)  There  are  two  numbers  whose  difference  is  15,  and  half  their  prodvel 
is  equal  to  the  cube  of  the  lesser  number.    What  are  those  numbers  ? 

Ans.  3  and  18 

(14)  A  person  bought  cloth  for  <£33 155.,  which  he  sold  again  at  <£2  8^.  per 
piece,  and  gained  by  the  bargain  as  much  as  one  piece  cost  him.  Required  the 
number  of  pieces. 

.Ana.  15. 

(15)  What  number  is  that,  which  when  divided  by  the  product  of  ita  two 
digits,  the  quotient  is  3 ;  ,and  if  18  more  be^  added  to  it,  the  digits  will  be 
transposed? 

Ana.  24. 

(16)  What  two  numbers  are  those  whose  sum,  multiplied  by  the  greator, 
is  equal  to  77,  and  whose  difference,  multiplied  by  the  lesser,  is  equal  to  12? 

Ans.  4  and  7. 

(17)  To  find  a  number  such  that,  if  you  subtract  it  from  10,  and  multii^  die 
ramander  by  the  number  itself,  the  product  shaQ  be  21. 

Ans.  7,  or  3. 
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(18;  To  divide  100  into  two  such  parts  that  the  sum  of  their  square  roots 
may  be  14. 

Ans.  64  and  36. 

(19)  It  is  requbred  to  divide  the  number  24  into  two  such  parts  that  their 
product  may  be  equal  to  85  times  their  diflference. 

Ans.  10  and  14. 

(20)  The  sum  of  two  numbers  is  8,  and  the  sum  of  their  cubes  is  152. 
^Wbat  ere  the  numbers  ? 

Ans.  3  and  5. 

(21)  The  sum  of  two  numbers  is  7,  and  the  sum  of  their  4th  powers  is 
641 .     What  are  the  numbers  7 

Ans.  2  and  5. 

(22)  The  sum  of  two  numbers  is  6,  and  the  sum  of  their  5th  powers  is 
1056.    What  are  the  numbers  7 

Ans.  2  and  4. 

(23)  Two  partners,  A  and  6,  guned  ^140  by  trade;  A*s  money  was  3 
months  in  trade,  and  his  gain  was  d£60  less  than  his  stociL;  and  B's  money, 
which  was  o£50  more  than  A's,  was  in  trade  5  months.   What  was  A*s  stock  7 

Ans.  dClOO. 

(24)  To  find  two  numbers  such  that  t|ie  difference  of  theur  squares  may 
be  equal  to  a  given  number,  q^ ;  and  when  the  two  numbers  are  multiplied  by 
the  numbers  a  and  h  respectively,  the  differenpe  of  the  products  may  be  equal 
to  a  given  number,  S*.  

^-^ 

(25)  There  are  two  square  buildmgs  that  are  paved  with  stones  a  foot 
square  each.  The  side  of  one  building  exceeds  that  of  the  other  by  12  feet, 
and  both  their  pavements  taken  together  contadn  2120  stones.  What  are  the 
lengths  of  them  separately  7 

Ans.  26  and  38  feet. 

(26)  A  and  B  set  out  from  two  towns,  which  were  at  the  distance  of  247 
miles,  and  traveled  the  direct  road  till  they  met.  A  went  Sr  miles  a  day,  and 
the  number  of  days  at  the  end  of  which  they  met  was  greater  by  3  than  the 
number  of  miles  which  B  Went  in  a  day.    How  many  miles  did  each  go  7 

Ans.  A  went  117  and  B  130  miles. 

(27)  The  jomt  stock  of  two  partners  was  $2080 ;  A's  money  was  in  trade  9 
months,  and  B's  6  months ;  when  they  shared  stock  and  gain,  A  received 
11140  and  B  Sl260«    What  was  each  man*s  stock  7 

Ans.  $960  and  Si  120. 

(28)  A  square  court-yard  has  a  rectangular  gravel  walk  round  it.  The  side 
of  the  court  wants  2  yards  of  being  6  times  the  breadth  of  the  gravel  walk, 
and  the  number  of  square  yards  in  the  walk  exceeds  the  number  of  yards  in 
the  peripheiy  of  the  court  by  164.    Required  the  area  of  t^e  court 

Ans.  256. 

(29)  During  the  time  that  the  shadow  on  a  sutf-£al,  which  shows  trae 
time,  moves  i^m  1  o'clock  to  5,  a  clock,  which  is  too  fast  a  certain  number  f 
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honri  and  minutes,  strikes  a  number  of  strokes  equal  to  tfaat  nmnber  of  'aom 
and  minutes ;  and  it  is  observed  that  the  number  of  minutes  is  less  bj  41  tks 
the  square  of  the  number  which  the  ck>ck  strikes  at  the  last  time  of  sankai 
The  clock  does  not  strike  twelve  during  the  time.    How  much  is  it  ux»  te! 

/  Ana.  3  hours  and  23  minntfs. 

(30)  A  and  B  engage  to  reap  a  fiekl  for  cC4  10«. ;  and  as  A  sJone  coold  n^ 
it  in  9  dajs,  thej  promised  to  complete  it  in  5  days.  They  found,  however 
that  they  were  obliged  to  call  in  C,  an  inferior  workman,  to  asmst  them  for  tst 
last  two  days,  in  consequence  of  which  B  received  3s.  9d,  less  than  he  otfas* 
wise  would  have  done.    In  wTuit  time  could  B  or  C  akme  reap  tl}p  field  1 

Ans.  B  could  reap  it  in  15  days,  C  in  13. 

(31)  The  fore  wheel  of  a  carriage  makes  6  revolutions  more  than  the  Ibb^ 
wheel  in  going  120  yards ;  but  if  the  periphery  of  each  wheel  be  increased  1 
yard,  it  will  make  only  4  revolutions  more  than  the  hind  wheel  in  the  saae 
•pace.    Required  the  circumference  of  each.  Ana.  4  and  5. 

(32)  The  intensity  of  two  lights,  A  and  B,  is  as  7 :  17,  and  tlieir  dista]» 
apart  132  feet.    Whereabouts  between  is  the  point  of  equal  illuminatioQ ! 

Ans.  51.595  feet  from  A. 

(33)  The  loudness  of  a  church  bell  is  three  times  that  of  another.  \o«, 
supposing  the  strength  of  sound  to  be  inversely  as  the  square  of  the  dtstanoe, 
at  what  place  between  )fae  two  will  the  bells  be  equally  well  heard  ? 

Ans.  .3662  of  distance  between  the  bells  from  the  second. 

(34)  Supposing  the  mass  of  the  earth  to  be  1  and  that  of  the  moon  0.017. 
their  distance  240  thousand  miles,  and  the  force  of  attraction  equal  to  the  msa 
divided  by  the  square  of  the  distance ;  at  what  point  between  will  a  body  be 
held  in  suspense,  attracted  toward  neither? 

Ans.  27682.8  miles  from  tne  moon. 

(35)  The  hold  of  a  vessel  partly  full  of  water  (which  is  uniformly  incressed 
by  a  leak)  is  furnished  with  two  pumps,  worked  by  A  and  B,  of  whom  A  takes 
three  strokes  to  two  of  B*b  ;  but  four  of  B*8  throw  out  as  n^uch  water  as  life 
of  A's.  Now  B  works  for  the  time  in  which  A  alone  wuulu  have  emptied  the 
hold ;  A  then  pumps  out  the  remainder,  and  the  hold  is  cleared  in  13  honn 
and  20  minutes.  Had  they  worked  together,  the  hold  would  have  been  emp- 
tied in  3  hours  and  45  minutes,  and  A  would  have  pumped  out  100  gaUosi 
more  than  he  did.  Required  the  quantity  of  water  in  the  hold  at  first,  sod 
the  hourly  influx  of  the  leak. 

Ans.  1200  gnllons  in  the  hold,  120  gallons  of  leakage  per  hour. 

(36)  To  divide  two  numbers,  a  and  6,  each  into  two  parts,  such  that  the  prod- 
uct of  one  part  of  a  by  one  part  of  h  may  be  equal  to  a  given  number,  j»«  and  lbs 
product  of  the  remaining  parts  of  a  and  b  equal  to  another  given  number,/'. 

26 


^  26 


^  2tt 


j_gft+(f'-"JP)=F  V\ah^(p'^p)\*^4abp 
1" ^ 


aUADEATIC  EttUATIONS.  239 

(37)  To  find  a  number  such  that  its  square  may  be  to  the  product  of  the 
ditferences  of  that  number,  and  two  other  gifen  numbers,  a  and  6,  in  the 
given  ratio,  p:q. 

.       (a+%±  V(a^h)Y+^abpq 

AnS.  TT" r '. 

2(p^q) 

(38)  There  is  a  number  consisting  of  two  digits,  which,  when  divided  by 
the  sum  of  its  digits,  gives  a  quotient  greater  by  2  than  the  first  digit ;  but  if 
the  digits  be  inverted,  and  the  resulting  number  be  divided  by  a  number  greater 
by  unity  than  the  sum  of  the  digits,  the  quotient  shall  be  greater  by  2  than  the 
former  quotient.    What  is  the  number  ? 

Ans.  24. 

(39)  A  regiment  of  foot  receives  orders  to  send  216  men  on  garrison  duty, 
each  company  sending  the  same  number  of  men  ;  but  before  the  detachment 
marched,  three  of  the  companies  were  sent  on  another  service,  and  it  was  then 
found  that  each  company  that  renuuned  would  have  to  send  12  men  additional 
in  order  to  make  up  the  complement,  216.  How  many  companies  were  in  the 
regiment,  and  what  number  of  men  did  each  of  the  remaining  companies  send 
on  garrison  duty  ? 

Ans.  There  were  9  companies,  and  each  of  the  remaining  6  sent  36  men. 

DECOMPOSITION  OF  THE   TRINOMIAL  x'^+pX — q  INTO  TWO   FACTORS  OF  THE 

FIRST  DEGREE. 

193.  If  we  add  to  this  trinomial,  in  order  to  comidete  the  square  of  the  first 
two  terms,  the  term  j^^,  and  afterward  subtract  the  same,  so  as  not  to  change 
the  quantity,  it  becomes 

which  mtj  be  written  th<u : 

{'+ipy-(iP'+9) (2) 

But  the  difference  of  the  sqnares  of  two  quantities  being  equal  to  the  prod 
net  of  their  sum  and  difference,  the  expression  (2)  is  equal  to  the  following  * 

('+ip+  ViF+q)('+iP-  VlF+q) ...  (3) 

We  perceive  from  this  eiCpression  that  the  two  factors  of  the  first  degredt 
which  compose  the  trinomial  of  the  second  degree,  are  x  minus  each  of  the 
roots  of  the  equation  of  the  second  degree,  formed  by  putting  this  trinomial 
equal  to  zero. 

Moreover,  by  equating  (3)  to  zero,  we  perceive  that  the  only  way  of  satis 
fying  the  resulting  equation  is  by  making  one  or  other  of  the  factors  of  the 
first  degree,  of  which  it  is  composed,  equal  to  zero. 

The  first, 

^+iP+  i/1jpH^=0.  gives  a:=-J|?-  ViP'+qi 
and  the  second, 

x+iP—  l/ijp«+^=0,  gives  x=— lj)+  y/ip'+q. 
Hence  there  are  but  two  values  of  x  which  will  satisfy  the  general  equation 

EXAMPLES. 

1°.  Decompose  the  trinomial  x"— Tx+^O  ^^  ^e  factors  of  the  first  de- 
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From  the  equation  2*— Tz+lOsrO  we  find  the  roots  arrs5  mi  laX 
Hence  $ 

a*— 7r+  10=:(r— 6)(x— 2). 
2°.  3a:«-.&r— 2. 

Equating  this  trinomial  to  zero,  after  dividing  by  3,  vr^  obtain  tiie  wpok 
X* — |x — }r=0,  the  roots  of  which  being  x=2  and  £= — J,  we  hare 
3i«-.5x-.2=3(x— 2)(x+J)=(r— 2)(3x+l). 

3°.  zf'+Sx+Z.  Aju.  (x+I— i\/T3)(x+|+}Vi:- 

A<*.  42»— 4x+l.  Ads.  (2x-lr' 

*«.  x»— 6x+7.  Am.  (x— |)«+f 

194.  To  complete  the  analysis  of  the  2^  degree,  it  would  be  necesor; 
consider  the  case  where  the  unknown  quantities  exceed  the  equations  in  Ba> 
ber.  The  more  nmple  is  that  when  there  is  but  one  equation  and  tvo  & 
known  quantities.  If  it  be  resolved  with  respect  to  one  of  the  unknows  ipe- 
tities,  y,  for  exampb,  an  expression  is  found  generaJly  containing  x  uder  i 
radical ;  so  that,  by  giving  to  x  any  ratiooal  values  whateyer»  irrational  nbs 
would  be  found  fory.  It  might  be  proposed  to  find  rational  valnes  kriM 
which  the  corresponding  one  of  y  should  be  rational  also.  Bat  the  diffiedsr 
of  this  problem,  unless  it  be  restricted  to  some  veiy  simple  cases^  is  bejsd 
mere  elements.  We  add  one  Or  two  hpre.  For  further  informBtioa  ope 
the  subject,  the  student  is  referred  to  tiie  Theory  of  Numbers,  by  Legeak 
a  separate  and  very  elegant  treatise,  in  one  quarto  volume. 

IirDKTEaMIirATK  AJTALTSIS  Or  THE  SKCOITD   DXtfKIX. 

Resolution  in  tohoU  numbers  of  an  equation  offfie  second  degree,  Mtm 
unJcnoum  quantities,  which  contains  hut  the  firsi  power  of  one  of  the  tmis0e» 

195.  The  questions  of  indeterminate  anidysis,  which  depend  upon  eqaHioo 
of  a  degree  superior  to  the  first,  go  beyond  the  limits  which  we  hare  i»f0^ 
on  ourselves  in  the  present  work ;  but  when  an  equation  of  the  second  defiv 
contains  the  second  power  of  but  one  of  the  unknown  qnantitiea,  the  ukBoot 
of  this  equation  in  whole  numbers  may  be  regarded  aa  a  qaeation  of  iodetv- 
minate  analysis  of  the  first  degree. 

Equations  of  the  second  degree  in  two  unknown  quantities,  wluch  do  tf 
contain  the  second  power  of  one  of  these,  are  represented  by  the  eqcatioB 

„u:y4.nx«+i?x+9y=:r (1) 

Resolving  this  equation  with  respect  to  y,  we  find 

n^^px+r 

^  mx+g  w 

We  deduce  from  it,  by  performing  the  division, 

n       nq^mp     wlhr^mpq^ntf 
2^—     m  "•"     m«     "^     m«(iiMf+g)    ' 
which  gives 

m«y=-.mnx+«^-mp+^;jq-^ (3) 

ottttiBg  to  abridge  mV+inpg^ffi^ssN. 

^ 

In  order  that  x  and  y  should  be  whole  numbers,  it  is  necessaxy  tbt  '^^ 
ahould  be  a  whole  number ;  we  must,  therefore,  calculate  all  the  dirisoc  <■ 
*  This  presents  a  case^of  what  ore  called  squal^  roots 
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• 
Che  DDmber  N,  and  put  mx-4-9  eqnal  to  each  of  these  divisors  successively, 
taken  with  the  sign  -f-  and  with  the  sign  — .  If  the  equations  thus  obtained 
furnish  for  x  a  certain  number  of  entire  values,  these  values  are  to  be  substi- 
tuted in  equation  (3) ;  and  it  is  necessary,  moreover,  in  order  that  y  may  be  a 
whole  number,  that  the  second  member  which  becomes  a  known  quanti^ 
•hould  oe  divisible  by  m?. 

It  is  evident  that  the  number  of  entire  solutions  will  be  very  limited,  and 
that  there  may  not  be  even  one. 

If  this  method  be  applied  to  each  of  the  fbUowing  equations, 
ary-3i*+  y==l 
6j:y=2x+3y+18 
xy^  2«=2r+3y+29, 
considering  only  the  positive  solutions,  we  find 

For  the  first  equation <    ""  '  ^"^  ^ 

fa:=l,y=10 

For  the  second  equation  .  .  •  •  <  xs=3,  yss2 

(r==7,y=l. 

c  x=s4,  y=21 

For  the  third  equation <        .         ^ 

^  I  xs=5,  y=7. 

If  the  remainder,  after  the  division  of  — nafi^-px^r  by  mr-(-^,  should  be 
sen),  equation  (1)  would  be  of  the  form  (fRr-4-7)(ax-4-&y4.c)s=0;  and  ws 
should  have  all  the  solutions  of  this  equation  by  resolving  separately  the  two 
equations  mx4-9^0,  ax4-^+c:=0. 

The  method  which  has  just  been  explained  is  applicable  only  in  case  m  ia 
not  zero. 

Let  mssO ;  equation  (1)  gives 
nx»4-px — r 

y= — ^ — w 

Suppose  that  one  value  of  x=:a  (o  being  a  whole  number)  gives  an  entire 
value  for  y.  If  we  place  xssa^-g^  t  being  any  entire  number  whatever,  we 
find 

by  hypothesis,  w^^pa'^r  is  divisible  hj  q;  the  value  of  y,  corresponding  to 
x=a+9^  will  be  then  a  whole  number.  As  this  conclusion  is  true,  what- 
ever be  the  sign  of  ^  it  follows  that,  if  the  equation  admits  of  entire  solutions* 
they  win  be  found  to  be  such  as  answer  to  a  value  of  x  between  0  and  9. 
Consequently,  to  obtain  all  the  solutions  in  whole  numbers,  it  will  be  sufil- 
cient  to  substitute  for  x  in  the  equation  the  numbers  0,  1,  2,  3, . . .  q — 1, 
and  each  solution  in  whole  numbers  corresponding  to  one  of  these  numbers 
win  furnish  an  infinite  number  of  others. 

Equation  (4),  in  which  the  object  is  to  find  values  of  x  which  render  the 
pdynomial  n3fi'\-px^r  a  multiple  of  ihe  given  number  9,  M.  Gauss  cafla  con- 
gnunee  of  the  second  degree ;  so,  also,  the  equation  ax+hysic,  in  which  we 
seek  to  render  ax — c  a  multiple  of  6,  is  a  congruence  of  the  first  degree. 

Fnrtiier  matter  on  the  subject  of  indeterminate  analysis  will  be  given  in  000- 
MctioD  with  the  theoiy  of  numbers,  for  which  see  a  subsequent  put  of  the 
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MAXIMA  AND  MINIMA. 

196.  When  a  quantity  which  is  capable  of  changing  its  value  attaiusBQi 
value  that,  after  having  been  increasing,  it  begins  to  decrease,  c  r,  hanDg  bm 
decreasing,  it  begins  to  increase,  in  the  first  case  it  is  caOed  a  nummtim,  n.:: 
the  second  a  minimum.  The  same  quantity  may  have  several  maximna  e 
minimum  values. 

EXAMPLK. 

T.  find  wh«  Tdue  of  x  wUl  render  the  &«.aon  ^=^  .  „^». 

minimum. 
Equating  the  given  function  of  x  to  z,  we  have 

We  perceive  at  once  that  by  making  zs=-|-l^  ^^  have  x=2,  and  thst  de 
values  of  2,  a  litde  less  than  1,  render  x  imaginary ;  hence  the  given  expresnu 
has  a  minimum  value  1  corresponding  to  z=2. 

In  a  similar  manner,  making  zs=->l,  we  have  xssO;  and  a  negative  viiv 
of  z,  a  little  smaller  than  1,  would  render  x  imaginary.  Bat  io  aJgelira,  oe^ 
tive  quantities,  which,  without  regard  to  the  sign,  go  on  increasing,  ought  to  be 
regarded,  when  the  sign  is  prefixed,  as  decreasing ;  we  may,  therefoiVt  aj 
that  a  value  of  z,  a  litde  greater  than  —1,  Fenders  x  imaginary,  then  zsz—U 
a  maximum  corresponding  to  x=:0. 

As  the  subject  of  maxima  and  minima  is  generally  treated  by  the  aid  of  tix 
dififerential  calculus,  we  shall  not  dwell  further  upon  it  here,  though  it  furniabei 
one  of  the  applications  of  equations  of  the  second  degree. 

THB  MODULUS  OF  IMAGINAEY  aUANTITIB& 

197.  We  have  seen  (191)  in  the  equation  of  the  second  degree 

that  when  q  is  positive,  and  greater  than  —,  the  roots  are  imag^ary .    Repw* 

^p  by  ..CI,  to  avoid  fractions ;  and  to  express  that  9^7**  put  ^ssa'H-^  *  ^ 

equation  will  become 

x«-.2ax+a«+&«=0; 
and,  by  the  formula  for  the  solution  of  equations  of  the  second  degree, 

x=a±  yT^, 

or  

x=a±&V^— 1 (1) 

The  absolute  vaine  of  the  square  root  of  the  positive  quanti^  o'-f-ft'  i>  ^ 
ed  the  modulus  of  the  imaginary  expression  (1).  For  example,  the  modohv 
of  3— 4  V^m  would  be  ^9+16,  or  5.  , 

Two  quantities,  such  as  a+h  -^ — 1  and  a^b  V— 1,  which  differ  from  ooe 
another  only  in  the  sign  of  the  imaginary  part,  are  called  i-mjugates  ni  ^ 
pther.    Two  conjugate  quantities  have  then  the  same  modu'us. 

If  we  make  6^0,  the  expression  a-^-h  yf — i  reduces  to  a.  Tbi»i  ^ 
formula  x=ra-}.&  V  —1  ni"y  represent  all  quantities  real  or  ima^nsiy*  ^  ^ 
resenting  the  algebrsic  sum  of  the  real  quantities,  and  fr  that  of  the  coefficieo** 
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of  -v/  -—  1  in  the  imaginary  terms.  When  the  quantity  is  real,  it  has  for  con- 
jugate an  equal  quantityf  and  the  modulus  is  nothing  else  than  the  quantity 
itself,  abstraction  being  made  of  the  sign. 

Now  I  shall  proceed  to  estabtish  two  proportions  relating  to  moduli,  which 
may  be  often  useful. 

Proposition  I. — IVie  sum  and  difference  of  any  two  quanddei  fchaUver 
Kave  a  modulus  comprehended  between  the  sum  and  the  difference  of  their 

moduli.  

Lict  there  be  two  expressions  «-(-&  V— 1»  a'-f-ft'  •/^l.  Calling  r  and  i* 
their  moduli,  we  have  r*=a'-4-^^  r^=a''-(-&'*.  Naming  R  the  modulus  of 
their  sum,  we  have  evidently 

•  =a«+a'»+6«+6^+2(aa'+66') 

But  multiplying  r*  by  r^,  we  have 

=(aa'+66')«+(a6'-.6a')« ; 
then  the  numerical  value  of  aa'  -(-  hh'  is  less  than,  or  at  most  equal  to,  rK.    Coo 
sequently,  it  is  clear  that  R'  is  comprehended  between  the  two  quantities 
7a-|-r'a-|-2rr'  and  r'+r'*— 2rr',  or,  what  is  the  same  thing,  between  (r-\'r'Y 
and  (v^r^y.    Then  the  modulus  R  is  comprehended  between  the  sum  and 
Che  difference  of  the  moduli  r  and  r*. 

The  demonstration  is  precisely  the  same  where,  instead  of  the  sum  of  the 
imaginary  expressions,  we  consider  their  difference. 

Proposition  II. — The  product  of  two  quantities  has  for  modulus  the  product 
of  the  moduli  of  these  quantities. 

In  fact,  mnltij^lication  gives 

{a+b  V"^)(a'+6'  ^^^)^aa'^^-bb'+(ab'+ba')  /^  ; 
and  if  we  take  the  modulus  of  this  product,  we  find,  conformably  to  the  enun- 
ciation, 

V(aa'-.56')»+(a6'+6a')«='/aV»+5«6'«+a«6'*+&»a'" 
=  ^(ii«-|.6a)(a'»+6'«). 
Corollary. — Then  the  product  of  any  number  of  factors  whatever  nrast 
^nve  for  modulus  the  product  q  of  the  moduli  of  all  the  fiictors.    Then  the 
n^  power  of  an  imagioaiy  expression  has  for  modulus  the  n^  power  of  the 
modoltts  of  that  expression. 

The  above  nomenclature  and  propositions  are  from  Cauchy,  who  exhibits  is 
a  remarkable  manner  the  efficiency  of  imaginary  expressions  as  instruments  in 
*the  invei^tigation  of  the  properties  of  real  quantities.  The  following  is  a 
specimen : 

If  two  numbers,  of  which  each'is  the  sum  of  two  squares,  be  multiplied  to- 
gether, the  product  must  also  be  the  sum  of  two  squares. 
Let  the  two  numbers  be 

tf«+6«anda'«+6'». 
The  lint  of  these  may  be  considered  as  the  product  of  the  factors 

a+fc  y  —1  and  a — b •/— !• 

tnd  the  second  as  the  product  of  the  factors,  * 

a'+6'  /m  and  a'— 6'  /^  | 
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•0  tiiat  tiw  prodvoC  of  tbe  propo«ed  munbera  wifl  be  the  product  of  die  i 


Aelxmlly  smltiplyiDg  the  fiivt  and  third,  and  then  the  second  and  fauA,  vi 
here  the  following  pair  of  cooj  agate  expressioiia,  viz., 

(««'— W)+(«6'+6a')  V"^»  (aa'— ii')— (tf6'+6a')  -/^^» 
of  wbieh  the  product  is 

(aci'— 66')»+ (a6'+ 6fl')«, 
which  ia,  therefore,  the  product  of  the  origiaa]  mimbera,  end  provae  that  ibi 
pred^et  uraat,  tike  each  of  the  propoaed  fiMstorst  be  the  aum  of  t¥Po  ( 

If  we  interchange  the  numbers  a  and  6,  or  the  nnmberB  a%  b\  the  i 
the  product  juat  deduced  wiU  be  different ;  thna,  putting  a'  for  6%  and  b'  in 
«',  which  produces  no  essential  chaqge  in  the  proposed  nnmbers,^re  have 
(d«4.6«)(fl^+6'»)=(aa'— 6i')»+(o6'+fta')«=(a6'— 6a')«+(a«'4.W7». 
Consequently  there  are  two  ways  of  expressing  by  the  aum  of  two  tqamm 
the  products  of  two  numbers,  each  of  which  is  itself  the  sum  of  tw^o  aqiiara; 
thus, 

(5*+2«)(3«+2»)=ll«+16»=4«+19» 
<2»+l«){3«+2«)=  4«+  7»rsl«4.  & 
dec.,  &C. 

METHOD  PROPOSED  BT  MOURET  FOR  AVOIDING  IMAGIlfART  QUAKTITIXS.* 

i98.  ObjectioDs  have  been  made  to  results  obtained  by  the  calcttioa  of  insg- 
inary  expressions.  The  rules  observed  in  the  calculus,  it  is  aaid,  have  coif 
been  demonstrated  for  real  magnitudes;  it  is  by  mere  analogy  that  they  areei* 
tended  to  the  case  of  imaginary  quantities ;  we  may,  therefore,  raiae  reasonaUi 
doubts  as  to  the  exactitude  of  the  results  thus  deduced. 

M.  Mourey,  who  has  been  much  occupied  with  these  difficAltiea,  has  aosg^ 
10  free  analysis  from  them  entirely,  in  a  work  published  in  1828,  entided  tbs 
'fVtt«  Theory  of  Negative  Quantities  and  of  the  do-ctdled  Imagiruny  Qiuzafi- 
tU$>  Without  entering  into  long  details,  we  shall  endeavor  here  to  give  ai 
idea  of  the  melfeods  proposed  by  this  author. 

Let  us  re9ume  the  expression  a.^fr-/—!,  and  give  it,  at  first,  the  fern 

If  we  take  the  aum  of  the  squares  of  the  fractions,  which  are  betfreen  the 
brackets,  we  find  that  this  sum  is  equal  to  1 ;  and  from  thence  we  conchide  diat 
fiiese  two  fractions  can  be  regarded  as  being  the  sine  and  cosina  of  a  same 
angle  a.  Designate  also  the  modulus  •/<**+ ^'  by  A ;  the  imaginary  exprea- 
aion  can  be  put  under  the  form  A(cos  o-|-  V  —  1  sin  a).  Considering  that 
this  expression  contains  really  but  two  quantities,  the  modulus  A  and  the 
angle  a,  M.  Mourey  proposes  to  regard  the  modulus  A  as  expressing  tiie 

length  of  a  right  line  O  A,  and  a  as  being 
the  angle  A  O  X,  which  this  line  makes 
with  a  fixed  axb  OX.  In  odier  words, 
the  modulus  A  represents  a  fine  of  acei^ 
tain  length,  which  at  first  lay  upon  the 
axis  O  X,  and  which,  by  making  a  move- 

*  To  imderitsiid  tbii,  a  knowledge  of  Ae  first  priDcrt>le8  of  Trigonometry  is  necessuT 
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ment  ^ouiid  the  origin  O  upward,  has  departed  from  this  axis  by  an  aogle  Of 
M.  Mourey  gives  the  name  verser  to  tliis  aagle,  or,  rather,  to  the  arc  whidi 
measures  it;  and  theo,  instead  of  the  ima^naiy  expression,  he  writes  simpler 
Aa,  a  notation  veiy  suitaUe  to  recaU  at  the  same  time  the  modulus  A  and  the 
verser  a.  He  proposes  even  to  give  the  name  TouUt  or  way  ^  to  the  length  O  A, 
placed  in  its  true  position  with  regard  to  OX,  so  that  A  verser  a,  or  Aa,is  tlie 
route  from  O  toward  A. 

As  a  line  can  make  around  the  origin  O  as  many  revolutions  as  we  please, 
and  that,  also,  as  well  by  commencing  its  rotation  below  as  weU  as  above  O  X, 
it  follows  that  the  verser  may  pass  through  all  states  of  magnitude,  and  be  as 
vrell  negative  as  positive.  It  will  be  positive  when  the  movement  of  the  line 
shall  have  commenced  above ;  it  will  be  negative  when  the  movement  com- 
menced below.  From  this  it  follows  that  the  same  route  can  be  represented 
with  a  verser  which  is  positive,  or  one  which  is  negative,  provided  that  the 
sum  of  the  versers,  abstraction  being  made  of  the  signs,  is  360^ 

From  the  preceding  conventions  it  results  that  a  ufay  can  be  represented  by 
giving  to  the  length  A  an  infmity  of  different  versers.  Suppose,  to  fix  tho 
ideas,  that  O  A  should  be  a  deteiTniaate  way,  and  that  then  the  verser  A  O  X 
should  be  an  acute  angle  a ;  it  is  evident  that  the  position  of  O  A  will  undei^go 
no  change  if  we  add  or  subtract  from  a  any  number  whatever  of  entire  cir- 
cumferences. Thun  is  establislied  this  important  remark,  that  if  we  desig- 
nate by  2n  an  entire  circumference,  or  360°,  and  by  n  any  whole  number 
whatever,  positive  or  negative,  the  expression  A27m-)-a  will  represent  the 
same  route  as  Aa ;  this  is  expressed  by  the  equality 

A2»rn-f.Q=Ao. 
When  we  give  to  A  a  verser  equal  to  zero,  the  length  A  lies  upon  the  finf 

0  X.  When  the  verser  is  equal  to  n-  or  180°,  this  length  is  found  in  the  op^ 
posite  direction,  O  X' ;  tl^en  it  is  nothing  else  than  the  negative  quantity  —  A. 
Thus  we  ought  to  regard  as  altogether  equivalent  the  two  expressions  —A 
and  Atr. 

After  these  preliminaries,  M.  Mourey  establishes  the  rules  of  algebraic 
calculus ;  then  he  passes  to  equations,  and  reconstructs  algebra  thns  entirely. 

1  shall  not  follow  this  author  in  all  his  details ;  I  shall  confine  myself  to  the 
developments  necessary  to  explain  here  what  sense  the  new  algebra  attaches 
to  the  old  imaginary  expression  -^  —  A^.  I  shaU  seek,  first,  the  rule  to  be 
foQowed  in  the  multiplication  of  any  two  quantitlee  whatever,  Aa  and  BfiL 
Here  the  two  factors  are  the  magnitudes  A  and  B,  measured  upon  two  Hne» 

O  A  and  O  B,  which  make,  with  a  fixed  axis 
OX,  angles  A  O X,  B  O X,  represented  by  the 
'  versers  a  and  /9.  It  is  necessary,  then,  first 
of  all,  to  give  to  the  definition  of  multiplica- 
tion the  extension  suitable  to  render  it  appli- 
cfiUe  to  the  case  in  question.  But,  consider- 
ing that  the  multiplier  Bp  indicates  a  line  B, 
which  depiftts  from  the  fixed  line  O  X  by  an 
angle  equal  to  )9,  M.  Mourey  regards  multi^ 
plication  os  having  for  its  object  to  take  at 
first  the  length  A  in  its  actual  direction  as  many  times  as  there  are  units  in  B, 
ind  to  turn  the  new  line  O  A'  around  the  point  O,  to  depart  from  this  durec- 
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tion  by  an  angle  equal  to  /?,  and  to  give  it  the  position  O  C .    Ftoih  thi8«it  fol- 
bws  that,  in  designating  by  AB  the  product  of  the  two  nngnitndes,  obstrac- 
tion  being  made  of  all  idea  of  position,  the  product  sougl  t  wiU  be  (A6)a-|-.^. 
Thus  we  have 

AaxB/?=(AB)o+/?; 

that  is  to  say,  we  multiply  the  moduli  according  to  the  ordinary  rules  ofarith- 
melic,  and  take  the  sum  of  the  versers. 

If  the  two  versers  are  equal  to  ir  or  180**,  we  shall  have  Air  x  BT=(AB)2ir. 
But  A^  and  Bt  are  nothing  else  than  —A  and  —  B,  and  (AB)2n'  is  the  same 
thing  OS  4- AB  ;  then  —A  X  — B=+AB.  This  is  the  known  rule,  —  by  — 
gives +. 

According  to  this  ^le,  the  square  of  A  a  will  be  (A')2a ;  that  is  to  say,  tve 
take  the  square  of  the  modulus  and  double  the  verser.  Then,  reciprocally,  the 
square  root  is  obtained  by  extracting  the  square  root  of  the  modtdus  withotU  re- 
garding the  verser ;  then  take  half  the  verser. 

Let  us  come  now  to  the  interpretation  of  the  imaginary  expression  -/ — A*. 
For  this  purpose,  let  us  observe,  first,  that  it  is  equiyalent  to  ■»/(A*)2nn-4.jr ; 
then  extracting  the  square  root, 

V— A«=An7r-|.|T. 
If  f>  is  even,  llie  verser  n7r-4-^ir  places  the  length  A  in  the  same  position  as 
p  |«r ;  that  is  to  say,  in  the  position  O  P,  perpendicular  to  O  X. 

If  n  is  uneven,  the  verser  nTr^-lir  will  place  the  length  A  in 
a  position  O  P',  perpendicular  to  0  X,  but  below.     Thus,  in 


X^        lO      X  the  system  of  M.  Mourey,  the  expression  >/  — A*  offers  no 
longer  to  the  mind  any  idea  of  impossibility.    It  represents 
P'  two  routes,  O  P  and  O  P',  equal  and  opposite,  both  perpen- 

dicular to  the  fixed  axis  O  X. 


PERMUTATIONS  AND  COMBINATIONS. 

199.  Thk  Permutations  of  any  number  of  quantities  are  the  changes  whicli 
these  quantities  may  undergo  with  respect  to  their  order. 

Thus,  if  we  take  the  quantities  a,  6,  c ;  then  abc,  ach,  hac,  bca,  cah^  cba 
are  the  permutations  of  these  three  quantities  taken  all  together ;  a&,  ac^  fro, 
6f ,  ca,  ch  are  the  permutations  of  these  quantities  taken  two  and  two  ;  a,  &«  i 
are  the  permutations  of  these  quantities  taken  singly,  or  one  and  one,  &c. 

The  problem  which  we  propose  to  resolve  is, 

200.  To  find  the  number  of  the  permutations  of  n  quantities,  taken  p  and  p 
together. 

Let  a,  btC,d, A:,  be  the  n  quanti*  es. 

The  number  of  the  permutationsjof  these  n  quantities  taken  singly,  or  one 
and  one,  is  manifestly  n. 

The  number  of  the  permutations  of  these  n  quantities,  taken  two  and  two 
together,  will  be  n(n — 1).     For,  since  there  are  n  quantities, 

a,  &,  c,  c2, k. 

If  we  remove  a  there  will  remain  (n— 1)  quantities* 
b,c^d .A. 
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WrttiDg  a  before  each  of  these  (n — 1)  quantities,  we  shall  nave 

ah^  ac,  (fd, ok; 

that  18,  (n— 1)  permutatioos  of  the  n  quantities  taken  two  and  two,  in  which  a 
stands  first.  Reasoning  in  the  same  manner  for  6,  we  shall  have  (n—  1)  per- 
mutations of  the  n  quantities  taken  two  and  two,  in  which  b  stands  first,  and 
so  OD  for  each  of  the  n  quantities  in  succession ;  hence  the  whole  number  of 
permutations  will  be 

n(n— 1). 
The  number  of  the  permutations  of  n  quantities,  taken  three  and  three  to- 
gather,  is  n(n— l)(n — 2).  For  since  there  are  n  quantities,  if  we  remove  a 
there  wiL  remain  (n— 1)  quantities;  but,  by  the  last  case,  writing  (n — 1)  for 
n,  the  number  of  the  permutations  of  (n — 1)  quantities,  taken  two  and  two,  is 
(n — l)(n— 2);  writing  a  before  each  of  these  (n — l)(n— 2)  permutations, 
we  shall  have  (n— l)(n— 2)  permutations  of  the  n  quantities,  taken  three  and 
three,  in  which  a  stands  first.  Reasoning  in  the  same  manner  for  6,  we  shall 
have  (n^.l)(n — 2)  permutations  of  the  n  quantities,  taken  three  and  three,  in 
which  b  stands  first,  and  so  on  for  each  of  the  n  quantities  in  succession ;  hence* 
the  whole  number  of  permutations  wiU  be 

n(n— !)(»— 2). 
In  like  manner,  we  can  prove  that  the  number  of  permutations  of  n  quan- 
tities, llaken  four  and  four,  will  be 

n(n— l)(n— 2)(n— 3). 
Upon  examining  the  above  results,  we  readily  perceive  that  a  certain  rela- 
tion exists  between  the  numerical  part  of  the  expreiwions'and  the  class  of  per- 
mutatioos to  which  they  correspond. 

Thus  the  number  of  permutations  of  n  quantities,  taken  two  and  two^  is 

n{n — 1),  which  may  be  written  under  the  form  n(n— 2+l)« 
Taken  Ihret  and  three^  it  is 

n(yf  l)(n— 2),  which  may  be  written  under  the  form  n(n~l)(n — 3-(-l). 
Taken /our  and  four  y  it  is 
ii(n— l)(n— 2)(n— 3),  which  may  be  written  under  the  form  n{n — l)(n— -2) 

(n-4+1). 
Hence,  from  analogy^  we  may  conclude  that  the  number  of  permutations 
of  n  things,  taken  p  and  j?  together,  will  be 

„(n-l)(n-2)(n-3) (n-l'+l)- 

In  order  to  demonstrate  this,  we  shaO  empk)y  the  same  species  of  proof 
already  exemplified  in  (Arts.  23  and  78),  and  show  tliat,  if  the  above  law  be 
assumed  to'  hold  good  for  any  one  class  of  permutations,  it  must  necessarily 
bold  good  for  the  class  next  superior. 

Let  us  suppose,  then,  that  the  expression  for  the  number  of  the  permuta- 
tioDs  of  n  quantities,  taken  (p^l)  and  (j9— 1)  together,  is 

„(n-l)(n-.2)(n-3) .  .  .  {«-(;,~l)+l|  ...  (A) 
It  IS  required  to  prove  that  the  expression  for  the  number  of  the  permuta- 
tkms  of  n  quantities,  taken  p  and  p  together,  will  be 

«(n— l)(n— 2)(n— 3) (n— ;i-f  1). 

Remove  a,  one  of  the  n  quantities  a^b^c^d Ar,  then,  by  the  ex- 
pression (A)  writing  (n— 1)  for  n,  the  number  of  the  permutations  of  the 
(«— 1)  quantities  6,  c,  d A:,  taken  (j?— 1)  and  (/?— I),  w|ll  be 
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(«-l)(ii-2)(n-3) {(«-l)-(p_l)+l{. 

or 

(n— l)(n— .2)(n— 3) («-rP+^)* 

Writing  a  before  each  of  these  (n— l)(n»2)(A— 3) («— P+l) 

fwrmutatioiw,  we  ehall  hare  (n— l)(n~2)(n— 3) (» — p+l)^th 

.  mntataoDS  of  the  »  quaotitiea,  in  which  a  stmnds  first.    Reasonii^  m  the  «■» 

manner  for  6,  we  shall  hare  (n— l)(n'2)(n^3) (»— 1^+^)1"** 

matations  of  the  n  quantities,  in  which  h  stands  first ;  and  so  on  for  eiich  of  tk 
n  quantities  ia  aooeessioa ;  henee  the  whole  number  of  permutatioiis  wii  be 

*(n-l)(n-2)(n-3) {n^p+l) (1) 

Hence  it  appears  that,  if  the  abof e  law  of  formation  hold  good  for  aor  oob 
class  of  permutations,  it  must  hold  good  for  the  class  next  superior ;  but  it  bs 
been  proved  to  hold  good  when  /'szS,  or  for  the  permutations  of  n  qnaatiDQi 
taken  two  and  two ;  hence  it  must  hold  good  when  |7=:3,  or  for  the  perraoti- 
tion  of  n  quantities  taken  three  and  three  ;  .*.  it  must  hM  good  ^rhen  j»=4, 
and  so  on.    The  law  is,  therefore,  general. 

EXAMPLE. 

Required  the  number  of  the  permutationa  of  the  eight  letters  a,  b^  c^d^e, 
/  gj  h,  taken  5  and  5  together. 

Here  n=:8,  p=:5,  n— j7-f-l=4  ;  hence  the  above  formula 

„(„«l)(n-2)  ....  (n-j»+l)=8x7X 6X5X4=6720, 
the  number  required. 

201.  In  formula  (1)  let  pssn,  it  will  then  become 

n(n— l)(n— 2) 2.1, 

or 

1.2.3 («— !)'» (2) 

which  expresses  the  number  of  the  permutations  of  f»  quantities  taken  al 
together.* 

EXAHPLE* 

Kequired  the  number  of  the  permutations  of  the  eight  letters  a,  6,  e,  </,  4^ 

tiere  n=8 ;  hence  the  above  formula  (2)  in  this  case  becomes 
1.2.3.4.6.6.7.8=40320, 
the  number  required. 

202.  The  number  of  the  permutations  of  n  quantities,  supposing  them  al 
different  from  each  other,  we  have  found  to  be  •  ' 

1.2.3 (n— l)n. 

But  if  the  same  quantity  be  rispeated  a  certain  number  of  times,  then  it  is 

manifest  that  a  certain  number  of  the  above  permutations  will  become  identicaL 

Thus,  if  one  of  the  quantities  be  repeated  a  times,  the  number  of  identical 

permutations  will  be  represented  by  1.2.3 a;  and  hence,  in  order  to 

^  Many  writers  on  algebra  confine  the  term  permutaHom  to  this  class  where  the  qoaih 
titles  are  taken  all  together,  and  give  the  title  of  arrangemenJU  or  variation*  to  the  groaps 
of  the  »  qnontities  when  taken  tv*o  and  two,  three  a^id  tkr^four  and  four,  hjc  The  i»> 
trodaction  of  these  additional  designations  appears  umiecessaiy ;  bat»  in  osiog  the  wwd 
permulations  absolately,  we  mast  always  be  understood  to  mean  those  represented  by  &»• 
mala  (2),  unless  the  oontraiy  be  specified. 
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obtain  the  number  of  permutatioDs  difTerent  from  each  other,  va  must  divide 

(2)  by  1.2.3 .o,  and  it  w^ll  then  become 

1.2.3 (n— 1)11 

1.2.3 a 

If  one  oi  the  quantities  be  repeated  a  tiibes,  and  another  of  the  quantities 

be  repeated  /?  times,  then  we  must  divide  by  1.2 axl*2 fi\ 

and,  in  general,  if  among  the  n  quantities  there  be  a  of  one  kind,  j3  of  another 
kind,  7  of  another  kind,  and  so  on,  the  expression  for  the  number  of  the  per* 
mutations  different  from  each  other  of  these  n  quantities  will  be 

1'^'3 n 

1.2 oXl.2 /?X1.2 y,  &c. ^  ' 

EXAMPLE  I. 

Keqmred  the  numbers  of  the  permutations  of  the  letters  in  the  word  algebra* 
Here  n=7,  and  the  letter  a  is  repeated  twice;  hence  formula  (3)  becomea 

1.2.3.4.5.6.7     ^_^    ^  ^  '    A 
— =2520,  the  number  requured. 

EXAMPLE  II. 

Required  the  number  of  the  permutations  of  the  letters  in  the  word 
eaifacarataddarada. 

Here  n=18,  a  is  repeated  eight  times,  c  twice,  d  thrice,  r  twice ;  hence  the 
number  sought  will  be 

1.2.3.4.5.6.7.8.9.10.11.12.13.14.15.16.17.18 


1.2.3.4.5.6.7.8X1.2X1.2.3X1.2 


-SG6162096004 


EXAMPLE  III. 

Required  the  number  of  the  permutations  of  the  product  a'  U  C",  written  at 
full  length. 

Here  n=zx+y+z,  the  letter  a  is  repeated  x  times,  the  letter  h,  y  times, 
and  the  letter  c,  z  times ;  the  expression  sought  will,  therefore,  be 

1-2.3 {x+y+2) 

1.2.3 arxl.2.3 yXl.2.3 z 

203.  The  Combinations*  of  any  number  of  quantities  signify  the  different 
collections  which  may  be  formed  of  these  quantities,  without  regard  to  the 
order  in  which  they  are  arranged  in  each  collection.  Each  combination  must, 
therefore,  have  one  letter  different  from  any  other  of  the  combinations. 

Thus  the  quantities  a,  6,  c,  when  taken  all  together,  will  form  only  one 
combination,  abc  ;  but  will  form  six  different  permutations,  abc,  acb,  6ac,  bca, 
eahy  cba  ;  taken  two  and  two,  they  will  form  the  three  combinations  ab,  ae^  6c, 
tod  the  six  permutations  ab,  ba,  ac,  ca,  bc^  cb. 

The  problem  which  we  propose  to  resolve  is. 

To  find  the  number  of  the  combinations  of  n  quantities,  taken  p  and  p  to* 
gether. 

Each  of  these  combinations  o(p  quantities  being  separately  permutated,  will 
furnish  1.2.3...jp  permutations,  which,  multiplied  by  the  whole  number  of 
ootnbinations,  will  give  the  whole  number  of  permutations  of  n  quantities,  taken 

*  Where  uamericalor  literal  factors  are  oombined,  the  tdtm  combination  may  b«  coo* 
tfdered  as  8ignir}-iiig  the  same  a«  product 
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pmnd  p.  Therefore  the  latter,  namely,  the  tokou  nunbe"  of  perm^Uatimtt 
or  d(d— 1)(d— 2)....(n^p-}-l)t  divided  by  /he  number  of  permutatiom$  ^ 
each  combinalion,  or  1 . 2 . 3 . . .  p,  will  give  the  number  of  combinatioMs  of  ■ 
Muantities,  taken jp  and  p.    Denoting  it  by  C,  we  have 

n(n^l)(>i-^2) Jn^P+l) 

'"-     1.2.3 ip-^P    •  •  •  •  ^^> 

204.  There  is  m  species  of  notation  employed  to  denote  peroaatatioDs  mud 
combinations,  which  is  sometimes  used  with  advantage  from  its  conciseDess. 

The  number  of  the  permutations  of  n  quantities,  talLon  p  and  p^ 

are  represented  by i^^P) 

The  number  of  the  permutations  of  n  quantities,  taken  aU  together^ 

are  represented  by (*tP») 

The  number  of  the  combinations  of  n  quantities,  taken  p  and  jp, 

are  represented  by (nCp) 

and  so  on.  It  is  manifest  that  the  above  proposition  may  be  expressed  accord- 
ing to  this  notation  by 

M.  Cauchy  employs  the  notation  (m)«  to  express  the  numlier  of  combica- 
tions  of  m  letters,  taken  n  at  a  time.    The  German  notation  for  the  same  m 

■ 
C. 

■ 

When  the  series  of  natural  numbers,  or  the  letters  of  the  alphabet  op  to 
any  required  number, . are  to  be  permuted  or  combined,  an  abbreviated  nota- 
tion has  been  employed  as  follows : 

P(l,  2,  3)  stands  for  123.  132.  213,  231,  312,  321. 

P(1..4)  stands  for  12,  13,  14,  21,  23,  24,  31,  32,  34,  41,  42,  43. 

C(a...c)  stands  for  a6c,  abd^  abe,  acd,  ace,  ade^  bcd^  bce^  bde^  cde. 
If  one  or  more  of  the  numbers  or  letters  may  be  repeated,  this  can  also  bs 
expressed  in  the  notation.     Thus, 
P(l,.l,  2)==112,  121,211. 

P(l,  1,  2,  3)=11,  12,  13,  21,  23,  31,  32. 

C(l,  1,  2,  2,  3)=112,  113,  122,  123,  223. 

If  a]]  the  letters,  numbers,  or  single  things  may  be  repeated  an  equal  num- 
ber of  times,  this  can  be  expressed  with  the  aid  of  an  exiranent;  thas, 

C(l.  2,  3)«,  P(0,  1,  2)«,  C(1..7)». 

205.  If  n  single  things  be  arranged  in  combinations  of/:,  or  of  n— Ar^r,  ths 
number  of  combinations  in  either  case  will  be  the  same,  t.  «., 

^^n(n-l)...(n-Ar+l)^^^n(n-l)...(nT+l) 
1.2. 3. ..At  o  1.2.3..*.r 

for  every  new  combination  of  k  letters  must  leave  a  new  one  of  f  letters. 

By  a  similar  reasoning,  if  n  be  divided  into  three  parts,  the  first  Ar,  the  secoiid 
r.  and  the  thhid  «,  it  may  be  shown  that 

k  r  k  «  r  k 

CxC    =CxC    =CxC   ,&c. 

B    ft    i>— k         n  B— k         n  a— r 

206  Cases  may  occur  in  which  not  all  possible  combinations,  but  only  sneh 
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as  fulfill  cortain  conditions,  are  required.  Many  such  may  be  innagiaed.  For 
instance,  where  the  numbers  to  be  combined  increase  by  a  common  difference, 
or  by  a  common  ratio,  as  1357,  3468,  or  124,  or  248.  The  most  useful  case 
is  'where  the  number  in  each  combination  must  amount  to  the  same  sum.  The 
method  of  proceeding  in  this  case  is  to  fill  up  all  the  places  except  the  last  with 
the  lowest  numbers,  the  last  place  being  occupied  by  the  supplementary  num- 
ber necessary  to  produce  the  given  sum ;  then  diminishing  the  last  number 
and  increasing  one  of  tlie  preceding  by  the  same  amount,  taking  care  not  to 
allow  a  lower  ever  to  follow  a  higher  number.     We  give  examples  of  such 

k 

combinations,  the  general  formula  for  which  is  rC(l....n). 

(1)  »oC(i...7)s=:i27,  136,  145,  235. 

(2)  mC(1...8')=:1238,  1247,  1256,  1346,  2346. 

(3)  ftC(0..5)nr=0005,  0014,  0023,  0113,  0122,  1112. 

(4)  «oC(3....)n=33338,  33347,  33356,  33446,  33455,  34445,  44444. 

It  is  easy  to  be  perceived  that  in  two  cases  this  kind  of  combination  is  im- 
possible. V.  When  the  highest  form  does  not  amount  to  the  required  sum ; 
and,  2°.  When  the  lowest  form  exceeds  it,  as  in 

»  9 

«»C(123)»,  orioC(4...)n. 

207.  Similar  conditions  may  be  imposed  upon  permutations.  In  order  thbt 
the  permutations  of  a  given  series  of  numbers,  taken  a  certain  number  at  a 
time,  should  amount  always  to  a  given  sum,  the  same  rule  will  apply,  with  this 
difference,  that  lower  numbers  may  follow  higher ;  in  other  words,  the  com- 
binations formed  by  the  previoi:^  rule  may  each  be  permuted. 

The  following  examples  will  render  this  more  intelligible :  . 

(1)  •P(1..8)=18,  27,  36,  45,  54,  63,  72,  81. 

(2)  /P(l...)=124,  142,  214,  241,  412,  421. 

(3)  •P(l...)n=1113, 1122, 1131,  1212, 1221,  1311,  2112,  2121,  2211,  311U 

(4)  4P(0..)n=013,  0i>2,  031,  103,  112,  121.  130,  202,  211,  220,  301,  310. 

Under  this  head,  also,  two  contradictory  cases  occur :  1*.  When  the  high- 
est form  amounts  to  too  little ;  and,  2".  When  the  lowest  form  amounts  to  t'  o 
moch.    As,  for  instance,  in 

•m..4)n,  or9P(5...)n. 

208.  The  applications  of  the  theory  of  permutations  and  combinations  are 
numerous.  'One  of  the  most  useful  is  the  determination  of  the  coefficients  of 
s  series  of  the  form 

especially  .the  coefficients  of  the  binomial  formula,  the  method  of  determining 
which,  by  the  theory  of  permutations  and  combinations,  will  be  given  here- 
after. 
Another  extensive  application  of  the  theory  of  j  ermutations  end  combina- 

*  Theie  coefBcients  are  snppoied  to  depend  upon  lome  given  law.  A  common  cue  is 
when  tbe  number  of  factoni  combined  in  each  coefficient  ii  indicated  by  tlie  exponent  o( 
the  letter  of  arrangement,  x,  ' 
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tioD§  is  to  be  foand  in  geometric  relatioBB,  such  as  where  the  coaAitmSaam  rf  & 
certain  number  of  points,  lines,  angles,  &c.,  from  among  a  given  nnmbn  of 
these,  are  required. 

Not  less  useful  is  this  theoiy  in  natural  science :  as  in  crystalography,  nbea 
the  manifold  forms  of  crystals  are  required ;  in  chemistry,  when  tiie  varioQi 
combinations  of  chemical  ^emenUi;  and  in  music,  of  consonant  tones,  &g. 

But  perhaps  its  most  important  use  is  in  the  doctrine  of  chancea,  or,  as  it » 
mathematically  named,  the 

,  CALCUI*tr8  OF  PRQBABILITISS. 

The  outlines  of  this  extensive  subject  we  shall  here  briefly  indksite,  referrmi 
the  student  for  further  information  to  the  admirable  treatises  of  La  Place 
and  Lacroix,  and  to  the  practical  work  of  De  Morgan, 

I.  Let  there  be  among  m  possible  cases  g,  which,  as  fulfilling  certain  reqw- 
sitions,  are  considered  as  favorable,  (m — g)=^  unfavorable.  Then  the  rat  u 
of  the  favorable  to  all  possible  cases  is  called  the  mathematical  probability  ^ 
the  occurrence  of  a  favorable  case.  Thegratio  of  the  unfavorable  to  all  possi- 
ble cases  is  the  mathematical  improbability  of  the  occurrence.  If  the  first  be 
expressed  by  w,  the  second  by  r,  then 

fr=-  and  v~ (I.) 

mm  ^    ' 

The  probability  is,  therefore,  the  less,  the  smaller  the  number  of  the  k- 
vorable  in  comparison  with  that  of  all  possible  oases,  and  vice  vend.  Should 
all  possible  cases  be  favorable,  then  io=sl,  which  is,  therefore,  the  expresaioo 
for  certainty.  Thus  the  mathematical  probability  and  improbability  uf  a  fiie> 
tured  card,  of  which  there  are  12,  being  drawn  from  52,  are  expressed  faj 

^""62"~13'  ''""62^13 ' 
that  of  drawing  one  card  from  52, 

_52_ 
^•"52""*' 

II.  Let  there  be  among  m  possible  cases  g  favorable,  of  different  (first,  aec- 
Ad,  third,  &c.)  kinds,  expressed  by  g|,  ^„  ^3,  &c.,  the  partial  probabilitiee 
by  U7|,  V7at  ti73,  &c. ;  then 

w=w,+m;3+u;3+,&c.,= (II.) 

that  is,  the  probability  of  one  of  several  different  kinds  is  equal  to  the  sum  erf* 
their  partial  probabilities.  Thus,  for  the  probability  of  one  of  the  six  faces  of 
a  die,  marked  1,  2,  or  3,  being  thrown,  we  have 

111 

1113     1 
•••^^=6+6+6=6=2- 

III.  Let  the  occurrence  be  favorable  only  on  the  supposition  tllit  two  or 
more  of  the  single  favorable  cases  concur,  then  the  formula  for  the  compomul 
probability  is 

«=..x«.x«,..=||g^-§^... (III.) 

in  which  m|,  m,,  mj,  dec.,  express  (he  poss-ble  cases  of  the  partial  occorreo- 


"(I)"- 
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that  is,  the  probability  of  the  compounc  occurrence  is  erpial  to  the  piod* 
nets  of  the  partial  probabilities.  For  as  each  of  the  mj  may  concur  with  each 
of  the  m,  cases,  there  will  be  m,  X  ^2  possible  cases,  which,  by  the  super- 
▼ening  of  m^  new  cases,  increase  to  mi  X^i^a  X'^^at  &nd  so  on.  The  same 
reasoning  applies  to  the  favorable  cases  ^,,  g^i  g^i  &%•«  from  whence,  by  the 
priocipies*  already  established,  results  formula  (III.).  Let  it  be  required,  for 
example,  to  draw  out  of  a  vase  whidi  contains  the  numbers  1,  2, 3, 4, 6,  and  6, 
first  1,  than  either  2  or  3,  and,  finally,  4, 5^  or  6,  in  three  drawings ;  the  prob- 
ability 18  expreasecfby 

12     3      1 

6  ^5^  4     20 
If  the  partial  occurrences  are  e<]aal  (that  is,  repetitions  of  the  same),  theu 

Thus,  if  with  ea^h  of  three  dice,  6  shall  be  thrown, 

IV.  Should  there  be  m  possible  cases,  of  which  g  are  faTorable  and  u  un- 
favorable, and  of  these  A:  4- ^  are  to  occur,  so  that  k  of  the  favorable,  with  r  of  the 
nnfavorable,  must  come  ingnxtapositionj  then  the  expression  for  the  probabiK- 
tj  of  the  occurrence  of  every  such  order  is 

=  W (sr::T/-L-it.fl)  ^  i;^^)  W  A:-l/"'\m-.A:-/+l/  (^^"^ 
This  depends  on  (III.),  each  of  the  factors  in  the  above  value  of  v>  ex 
pressing  the  partial  probability  of  the  single  occurrence  of  a  1st,  2d,  ....  kOi 
favorable  case,  also  of  a  1st,  2d,  ....rth  uofayorable  case,  and  the  product 
expressing  the  probability  of  these  occurring  in  a  certain  order. 

EXAMPLE. 

If  from  20  tickets,  8  of  which  are  prizes  and  12  blanks,  6  are  to  be  drawn, 
then,  in  favor  of  the  requisition  that  exactly  two  prizes  shall  be  first  drawn,  or 
shall  occupy  any  given  place  in  the  order, 

"^^  (20)  (19)  ^  (is)  (17)  (la)  (is)  =3230- 

V.  Shocdd  there  be  required  in  the  supposition  of  fiie  last  case  no  partictt- 
hr  order  for  the  single  cases  which  occur,  the  expression  becomes 

""^^W  w-\m^;t+i/  •  \^i::A/-\m-^-r+i) ^*) 

Thus  it  will  be  found  that,  if  from  30  appointed  numbers  out  of  90,  5  of  the 
whole  90  are  to  be  drawn,  so  that  just  3  of  the  30  shall  be  among  those  drawn, 
it  being  immaterial  at  which  thi-ee  of  the  five  drawings,  the  expression  for  the 
probability  in  this  case  is 

/5.4.3\    /30\/29\/28\    /60\/59\      20650 
*^""  \1 .2.3/  :  \90/  V89/  V88/  '  W/  \86/ ""126291* 

VI.  Should  the  number  of  possible  cases  conttnne  to  remain  the  same, 
while  the  other  circumstances  are  as  in  (V.),  the  formula  would  be 

i©"©- («•) 
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EXAMPLE. 

The  probability  of  throwing  the  same  face  three  times  in  7  casts  of  a  dfie^ 
or  one  cast  of  7  dice,  would  be  expressed  by 

7.6.5/iy  /5y      21875 
17273  W  Ae/  ""279936' 

VII.  Let  the  probability  be  required  that  of  two  different  occurrences  the 
first,  or,  if  this  does  not,  the  second,  shall  happen ;  if  the  single  probabtlity  of 
the  first  happening  be  expressed  by  w,  the  probability  of  its  failing  will  be  ex-  ' 
pressed  by  1— u; ;  this  must  be  combined  with  the  probability  of  the  second 
happening,  according  to  (III.),  giving 

(1— W,)W2 

for  the  probability  of  the  second  happening,  if  the  first  fails :  then  the  com- 
pound probability  required  is  expressed  (II.)  by 

EXAMPLE. 

Required  the  probability  of  throwing  with  two  dice,  at  the  first  cast  8,  and, 
if  this  does  not  happen,  9  at  the  second  cast. 

•  ^"~36  "'"36V""36/~36"'"36'36'"8I' 

VIII.  Above  we  have  considered  the  absolute  probability  of  the  happeoinf 
of  an  event ;  the  relative  probability  of  the  happening  of  two  events  is  ex- 
pressed by  the  formula 

— : »  or : . 

EXAMPLE. 

The  relative  probabili^  of  throwing  with  two  dice  rather  7  than  10,  is  ex- 

, .         «^i  6        2 

pressed  by -—=g-p=5.. 

IX.  When  money  depends  on  the  happening  of  an  evr  .f,  the  product  of 
the  sum  risked,  multiplied  by  the  expression  for  the  probability  of  the  event 
on  which  it  depends,  is  called  the  mathematical  expectation.  If  there  be 
among  mi-|-m2  cases,  mi  favorable  for  one  party,  and  m«  for  the  other,  the 
sum  risked  by  the  first  Oi,  and  by  the  second  Os,  then  for  the  mathematical 
expectation  of  each  we  have 

"=sir4k-'^=""^  •  •  •  (^)     '•''^ii;?^  •«'=«"«'  •  •  •  <2) 

Therefore,  when  61=63,  it  is  necessary  that  ai :  a^^iWi  z  tOf  This  principle 
is  important  in  the  subject  of  annuities  and  life  insurance.  For  its  Rpplication, 
and  that  of  all  the  foregoing  theory  to  which,  see  De  Morgan  on  Probabilities. 

EXAMPLES. 

(1)  How  many  binary  combinations  of  oxygen,  hydrogen,  nitrogen,  carbon, 
sulphur,  and  phosphorus  ?     How  many  ternary  ccynbinatioos  of  the  same  ? 

(2)  ilow  many  combina^ons  of  5  colors  among  those  of  the  prism,  viz.,  red, 
orange,  yellow,  green,  blue,  indigo,  and  violet  ?      « 

*  12  and  3  can  each  be  tlirown  with  two  dice  bat  in  one  way,  11  and  3  each  in  two 
ways,  10  and  4  in  three  wayi,  5  and  9  in  ibor  wayi,  6  and  8  in  five  ways,  7  in  aix  ways. 
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(3)  What  is  the  probability  of  throwing  with  three  dice  two  equal  Dum- 
bers  ?  with  five  dice,  three  equal  ? 

(4)  What  of  throwing  with  two  dice  the  faces  2,  4,  and  6  ? 

(5)  What  the  probability  that*  a  dollar  tossed  twice  will  fall  head  up  once  ? 

(6)  Of  which  is  the  probability  greater,  the  drawing  at  three  trials  from 
52  cards  three  cards  of  different  colors,  of  which  there  are  four,  or  three  face 
cards,  of  which  there  are  12  ? 

(7)  What  of  drawing  out  of  a^  vase  containing  5  white,  6  red,  and  7  black 
balls,  in  two  drawings,  2  red,  or  else  a  white  and  a  black  ball  ? 

(8)  What  of  drawing  out  of  the  same  vase,  in  three  drawings,  3  of  differ- 
ent colors,  or  else  2  bbick  and  1  white  ? 

(9)  What  of  throwing  with  four  dice  15,  or  with  three  dice  12  ? 

METHOD  OF  UNDETERMINED  COEFFICIENTS. 
209.  The  method  of  undetermined  coefficients  is  a  method  for  the  expan- 
sion or  development  of  algebraic  functioos  into  infinite  series,  airanged  accord- 
ing to  the  ascending  powers  of  one  of  the  quantities  considered  as  a  variable.* 
The  principle  employed  in  this  method  may  be  stated  in  the  following 

THEORKM. 

If  Axa+Bx0+CxY+,  &c.,  =  A'j:«'+B'j/?'+C'a:y'+,  &c.  (1),  for  all  values 
of  X,  then  must  the  exponents  o£x  in  the  two  members  be  the  same,  and  the  co- 
eflicieuts  of  the  same  powers  of  i'  the  same.    For,  dividing  (1)  by  z^,  we  have 
A+Bxi»-a+C;ry-^+,  &c.,  =A'ay-^+B'j^-«+C'x>"-^+,  &c.  (2) 

Since  X  may  have  any  value,  make  it  zero ;  the  first  member  thus  reduces 
to  A,  while  the  second  becomes  zero,  unless  we  suppose  a  equal  to  some  one 
of  the  ex)jonents  a\  j3%  /,  ....  Suppose  it  to  be  a\  Then  we  have  asza\ 
and  .*.  A=A'.  Suppressing  the  equal  terms  A  and  A'xa'— «  from  the  two 
members  of  (2),  and  dividing  it  by  x0—<*,  it  becomes 

B+Cj:>'-<J+,  &c.,  =B'x^-^+Cxy'-P+,  &c. 

Making,  again,  rssO,  the  first  member  reduces  to  B,  and  the  second  to  zero, 
which  is  qbsurd,  unless  we  make  P  equal  to  some  one  of  the  exponents  of  x, 
say  f3\  in  tne  second  member,  and  then  B=B'.  Proceeding  in  this  way,  the 
exponents  of  t,  and  the  coefficients  of  the  same  powers  of  x  in  the  one  mem- 
ber, may  be  proved  equal  to  those  in  the  other. 

The  above  theorem  may  be  expressed  in  a  modified  form ;  thus,  if  all  the 
terms  of  (1)  be  transposed  to  the  first  member,  it  becomes,  coDecting  the  equal 
powera  of  X,  a  and  a',  (3  and  /3',  &c.,  • 

(A— A')x«+(B— B')x^+(C— C').ry+,  Ac.,  =0; 
from  which,  since  A=A',  Br=B^  &c.,  we  perceive  that  when  a  function  of 
X  is  equal  to  zero  for  all  values  of  x,  the  coefficients  of  the  ditferent  powers  of 
x  are  equal  to  zero  separately. 

EXAMPLES. 

(1)  Expand  the  fraction  ,  ^into  an  infinite  series. 

Assume  j--^^-p5=A+Bx+Cx»+Da«+Ex^+....  , 

*  A  variable  quantity  ii  one  which  if  either  entirely  indeterminate,  so  that  it  may  have 
isy  valae  at  pleaflorc.  or  one  which  varies  in  conformity  with  certain  conditions  impoaed. 
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in  which  some  of  the  coefficients  A,  B,  C.  Ac,,  may  be  zei  J,  and  thus  certui 
powers  of  X  be  wanting;  then,  multiplying  by  l-^Qx+jfi^^re  have 

1=A+  Bx+  Ci«+  Dr»+  Ez*-\ 

-.2A2:— 2Ba:«— 2Ca:»— 2Dt* 

+  A2«+  Ba:3+    Cx*+,... 
Hence,  by  the  preceding  theorem,  we  have 

A=l  -•.  A=    ...   =1 

B— 2A=0      B=2A         =2 

C— 2B+A=0      C=2B-.A=3 

D— 2C+B=0      D=:2C— B=4 

E-.2D+C=0      E=2D— C=5 

&c.  &c. 


Therefore      Y35jq-p=:l+2T+3j«+4a«+6i:*+6a*+ 

*   The  equality  of  a  fooction  to  a  series  is  hypothetical ;  and  after  A,  B,  C,. 
have  been  fowid,  the  result  must  be  carefully  examined.    If  we  put  the  func- 
tion   ssA+Bx+t  ^M  it  gifves  the  absurdity  — IssO.    We  most  pot 

3x^x® 

*      s^Ajr-^+Bjfi+Cx+Dj^+t  &c.    The  method  of  indeterminate  coefii- 


3r— x» 

cients  is  to  be  avoided  where  other  methods  will  apply. 

(2)  Extract  the  square  root  of  1+x. 

Anume  \/T+?=A  +Bx    +€3^   -|-^^+  "-i  ^^  square  both  aidea; 

.-.  l+x=A»+ABx+ACa:«+ADr»+AET*H 

4-ABx+B«a«  +BCa:3+BD.r*+.... 
+ACj«+BCa:»+C«i:*  +.... 

+ADx»+BDr*-^ 

+AEr*4 

Hence,  equating  the  coefficients  of  the  like  powers  of  r,  we  have 
A«=1.-.A=*       1 

2AB=1      B=     i^=     ^=     I 

B»  1    '      1 

2AC+B.=0      C=_jj  =  -5:j=-g 

BC  1  1 

2AD4.2BC=0      D=-^=     ^^=  ^ 

Sicjc.  Sec. 

Therefore         ^^"1+7=  ±  (1+ Jx--{a:9+yVx»-Tf  b^+  ••••)• 
3r— 5 

(3)  Decompose  ^ i'w^An  ^^^  ^^  fractions  having  simple  binomial  dp- 
nominators. 

By  quadratics  we  find  x^— -13x-f40s=(x—5)(£-— 8) ;  hence  we  may  assume 

3x— 5 A_     _B A(x— 8)+B(.r--fe)     (A+B)x— 8A— 5B 

a«— 13a:+40'~x— 5"^x-.8""      (x^5)(x— 8)      ~"       x«-.13x+40       ' 
.-.  3x— 6={A+B)x— (8A+5B) ; 
and  by  the  principle  of  undetermined  coefficients  we  have 
A+B=3,  and  8A+5B=r5. 
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««  10      ,^     19         ,   ,       , 

^Voence  A = — -;r-  and  B  =~ ;  and  therefore  we  get 

a;«— 13x+40~x— 8     x— 6""  3  x— 8""  3  '  x— 5* 

IVbte.— -The  valaes  of  A  and  B  might  have  been  determined  in  the  foUowuj^ 
caanner: 

3x— 5 ^  I  J? A(x— 8)+B(x— 5> 

Since  x«— 13x+40""x— 5+x— 8*~      x«— 13x+40      ' 

.-.  3x— 6=A(x— 8)+B(x— 5). 
Now  this  equation  mnst  subsist  for  every  value  of  x ;  and  therefore, 

15—5         10 
if  x=5,  we  have  15— 6c=A(6— 8) ;  .%  Aa=  ,^q  = — r-; 

24—5     19 
if  x=8,  we  have  24— 5=B(8— 5) ;  .-.  B=-g3g-=:y. 

This  method  may  frequentiy  be  employed  with  advantage,  and  will  be  fouMf 
useful  in  the  integration  of  rational  fractions,  in  the  Integral  CalculoB. 

EXAMPLES  FOR  EXERCISE. 
1— X 

(1)  Expand  r-p-  into  an  infinite  series. 

Ans.  1— 2x+2x«— 2x»+2x*— 2x»+ .... 

(3)  Expand  '/a'— x>  in  a  series. 

x«      x«       x»        5x" 
Ans.  a- 


2a    8a>     16a>    128aT 

1— X 

(3)  Find  the  development  of  -  ,      ,    .. 

Ans.  1— 2x+x«+x»— 2x*+x»+x«— 2x^4. 

2X-4-3 

(4)  Decompose  the  firaction  ^  ,  ^_^q^. 

A  1     _i_j.-J_ 

"•*  ""2x'"6(x+2)"+"3(x— ly 

l+2x 

(5)  Expand  the  fraction  ■  in  a  series. 

Ans.  l+6x+15x«+45x»+135x*+... 

(e)  Resolve  (^,^i)(4g)(^,^3)  into  partial  fractions. 

.  1      4  9 

^^  2(x+  l)""i+2"T"2(x+3)' 

13+21x+2a«  .  .  ,  ^    . 

(7)  Resolve   ^J^^   '^^  mto  partial  fractions. 

A  ^  ^     .      ^     .     Ig 
^                Ans.  i^y-i_a.+i^2y+Y:i2^' 

*  When  tho  deDOminator  ii  compoied  of  equal  factors,  nich  as  {x+ap,  {x^b}»,  it  will  be 
ateemiy  to  aunme  the  given  ftmction  eqaal  to 

A      I      B  C  D  B 

(j4-«)»    (H^)»^«+a^(a>— *)•  '  (»—*)* 

B 
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(8)  £xcaiid  -—. —  to  four  term. 


ABU.  l-(ft+c^+e(ft+c)5-:^*+'|^+ - 

x-l-2 
(9)  RMohre  3^  into  pcrtia]  fractbos. 

2(r+l)^2{x-l)  : 

(10)  Resolve  ^rrz v-rrr-; — .  iDto  partial  fractiona. 

.1,1,2,1        ,  7  J 


a*  '  a*  '  ±  '  2(1 —r)*  '  4(1— r)     4(1+/. 


(11)  E»P«d  :fi^2az+(J^  ^  ^^  ^^"^ 


An8,l--+^-p.+ 


(12)  Resohre  ^^-^  into  partial  fiaatioiit. 


4(ar-l)     4(*+l)     J2(x'+Jf 


LOGARITHMS. 

210.  LoeAUTHMS  are  artificial  Dumbers  ad^>ted  to  natural  numben,: 
irder  to  frcifitate  nnmeneal  caknlatieDs }  and  we  shall  new  fsroeeed  to  a^ 
the  theory  of  these  numben,  and  illustrate  the  principles  upon  which  tbe 
properties  depend. 

DxFiifiTioir. — In  a  system  o/hgarUhmSt-aU  nnmhars  are  considered && 
powers  of  some  one  number,  arhHrarily  assumed,  tMck  is  called  (he  lia: 
ike  system,  and  ike  ejsponent  of  tkat  power  of  tke  hose  whith  is  equal  bit 
given  mumber  is  called  tke  Logarithm  of  tkat  number. 

Thus,  if  a  be  the  base  of  a  system  of  logarithms,  N  any  number,  sod  x  si 
that 

then  X  is  called  the  logarithm  of  N,  in  A  e  system  whose  base  is  a. 
The  base  of  the  common  system  of  logarithms  (called,  from  their  innBi'' 

**  firigg8*s  Logarithms")  u  the  number  10.    Heiice«  since 

(10)<*3=  1,  0  is  tke  logarithm  of  1  in  this  system, 
(10)'=:  10,  1  is  the  logarithm  of  10  in  this  qrstem, 
(10)*s=  100,  2  is  the  logarithm  of  100  in^tiiia  system, 
(10)*=:  1000,  3  is  the  logarithm  of  1000  in  this  system, 
(10)«=:10000,  4  ib  the  logarithm  of  10000  m  this  system, 
&c.  =&    &c.     &c .- .  .  . 

211.  In  order  to  have  the  numbers  corresponding  to  the  logaritimniii^ 
0.5, 1  or  0.L5,  6cc.,  it  is  necessaiy  to  extract  the  square,  4th,  and  so  oQii^ 
of  10,  or  tr  mftmrt  the  square  root  euccessiTely,  as  exhibited  in  ihs  fdh^ 
table: 
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Hvm^er  oT  Vmw  tbat  Um 

Kspoacoti 

•q««n  root  h  esttnelad 

Vrmbmn. 

Pf 

IjognnihmM. 

0 

10,000  0000 

1,000  0000 

1 

3,162  2777 

0,500  0000 

2 

1,778  2794 

0,250  0000 

3 

1^333  5214 

0,125  0000 

4 

1,154  7819 

0,062  5000 

5 

1,074  6078 

0,031  2500 

6 

1,036  6329 

0,015  6250 

7 

1,018  1517 

0,007  8125 

8 

1,009  0350 

0,003  9062 

9 

1,004  6073 

0,001  9531 

10 

1,002  2511 

0,000  9765 

11 

1,001  1249 

0,000  4882 

12 

1,000  6623 

0,000  2141 

13 

1,000  2811 

0,000  1220 

14 

1,000  1405 

0,000  0610 

16 

1,000  0702 

0,000  0305 

16 

1,000  0351 

0,000  0152 

17 

1,000  0175 

0,000  0076 

18 

1,000  0087 

0,000  0038 

19 

1,000  0043 

0,000  0019 

20 

1,000  0021 

0,000  0009 

21 

1,000  0010 

0,000  0004 

22 

1,000  0005 

0,000  0002 

23 

1.000  0002 

0,000  0001 

24 

1,000  0001 

0,000  0000 

Bj  means  of  the  above  table,  to  calculate  the  logarithm  of  any  number  (A) 
between  1  and  10  accurately  to  5  places  of  decimals,  take  out  from  the  second 
column  the  nearest  number  to  A,  but  less,  and  divide  A  by  this.  Take  out, 
again,  the  next  less  number  than  the  quotient  B,  as  a  ciivisor  for  B,  and  so  on 
until  the  last  quotient  contains  only  miUiooths ;  the  logarithm  sought  is  the 
sum  of  all  the  exponents  or  logarithms  in  the  third  column  corresponding  to 
the  diyisors  used  from  the  second.  For,  calling  these  exponents  a,  /9,  7,  d 
we  have 

10*  10^  10^  10^ 

.•.a=io''b=io'xio^c=sio"xio^xio''d=io*.io^.io''.io'... 

Any  exponent  beyond  S  being  added  to  the  others  would  not  affect  the 
millionth  place,  or  fifth  decimal.  Q.  £.  D. 

Now,  inasmuch  as  all  numbers  lying  between  the  Ist,  2d,  3d,  &c.,  powers 
of  10  must  have  broken  numbers  for  logarithms,  these  numbers  will  be  of  the 

form  10  "slo'.lO" ;  hence  the  calculation  of  tfaefar  logarithms  will  in  every 
case  depend  on  the  calculation  of  a  fractional  logarithm  such  a»  haa  been  jusl 
exhibited. 

A  table  of  logarithms  is  a  table  containing  all  nmnbers  from  1  up  to  10000 
or  100000,  or  some  high  number,  with  their  correspondmg  logarithms. 

These  tables  are  made  with  certain  abbreviations  and  conveniences,  which 
we  shall  presently  explain. 

From  the  scheme  of  numbers  in  (210)  it  appears,  that  ifi  the  common  sya- 
tflm  the  logarithm  of  every  number  between  1  and  10  is  some  niunber  between 
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0  ftnd  1,  i.  e.,  »  A  fraction.  Fhe  logaritfam  of  every  JBumbar  betwev  10  tA 
100  is  some  namber  between  1  and  2,  t.  e., »  1  phis  a  fracttoD.  Tbe  lo^isha 
of  eyeiy  namber  between  100  and  1000  is  some  namber  between  2  and  >,l{s 
is  2  plus  a  fraction,  and  so  on.  Tbe  whole  number,  or  integrsl  pan  of  ^ 
logarithm,  is  called  the  indeXf  or,  more  commonly,  the  dutraderiatia 

212.  In  the  common  tables  of  logarithnos  the  fractiooal  part  alooeofiiii 
logarithm  is  registered,  and  from  what  has  been  said  above,  the  rule  osa^ 
given  for  finding  the  characUristic,  or  index,  will  be  readily  understood,  to. 
The  index  of  the  logarithm  of  any  number  greater  than  unity  is  equal  tc :» 
less  than  the  number  of  integral  figures  in  the  given  number  ;  for  if  tbs  bq 
ber  be  between  10  and  100,  it  will  contain  two  integral  figures ;  if  betweeo ! 
and  1000,  it  will  contain  three,  and  so  on.  Thus,  in  searching  £ar  tbe  logvsi 
of  such  a  number  as  2970,  we  find  in  the  taUes  opposite  to  2970  the  doiq!« 
4727564 ;  but  since  2970  is  a  number  between  1000  and  10000,  ite  IqgiRtb 
mast  be  some  number  between  3  and  4,  t.  e.,  mast  be  3  plua  a  fractioD;  'i» 
fractional  part  is  the  number  4727564,  which  we  have  found  in  the  tub 
prefiidng  to  this  the  index  3,  and  interposing  a  decimal  point,  we  have  ZATZ^fk 
the  logarithm  of  2970. 

We  must  not,  however,  suppose  that  the  number  3.4727564  is  the  eac 
logarithm  of  2970,  or  that 

2970=(10)»<ww 
accurately.    The  above  is  only  an  approximate  value  of  the  logaritfam  of  29T 
we  can  obtain  the  exact  logarithms  of  veiy  few  numbera ;  but,  takings  fofficie: 
number  of  decimals,  we  can  approach  as  nearly  as  we  please  to  the  tm 
logarithms. 

213.  It  has  been  shown  that  m  Brigg8*s  system  the  logarithm  of  1  is  0 ;  cifr 
aequently,  if  we  wish  to  extend  the  application  of  logarithms  to  frsctioiB,  v' 
must  establish  a  convention  by  which  the  logarithms  of  numbera  le«  tfaia. 
may  be  represented  by  numbera  less  than  zero,  t.  e.,  by  negative  nunhen. 

Extending,  therefore,  the  above  principles  to  negative  exponents,  sioee 

■  -Q    or  (10)'-^s=0.1,        —1  is  the  logariUim  of  .1        in  this  wpHem, 
-^Qo' or  (10)-*s0.01,      —2  is  the  logarithm  of  .01     in  this  sjBten. 

■  QQ    or  (10)'*s0.001,     —3  is  the  logarithm  of  .001    in  this  system, 

1 


10000  ^^  (I0)"^«0.0001,  —4  is  the  logaritfam  of  .0001  in  this  system, 
&c  ^  &c. 

It  appeara,  then,  from  this  eowoenticn^  that  the  logarithm  of  eveiy  nmnba 
between  1  and  .1  is  some  namber  between  0  and  —1 ;  the  logaritbm  of  ereiT 
number  between  .1  and  .01  is  some  number  between  — 1  and  —2;  ^ 
logHrithm  of  every  number  between  .01  and  .001  is  some  number  het^f^ 
—2  and  —3,  and  so  on. 

From  this  wiU  be  undentood  the  rule  given  in  books  of  tables  for  £n^ 
the  characteristic,  or  index,  of  the  logarithm  of  a  decimal  fraction,  vis. :  ^^^^ 
dex  of  any  decimal  fraction  is  a  negative  number,  equal  to  unity,  addtd  tow 
nwnher  of  zeros  immediately  fothmng  the  decimal  point.  Thus,  id  searM 
for  a  logaritfam  of  the  number  such  as  .00462,  we  find  in  the  tables  oppo«^  ^ 
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462  the  nnmber  6646420 ;  but  since  .00462  is  f  number  between  .001  and  .01 
its  logarithm  must  be  some  number  between  —3  and  —2,  t.  e.,  must  be  -*3 
^U8  a  fraction ;  the  fractional  port  is  the  number  6646420,  which  we  hare 
found  in  the  tables;  therefore  —3+ .6646420  is  the  logarithm  of  .00462;  It 
is  customary  to  write  the  sign  —  over  the  characteristic  to  show  that  it  affects 
that  alone,  and  not  the  decimal  part  of  the  logarithm,  which  is  positive ;  thus» 
3.6646420. 

GENERAL  PROPERTIES  OF  LOGARITHMS. 

214.  Let  N  hid  N'  be  any  two  numbers,  x  and  x'  their  respective  logarithm^ 
a  the  base  of  the  system.    Then,  by  definition, 

N  =:a« .'  .  •  .  (1) 

N'=:a«' (2) 

L  Multiply  equations  (1)  and  (2)  together, 

.-.  by  definition,  x-{'Xf  is  the  logarithm  of  NN' ;  that  is  to  say, 
The  logarithm  of  the  product  of  two  or  morefaetors  u  equal  to  die  sum  qfth§ 
togarithms  of  thoee  factors, 

II.  Divide  equation  (1)  by  (2). 

•••  by  definition,  x^-^xf  is  the  logarithm  of  ^, ;  that  is  to  say, 

The  logarithm  of  a  fraction^  or  of  the  quotient  of  two  numbers,  is  equdl  to  A«* 
logarithm  of  the  numerator  minus  the  logarithm  of  the  denominator, 

III.  Raise  both  members  of  equation'  (1)  to  the  nth  power. 

N»=a«. 
.-.  by  definition,  nx  is  the  logarithm  of  N" ;  that  is  to  say, 
The  logarithm  of  any  power  of  a  given  number  is  equal  to  the  logarithm 
of  the  numher  multiplied  by  the  exponent  of  the  power, 

IV.  Extract  the  n*  root  of  both  members  of  equation  (1). 

1  E 

X  i 

.'.  by  definition,  -  is  the  logarithm  of  N" ;  that  is  to  say. 

The  logarithm  of  any  root  of  a  given  numher  is  equal  to  the  logarithm  of^ 
number  divided  by  the  index  of  the  root. 
Combining  the  last  two  cases,  we  shall  find 

m         lu 

mar  !?    • 

whence  —  is  the  logarithm  of  N". 

It  is  of  the  highest  importance  to  the  student  to  make  himself  familiar  widi 
the  application  of  the  above  principles  to  algebraic  calculations.  The  followlAg 
examples  will  afford  a  useful  exercise : 

(1)  Log.  (a,  6,  %  d )=  log.  «+  log.  b+  log.  e+  log.  <2.... 

(2)  Log.  \j^)  =  log.  a+  log.  6+  log.  c—  log.  i—  log.  e. 
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(3)  Log.  (a"'^cr....)=m  log.  a-^-n  log.  h-^-p  log.  £•••• 

-^j=sm  log.  a+n  log.  5— p.  log.  c. 
(6)  Log.  (a«— z»)a=log.  (a+x)X(a-x)=  log.  («+')+  log.  («-*V 

(6)  Log.  Va«— 2:«=-  log.  (a+x)+-  .og.  (a— r). 

1  3  15 

(7)  Log.  (a»  Va»)=  log.  a»+ j  log.  <i»s=3  log.  a+ j  log.  «=-j  tog.  d. 

m. 


(8)  Log.  V(a'-^r=- log.  (a-ar)+-log.  {ti^+ax+j^) 

=^{log. (ii-z)+  log.  (a+x+z)+  log.  (a+x-:)( 
where  2«=ax. 

(9)  Log.  ^/l?+?~\]og.  (a+x+z)+  log.  (a+x-r)|,  whore  2«=2« 


^^^)  ^^«-  (l+r)^=5^^g'  (a-x)-3  log.  (a+x)}. 

TABLES  OF  LOpARITHMS. 

'*lie  principal  French  tables  are  those  of  M.  Callet,  an  Aoaericao  editioo  o! 
which  has  been  made  by  the  late  Mr.  Uasler.  The  fint  of  these  tiblf* 
marked  Chiliade  I.,  occupying  only  five  pages,  contains  the  aeries  of  omn^en 
from  1  up  to  1200,  with  their  logarithms  expressed  to  eight  places  of  deeiiiai& 
the  numbers  being  in  the  colnmn  marked  N,  and  their  logaridmis  in  the  cohim 
marked  Log.*  The  second  table,  which  is  of  far  greater  bulk,  exhibits  the 
logarithms  of  all  entire  numbers  from  1020  up  to  10800.  The  numbers  are  is 
the  column  entitled  N,  and  their  bgarithms  in  the  foUowing  column,  marked  C 
The  characteristics  of  the  logarithms  are  not  written  in  the  tables,  since  the; 
may  be  known  without,  being  always  one  less  than  the  number  of  d'vpts  d 
which  the  number  to  which  the  logarithm  belongs  is  composed.  The  logarithiffi 
of  numbers  containing  one  figure  more  than  those  in  the  column  N,  are  foooi 
by  means  of  the  colunms  marked  at  top  1,  2,  3,  . . .  9.  Thus,  to  fiii«I  tb 
logarithm  of  27796,  seek  in  the  colnmn  N  the  number  2779 ;  run  ak»g  t^ 
horizontal  line  which  contains  this  number  to  the  column  marked  6 ;  yoo  ^ 
there  the  last  four  figures  of  the  logarithm  sought :  the  first  three  figures  of  is 
are  found  in  the  column  marked  0,  to^the  left  of  the  period,  on  the  saat 
horizontal  line,  or  a  little  above.  You  obtain  thus,  after  prefixing  the  proper 
characteristic, 

k)g.  27796=:4.4439823. 

It  will  be  seen,  by  inspecting  the  tables,  diat  the  diflferences  of  the  coDSSCtt* 
tive  logarithms  is  constantly  the  same  for  a  considerable  number  of  thent  «ttl 
as  the  differences  of  the  consecutive  numbers  is  also  constant,  it  follows  that 

*  Thif  table  also  oontaina  tn  airaagement  (or  reducing  minntei  and  leoonda  to  iecoo^ 
withoat  the  titrable  of  multiplying  by  60.  Thai,  on  the  ibarth  page,  we  find  12^  in  the  fif' 
of  the  columna  marked  log.,  and  againat  90,  in  the  first  ooloma  marked  ",  we  fiod  ^^> 
which  ifl  the  miinber  of  leoooda  in  12^  20^.  By  diia  arraagemeDt  we  find  readily  the 
logarithm  of  the  seoooda  in  any  given  nnmber  of  minntei  and  aeoonda,  which  is  often  c«» 
Tenieot  in  aitnnomical  calcolatiooa.  It  ii  evident  that  dieae  nomben  might  be  oood<{^ 
•s  degrees  and  minatea,  or  hooza  and  minntea,  aa  well  aa  minntea  and  aeoonda. 
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lio  diflTerences  of  the  logarithms  are  pn^rtiooal  to  the  difiereacea  of  tha^ 
lumbers.     Suppose,  then,  that  the  logarirhm  of  14518469  were  required. 

From  the  tables  we  find,  as  before,  neglecting  for  the  piesent  the  charac- 
»rbtic  (see  a  page  of  the  tables  of  Callet  at  the  end  of  thia  volume), 
,  log.  14516=1619068. 

This  IS  also  the  logarithm  of  14518000,  which  differs  from  the  logarithm  of 
tlie  next  number  14519,  or  14519000,  viz.,  1619367  by  299,  while  the  num- 
bers themsehres  diflbr^by  1000.  But  the  number  14518000  differs  from  the 
giTen  number  14518469  by  469,  the  last  three  figurea  not  yet  used ;  hence 
th.e  proportion 

Di£NiMb  DiELnc*.  DiCNoai       Dif.orLoCi. 

1000  :  299  : :  469  :  x=:141, 

'wliich  result,  add«d  to  1619066,  gives  7.1619309  for  the  logarithm  required,  7 

being  the  proper  characteristic  for  the  logarithm  of  a  number  cqpisisting  of 

eight  figures. 

299 
The  propertioft  is  solved  by  multiply mg  the  difference  469  by.  TnoAt  <v>by 

2        9  9 

Tn+Trm+Tnnn'    ^^^^f  ^7  inspecting  the  last  column  of  the  page,  this  diffisr 

ence,  299,  will  be  found  ready  calculated,  and  its  product  as  nearly  as  it  can  be 

12      3 
expressed  in  two  or  three  figures  by  rr,  r^r,  r^,  &c.,  or  .1,  .2,  .3,  &:c.,  the 

multiplier  being  in  the  left  hand  and  the  product  in  the  right  hasd  of  the  two 
small  coiomns  of  figures  under  the  difference,  299.  These  mukipfiers  mi^be 
regavded  as  hundredths  or  thousandths,  only  giving  the  products  their  proper 
place.    With  this  explanation,  the  following  calculation  will  be  understood : 

Log.  14516    . 1619066 

0.4      120 

0.06 18» 

0.009 3 

Log.  14518469 7.1619209 

215.  To  find  the  number  corresponding  to  a  given  logarithm,  say  1619209, 
look  in  the  column  marked  0  for  the  nearest  less  logarithm,  and  take  the  cor- 
responding number,  which  b  1451.  Run  the  eye  along  the  horizontal  line  till 
the  number  most  nearly  approaching  9209,  forming  the  last  four  figures  of  the 
given  togarithm,  is  found.  This  is  9068,  which  is  found  in  column  8.  Suh- 
tnct  this  from  9209,  and  the  difference  is  141.  Find  in  the  right  hand  of  the 
two  columns  of  small  figures  marked  dtf.  et  p.,  or  simply  dif.,  at  the  top  of  the 
page,  the  nearest  less  number  than  141 ;  this  is  120y  which  answers  to  4  in 
the  left  hand.  The  difference  between  120  and  141  is  21.  Multiply  21  by 
10,  and  seek,  as  befinre,  in  the  small  column,  the  number  nearest  210  ;^  thipi  is 
209,  which  answers  to  7.  The  calculation  is  below* 
Log.  xs  1619209 

For  1619068 14516 

First  remainder,         141 04 

Second  remainder,       21 007 

XSS1451S47. 
The  numbers  4  and  7  thus  found  may  be  simply  annexed  to  14516. 

*  Tho  number  in  the  table  is  179 ;  but,  u  the  9  ii  rejeOed,  the  7  is  inomasad  1^  l»idooa 
ITS  if  Dearer  180  tfatn  170. 
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If  the  characteristic  of  the  logaritbm  had  been 

6,  the  number  woold  hmre  been  1451847 ; 
6,  the  number  would  have  been  145184.7 ; 
4,  the  number  would  haTe4»een    14516.47 ; 
1,  the  number  would  have  been         14.51647 ; 

0,  the  number  would  haTe  been  1.451847 ; 

1,  the  number  would  heye  been  .1451847 ; 
if  the  number  would  have  been  .01451847. 

This  table  contains  in  the  first  three  columns  an  airangeinent  for  rodoo: 
any  number  of  degrees,  minutes,  and  seconds,  or  hours,  minatee,  and  seeoea 
to  seconds,  which  is  particularly  useful  in  astronomical  calcnhitians,  where  da 
logprithm  ci  the  number  of  seconds  in  a  given  number  of  degrees,  minotei,  ei 
seconds  b  frequently  required. 

EXAMPLE  I. 

Reduce  0<»  or  0^  24'  57'^  to  seconds.  In  4he  table  (see  last  page),  rt  Ai 
head  of  the  first  oolunm,  find  0°,  and  immediately  under  it  24';  deaoeaSt{ 
this  colnmn  to  55",  near  the  bottom,  and  opposite  57",  which  is  imderrtoods 
be  two  numbers  below,  is  found  1497,  the  number  of  seconds  required. 

If  the  degrees  or  hours  exceed  3,  the  proceeding  is  difierentL 

EXAMPLE  II. 

To  reduce  40  or  4^  2^  39"  to  seconds.  Find  4^^  </  at  the  head  d  lb 
second  column,  and  below,  in  this  same  column,  2^  30",  to  which  cane$poak 
m  the  third  column,  1455.    Thus,  4°  2'  30"= 14550"  .•.4'>  2'  39"sl4&Sr 

EXAMPLES  OP  THE  APPLICATIOIT  OP  LOeAEITHMS. 

(1)  To  find  the  value  to  within  0.01  of  the  expression 

7340X3549 
'""681.8  X  693.1* 
By  the  properties  of  logarithms, 

log.  x=  log.  7340+  log.  3549—  log.  681.8—  log.  593.1. 
The  following  is  the  calculation : 


log.  7340=3.8656961 

log.  3549=3.5501060 

sum  =7.4158021 


log.  681.8=2.8336570 

log.  593.1=2.7731279 

sum  =5.6067849 


First  sum,  =7.4158021 
Second  sum,  =5.6067849 
Diff.  or  log.  x= 1.8090172 

216.  The  arithmetieal  con^Umcnt  of  a  logarithm  is  what  remains  afisr  Ai 
logarithm  is  subtracted  from  10.  Thus,  the  arithmetical  complement  of  tb 
logarithm  2.7190826  is  10—2.7190826=7.2809174,  which  is  obtained  by  be- 
ginning on  the  right  and  subtracting  each  figure  (carrying  1  to  all  except  dw 
first)  from  10,  or  beginning  on  the  left  and  subtracting  each  figure  (^  tb 
logarithm  from  9,  except  the  last,  which  is  subtracted  from  10. 

217.  The  operation  of  subtraction  of  logarithms  can  be  replaced  by  additifKk 
if  we  use  the  arithmetic  complement ;  for  if,  to  a  gi^en  logarithm,  log.  Ot  ^ 
add  the  arithmetical  complement  of  another  logarithm,  such  as  10—  b?'  ^ 
we  have 
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log.a+lO— log.&, 
from  'which,  rejecting  10,  the  result  is 

log.  a— log.  6, 
the  same  as  would  be  obtaindfl  by  simply  subtracting  the  second  logarithm 
from  the  first. 

TVe  have  then  the  following  rule  for  operating  with  arithmetical  comple- 
ments :  Add  the  arithmetical  complements  of  the  logarithms  of  the  divisors  and 
the  logarithms  of  the  multipliers  of  a  formula  together ^  reeding  10  from  the 
ntmjbr  every  arithjnetical  complement  employed. 

The  above  example  would  be  wrought  by  this  rule  as  follows : 

bg.  7340=3.8656961 

log.  3549=3.5501060 

ar.  comp.  log.  681.8=7.1663430 

ar.  comp.  log.  593.1=7.2268721 

sum  rejecting  20=1.8090172=log.x,  .•.2r=64.42. 
We  thus  obtain  the  same  result  as  by  the  other  method.  The  number  cor- 
responding need  be  taken  from  the  tables  only  to  four  figures,  because,  the 
characteristic  being  1,  the  entire  part  of  the  number  will  contain  but  two 
places,  which  will  leave  two  places  for  the  decimal  part,  as  required,  since  the 
▼alue  of  a;  was  to  be  obtained  to  within  0.01. 

(2)  To  find  the  value  within  0.00001  of  the  quotient 

({^146298)^     . 

""(V988789)*' 
By  the  rules, 

»     '  log.  ar= J  log.  146298— f  log.  988789, 

and  the  calculation  will  be  as  follows : 


flog.  146298. 
bg.  14639      .  .  .  .^ .     0.1652146 

for  OS   ....'.  238 

log.  146298   .....     5.1652384 

product  by  4 20.6609536 

quotient  by  6 4.1321907 


I  log.  988789. 

log.  98878      0.9950997 

for    0^ 40 

log.  988789 5.9951037 

product  by  5 29.9755185 

quotient  by  6 4.9969197 


I  log.  146298=4.1321907 
ar.  comp.  |  log.  988789 =5.0040803 

sum  —10,  or  log.  x=1.1362710 
.•.a:=0.13686. 

(3)  Required  l}!^  by  means  of  logarithms. 

13  log.  1.1139434 
27  log.  1.4313638 

11)1.6825796 

H=.9357149  log.  1.9711436 
27 

The  division  by  11  is  performed  by  adding  —10  to  the  negati'e  part  of  the 

logurithm  and  4-10  to  the  positive. 

The  logarithm  to  be  divided  is  viewed  as  if  written  thus : 

—11+10.6825796. 
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EX£RCt8S«  IN  LOOAftlTBIIS. 

(4)  Caknlate  the  logarithm  of  8  from  the  table  on  jpage  259. 

(5)  Also  of  7,  70,  700,  7000,  70000. 

(6)  Also  of  356,  35600,  3560000 

(7)  From  the  tables  find  the  loganthms  of  314,  3.721,  41.2. 

(8)  Also  of  7315,  8416,  91.75,  34760,  1706000. 

(9)  Find  the  namben  the  togarithms  of  which  are  0.13130,  4^65C  J 

(10)  Also  those  tiie  logarithms  of  which  are  3.6520528,  7.4891144. 

(11)  Those  the  logarithms  of  which  are  4.49010,  0.66200,  5.72403. 

(12)  Fmd  by  propoitioiial  parts  the  logarithms  of  314761, 44073S,  37aSS4it, 
21117G8. 

(13)  Also  of  22.3345,  137.2014,  46.27835. 

(14)  Of  .75,  .341,  .7391,  .0347,  .000536,  .0000083. 
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(15)  W  7*  8' 11' 13' 40- 

(16)  Find  the  logarithm  of  the  prodoct  of  9.734  and  5.639. 

(17)  Ako  of  35.98X7.433X0.543X29.78. 
(16)  Also  of  22.74  X  31.201  X  0.0067  X  0.9298. 

(19)  Divide  3758000  by  4986  by  means  of  logarithma. 

(20)  Also  16.87:0.07658  and  1.687:7658. 

(21)  Also  14.307:30415,  761.23:0.01871,  3.16:0.942. 

^    ^   t^    ,        -^       ^   7     125     31      734       1 

(22)  Fmd  the  loganthm  of  J33,  — ,  j^,  J555,  ^^. 

(23)  Find  the  power  (5486)<  by  means  of  logarithms. 

(24)  Ako  the  powers  (37.49)»,  (106.4)»,  (0.032)',  (7.0034)*. 

(25)  AUo  (i)".  ©\  {^)\  ©'.  (ig)". 

(26)  Abo  (3+i)*.  (4-I)*.  (7+?J)'.  (lOO-^\*. 

(27)  Find  the  cube  rtwt  by  logarithms  of  1728000. 

(28)  Also  V34-782,  ^23990,  V628.73. 

11337      19466      /120300    ., 

(29)  Also  ry^ggj,  ;^,  ^-^5^,  Ve.l563,  VO.0082. 

(30)  Also  V7368,  »fl{r  45390000,  ^800.9. 

(31)  Also  V(1347)»,  V(70.44)^  V(8.664)«. 


i/1722\»      //0.006\»      J/72.93\» 
(32)  Abo  3y^33j^j  ,  f^[-^^)   ,  *J{j^J  . 


(33)  Find  by  means  of  logarithms,  using  the  arithmetical  compleineiitv 

27630X2678X5428 
®      36940  X  5302  X  7013* 

,207.3^60.66X38.09X2713X0.098 

(34)  Also  of - 


(35)  Also  of  ^^ 


344  X  0.763  X  0.4  X  6964  X  7034.2 
85762X0.00853 


68913X86.24 


GAUSS  LOOARITHMa. 


218.  The  coDomon  logarithms,  or  logarithms  of  Briggs,  are  applicable  only  10 
the  operations  of  multiplication,  division,  formation  of  powers,  or  extmcli  '>ii  of 
roots,  and  do  not  apply  when  the  required  operation  is  that  of  addition  or  mb- 
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traction,  indicated  in  fonnulas  by  the  quantities  to  be  pperated  upon  being  con- 
nected by  the  signs  -|-  and  — . 

A  system  of  logarithms  has,  however,  been  invented  by  Gauss,*  designed 
exclusively  for  sums  and  differences.  The  arrangement  of  these  tables,  which 
contain  three  columns,  marked  A,  B,  C,  is  founded  npdn  the  following  simx^e 
consid  orations. 

^Wb  have  for  the  form  of  a  sum  j?^"?*  ^"^  ^^  ^  difference  p-~q,  the  follow- 
ing identities :    , 

p+q=pi^ (1) 

l?-5=i7:(^)   .  .  /. (2) 

••.  log.  ip+q)^  )og.p+  log.  (^)  (3) 

and  log.  (p-?)=  log.  J?-  log.  (;^) 

The  logarithms  of  the  sump+qRud  the  difference  jp—g  appear,  therefore, 
in  these  formulas,  equal  to  the  sum  or  difference  of  two  logarithms,  the  first 
of  winch  is  to  be  considered  as  directly  given,  but  the  second  of  which  must 
be  found  by  the  Gauss  tables.    They  contain, 

I.  In  the  column  A  logarithms  of  numbers  of  the  form  (-],  increasing  from 
0.000  to  5.000. 

II.  In  column  B  logarithms  of  numbers  of  the  form  f j,  decreasing 

from  0.30103  to  0.00000. 

III.  In  colmnn  C  logarithms  of  numbers  of  the  fbim  ■  ,  increasing  ftom 
0.30103  to  5.00000. 

NoWt  therefore,  inasmuch  as  log.  (~)=s  log.  p — iog.  q,  by  the  tables  of 


common  logarithms,  the  first  thing  to  be  done  is  to  take  the  difference  of  the 
common  logarithms  of  p  and  q,  enter  with  this  column  A  in  the  Gauss  loga- 
rithms, and  take«out  the  corresponding  number  from  column  B.  The  addition 
of  this  number  to  logarithm  p  will  give,  according  to  (3),  the  logarithm  sought 
dp+q. 

In  order  to  find  t!be  logarithm  of  the  difference  p — 9,  by  means  of  the  loga- 
rithms o£p  and  q,  two  cases  must  be  considered : 

P 
I®.  Where  -<2  .*.  log.  7?—  log.  ^<0.30103,  it  is  only  necessary  to  enter 

with  this  difference  column  B«  and  to  subtract  the  adjoining  logarithm  of 
column  C  from  logarithm  p.    For,  corresponding  to  the  logarithms  of  numbers 

of  the  form  (— j  in  B,  C  contsins  the  logsrithms  of  those  of  the  form  f    _  j, 

P 
2®.  If->2.*.  log.  j»—  tog.  9> 0.30103,  and,  therefore,  is  contamed   in 

9  s 

the  column  C ;  subtract  the  corresponding  logarithm  in  column  B  from  loga- 

*  lliey  are  knad  in  the  latest  edition  of  the  tables  of  Vegi,  and  those  edited  by  Kohler. 
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ritlim  p  ;  because,  if  the  nnmben  in  C  are  coondered  ^^,  the  con 

nombera  in  B  are  =- 


JP— ? 

The  existence  of  the  foregoing  relations  between  B  and  C  ia  eauly  pa- 
ceived  if  we  substitute  in  II.  and  III.  the  value  jp— 9  for  p^  and  aftenmi,- 
forjp— g. 

EXAMPLES. 

(1)  Let  log.  |>=3.24502  and  log.  ^=2.74194,  to  find  log.  (p+q)-  ^« 
enter  column  A  with  the  log.  jp—  log.  9 =0.50308,  and  the  correapondiog  bg. 
in  column  Bs=0.11861«  .*. 

Iog.|7+Bs3.24502+0.11661=3.36363=  log.  2310. 

(2)  From  log.  J7ss3.32675  and  log.  ^=2.09482,  tD  determine  log.  (/»— f^ 
Find  by  means  of  proportiona]  parts  for  the  value  of  log.  p^  log.  q  in  oohioB 
B  the  corresponding  log.  in  C  =0.38325;  consequently, 

bg.jp— 0=3.32675—0.38325=2.94350=  log.  878. 

(3)  From  log.  p=2.64207  and  log.  9=1.87640  the  k>grK>f  (p^q)  is  fooad 
by  subtracting  from  the  nearest  value  of  log.  j?—  log.  ^=0.76567,  in  cohnn 
C«  the  corresponding  log.  from  B  ^0.08171.    Thus, 

log.  j7—B=2.64207— 0.08171=2.66036=  log.  363.4. 
The  Grauss  logarithms  would  be  applicable  in  the  solution  of  the  ezpooeatiili 
on  page  269. 

(4)  Find  by  the  Gauss  logarithms  the  log.  of  V200+  VlOO. 
(6)  Also  the  log.  of  [(0.7345)» + (0.2349)'] . 

(6)  Also  the  log.  of  the  difference  (  V<)6—  V^)- 

(7)  Alsoof  {(1.237)»«— (0.9864)»»}. 

219.  Let  us  resume  the  equation 

N=a'. 

1^.  If  a>l,  making  xssO,  we  have  N=l ;  the  hypodieais  r=l  givci 
Ns=a.  As  X  increases  finom  0  up  to  1,  and  from  1  up  to  infinity^  N  wiO  io- 
erease  from  1  up  to  a,  and  from  a  np  to  infinity ;  so  that  x  being  supposed  to 
pass  through  all  intennediate  values,  SDcording  to  the  law  of  continuity,  N  is- 
creases  also,  but  with  much  greater  rapidity.     If  we  attribute  negative  values 

to  X,  we  have  Nsa"',  or  N=— .    Here,  as  x  increases,  N  diminishes,  » 

Or 

that  X  being  supposed  to  increase  negatively,  N  will  decrease  from  1  towsrd 

0,  the  hypothesis  xssco  gives  N=0 ;  i.  c,  the  logarithm  of  zero  is  an  v^uiite 

negative  quantity, 

2®.  If  a<l,  put  fl=T»  where  6>1,  and  we  shall  then  have  N=p  « 

N=s&',  according  as  we  attribute  positive  or  negative  values  to  x.  We  here 
arrive  at  the  same  conclusion  as  in  the  former  case,  with  this  difference,  te 
when  X  is  positive  N<1,  and  when  x  is  negative  N>1. 

3^.  If  a=l,  then  N=l,  whatever  may  be  the  value  of  r. 

From  this  it  appears  that, 

I.  In  evtry  system  of  logarithms  the  logarithm  of  lis  0,  and  the  logariAm 
pfthe  base  is  1. 
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11  •  If  the  b€ue  he  >1,  t&e  logarithms  of  numbers  >1  are  positive,  and  the 
logarithms  of  numbers  <,!  are  negative.  The  contrary  takes  place  if  the  base 
he  <1. 

III.  The  base  being  fixed,  any  number  has  only  one  real  logarithm ;  but  the 
same  r^wnher  has  manifestly  a  different  logarithm  for  each  value  ofOie  base,  so 
that  every  number  htu  an  infinite  number  of  reed  logariihms.  Thus,  since 
9^=81  and  3^r=81, 2  and  4  are  the  logarithms  of  tlie  same  number  81,  accord- 
ing as  the  base  is  9  or  3. 

IV.  Negative  numbers  have  no  real  logarithms ;  for,  attributing  to  x  all 
v€Uues  from  —  od  tip  to  -|-go  ,  ir«  find  that  the  corresponding  values  o/*N  are 
positive  numbers  only,  from  0  up  to  -|-  go  . 
920.  In  order  to  solve  the  equation 

cs^a\ 
where  c  and  a  are  given,  and  where  x  is  unknown,  we  equate  the  logarithms 
of  the  two  members,  which  g^ves  us 

log.  c=x  log.  a. 
Whence 

log.  c 

X=:  r-2 — . 
bg.  a 

To  determine  the  value  of  x  in  the  equation 

Aa«+Ba»-^+Ca"+ =P, 

wahaye 

«'(A+|+^       + )=P. 

or 

tabatituting  Q  for  the  term  in  the  parenthesis. 

log.P— log.  Q 
*  *    ""  log.  a 

If  we  have  an  equation  a* =6,  where  z  depends  upon  an  unknown  quantitj, 
r,  and  we  have 

2:=Aj-+Ba-^iH 

Since  z=  r-^^=K  some  known  number,  the  problem  depends  upon  the  sola* 

tbn  of  the  equation  of  the  n^  degree 

K=Az»4-Br— »+ 

For  example,  let 


Hence 

(:r«-6x+4)log.  (|)=log.j 

.-.a:"— &r+4  =— 2;» 

an  equation  of  the  second  degree,  from  which  we  find  rs=2,  2^3. 

©•9  3  9 

s=^  .'•  9  log.  -SB  log.  -,  and  log; 

5«>-log.j. 


/ii7\'    e 

\337/  — ' 
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To  find  the  value  pf  x  fix>m  the  equation 

1  nking  the  logarithms  of  each  member, 

(n— j)  log.  hszmx  log.  e+(x«-p)  kg.^ 

or 

(m  log.  c+  log./)a«— (n  log.  b+p  log./)r+a  log.  bss9^ 
a  quadratic  equation,  from  which  the  value  of  z  may  be  detenniixd. 
In  like  manner,  firom  the  equation 

we  find 

log.  a—  log.  h 
""m  log.  c — n  log.  b' 
Equations  of  this  nature  are  called  Exponential  Equations, 
To  rescue  the  exponential  equation 

8493 
73 
By  the  rule,  . 

x(log.  117—  log.  337)=  log.  8493—  log.  73 
_     log.  8493—  log.  73 
•*'*"■  ""log.  337—  log.  117 
Calculation, 

8493  log.  3.9290611      I      337  log.  2.5276299 
73  log.  1.8633229      I      117  log.  2.0681859 

diff.  2.0657382 log.  0.3150752 

diff.  .0.4594440  log.  1.6622^16 

r=:—  4.49616  bg.ssdiff.  0.6528426 
This  example  admits  the  use  of  the  Grauas  logarithms. 
Let  10«=— 100  .-.  X  log.  10=  log.  (—100) ;  log.  (—100)  here  must 6e  re- 
garded, like  an  imaginary  quantity,  as  a  symbol  of  absurdity.    It  ia  evident  lial 
tiiere  is  no  power  of  10  equal  to  —100. 

221.  Let  N  and  N+1  be  two  consecutive  numbers,  the  difierenoe  of  dieff 
togarithms,  taken  in  any  system,  wiD  be 

log.  (N+1)-  log.  N=  log.  (^)=  log.  (l+^), 

a  quantity  which  approaches  to  the  logarithm  of  1,  or  zero,  in  proportion  ■ 

|T  decreases,  that  is,  as  N  increases.    Hence  it  appears  that 

The  difference  of  the  logarithms  of  two  canseeuHve  numbers  is  Vss  inpnpv- 
tion  as  the  numbers  themselves  are  greater. 
Let  a'^N  and  fr'sN ;  then  we  have 

r=  log.  N  to  the  base  a,  or  x^  log.  .N* 
y=  log.  N  to  the  base  ft,  or  y=  log.  bN. 
Hence  log.  .N=  log.  J)y=y  log.  Jf  ( Vjt.  214,  III.) ; 

.-.  x=y  log.  J>, 

*  Undentandixig  by  the  notatioD  log.  aN  the  logarithm  of  N  in  the  lystem  whoie  b^* 
too. 
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and 

y^i^b'' <^> 

and  hj  means  of  this  equation  we  can  pass  from  one  system  of  logs,  to  another, 
by  multiplying  x,  the  log.  of  any  number  in  the  system  whose  base  is  a,  by  the 
reciprocal  of  log.  h  in  the  same  system ;  and  thus  we  shall  obtain  the  log.  of 
the  same  number  in  the  system  whose  base  is  b» 

The  factor  z 7  is  constant  for  all  numbers,  and  is  called  the  Modtdus , 

log.,6 

tliat  hi  to  say,  if  we  divide  the  logs,  of  the  same  number  c,  taken  in  two  sys- 
tems, the  quotient  will  be  invariable  for  these  systems,  whatever  may  be  the 
value  of  c,  and  wifl  be  the  modulus,  the  constant  multiplier  which  reduces  the 
first  system,  of  logs,  to  the  second.* 

If  we  find  it  inconvenient  to  make  use  of  a  log.  calculated  to  the  base  10,  we 
can  in  this  manner,  by  wd  of  a  set  of  tables  calculated  to  the  base  10,  discover 
the  logarithm  of  the  given  number  in  any  requu-ed  system. 
.  For  example,  let  it  be  required,  by  aid  of  Briggs's  tables^  to  Ifind  th&^g«  of 

^  m  a  system  whose  base  is  -. 

Let  X  be  the  log.  sought,  then  by  (A) 

i^i    ■ 

log.  2—  log.  3 
"log.  6—  log.  7' 
Taking  these  logs,  in  B|riggs*s  system,  and  reducing,  we  find 

->-0.17609125 
.^"—0.14612804 

2  5 

=1.2050476=  log..^  to  base  -. 

2  3 

Similarly,  the  log.  of-,  m  the  system  whose  base  is  of  '^ 

log.  2-*  log.  3 
*— log.  3— log.  2""       ' 
wliMh  is  manifosdy  the  true  result ;  for  in  this  case  the  genemi  eqoatioo 
2     iZ' 


N=a'  becomes  j=  (-j  =  (r  I     ,  and  x  is  evidently  s=  —1. 

In  a  system  whose  base  is  a,  we  have 

log.  n 

for,  by  the  definition  of  a  logarithm  in  the  equation  n^a\  x  is  the  log.  n. 
In  like  manner, 

«*=a '"«•(''')=«*'"'«•". 

**  The  term  MoehUust  of  a  lystem  of  k>gari(hnu,  it  generally  nndentood  to  be  the  n«m- 
ber  by  which  it  is  Decenary  to  multiply  Napierian  logarithm!  of  nomben,  in  order  to  ob. 
tain  the  logarithnu  of  the  ayitem  in  qnestion.  The  peculiar  character  of  Napierian  logft^ 
riduna  win  be  presently  explained. 
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EXAKPUES  FOR  KXXRCISX* 

(1)  Giyen  2*'-|-2'r=12  to  find  the  valne  of  x. 

(2)  Given  x-|-ys=:a,  and  iii('-''=fi  to  find  x  and  y. 

(3)  Given  m'n'sa,  and  hx^ky  to  find  x  and  y. 

AKSWXRS. 

(1)  xs=l*584962,  orxs=log.  (—4)^  log.  2. 

(2)  x=|{a-|-log.  n-^  log.  ml  andyssjja— log.n-i-log.  m|. 

(3)  xs=log.  a-^(log.  m+  log.  n)  and  yrsj^log.  a-7-(log.  m+  log. «). 

THE  EXPONENTIAL  THBOREIT. 

222.  H  is  required  to  expand  a'  in  a  series  ascending  hy  the  powert  oj  l 
Since  a=14.a—l,  therefore  a'=:{l+ (a— 1)^;  and  by  the  bizuMnial  tfaeona 
we  have 

\l+(a^l)\'^l+xia^l)+^-^i^^^^^ 

=rl+f(a-l)-.J(a-l)«+i(a-l)»-.{(a-l)*+....}x+Bi« 

where  B,  C .  • . .  denote  the  coefilicients  of  x*,  x^ ;  and  if  we  pot 

A=(a-l)-i(fl-l)«+J(a-l)>+i(a-l)*+ 

Then  a«=l+Ax+Bx«+Cx»+Dx«+Ex»+ 

For  X  write  x+h ;  then  we  have 

fl«-His=l+A(x+A)+B(x+fc)«+C(x+k)»+ . . . . 
s=l4-Ax+  Bx"+  Cx»  +  Dx*       +•••• 

+AA +2BxA+3Cx«fc+4Dx*fc      -j 

+  Bh*+3Cxh^+eJ>2^*     +.... 

+  Cfc>+4DxM      H 

•  +  J>h*       -I 

Butdf^=fl«Xa*=(l+Ax+Bx«+Cx»+....)(l+AA+B*«+C*»+ 

=1 +Ax+Bx«  +Cx»     4-Dx*     -I 

+Ah+A*xh+AB3!^h+kCx^-\ 

+BA«  +ABxfc«+B«x«A«H 

+C*»     +ACx^H 

+DV     H 

Now  these  two  expansions  must  be  identical ;  and  we  mast»  tliefefi»s>i>^ 
die  coefficients  of  like  powers  of  x  and  h  equal ;  hence 

2BaA*        .-.  B~ 

^      *«  «     AB     A» 

3C=AB  C=-5-=2l 

4D=AC  D=-=^ 

&;c.    Sec.         dec.  6cc 

A'x*     A*!*       A*x* 

which  is  the  exponential  theorem ;  where 

•   A=(<i-l)~J(a-l)«+«(a-l)'_J(«_l)«+ 
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Ijet  <  be  the  yahie  of  a,  which  renders  A^l,  then 

(e-.l)-i(e-.l)»+S(e-l)»-i(e-.l)*+...=l 

Now,  since  this  equation  is  true  for  every  value  of  or,  let  x=sl ;  then 

=i+i+i(i)+4(l^)+j(i:5:3)+ 

=2-718281828469 

223.   We  add  another  method  of  calculating  the  logarithm  of  any  given 
number. 

Let  N  be  any  g^ven  number  whose  logarithm  is  2r,  in  a  system  whose  base 
is  a;  then 

a"=N  and  a»=:N«. 

Hence,  by  the  exponential  theorem,  we  have  from  die  last  equation 

1+Axz+A^+...=1+A,2+A»«j:5+....; 

and  equating  the  coefficients  of  z,  we  get  Ax=Ai ;  hence 

A,     (N-1)^4(N^1)«+1(N^1)3 

-A -(a  -i)-4(a-l)«+i(a-l)» ' 

because  A  r=:(a  ^1)— |(a  ^l)>4.|(a  ^1)'— ...  in  the  expansion  of  a" 
and        Ai=(N— 1)— J(N— l)»+j(N— 1)» in  the  expansion  of  If 

224.  To  find  the  logarithm  of  a  number  in  a  converging  seriei. 
We  have  seen  that  if  a'=N,  then 

(N-l)^j(N-l)«+i(N--l)»-}(N.^lV+ ... 
'-(a  -1)-J(ci  -l)»+i(a  -1)'-J(a  -1)*+... 
Now  the  reciprocal  of  the  denominator  is  the  moduLue  of  the  system  ;*aadi 
lepresentang  the  modulus  by  M,  we  have 

:c=  log.  N=M{(N-l)-i(N-l)«+}(N-l)»-J(N-ir+...} 
Put  N=;L+n ;  then  N— l=n,  and  we  have 

tog.  (i+«)=M(+n-.Jn«+jn'-Jn*+4»» )  .  .  .[A] 

Similarly,  log.  (l-n)=M(-.n-.Jn»— J»'-fn*-Jfi» ) 

.-.  tog.  (l+«)-  tog-  (l-n)=2M(n4.|n«+Jn»+|nT+...) 

*^  ^8-  iS  =2M(»+Jn'+{n»+4nT+ ...) 


*  IC  IB  tibe  expression  for  a*  deduced  in  (Art  822),  we  make  ss=^'t$  we  obtain 

wbksfa  if  the  Tilce  ?f  e,  given  at  the  end  of  tbe  lame  ait  t 

if  f  be  the  base  of  &e  lyitem  of  logparithma  ezpreued  by  bg.    Therefore  -s , ia 

▲     log.  a 

fly  a  prerions  deBnition  (Art.  221),  the  modofais  for  pasiing  fiom  the  fyitem  whose  base  Im 
to  that  whose  baae  is  A    If  log.  arefers  totfaebase  a, -beoamei  oqaal  to]Qg.c 
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1  ,  2P+2  2P  ^  l+«     P+; 

Put  ««5Jp:p;  then  14.n=^p-p.^,  i_n=2p-pj,  and  j— ^=-_; 

eooMqueotly, 

log.  (P+1)-  log.  T^m\^^+^^,+^^:^:jy+...l 

...  log.  (P+l)=  log.  P+2M  \  2^+3(2|^+s(2p'^  1),+  -  i 

Hence,  if  log.  P  be  known,  the  log.  of  the  next  greater  nilii]t>er  can  be  kim 
by  this  rapidly  converging  •eriet. 

By  cnlMtitating  the  seriei  of  natural  numbers  for  N  o  this  formula,  tfaecsr 
responding  yalues  of  x  will  be  their  logarithms. 

234.  To  find  the  Napierian  logarithms  ofnumberMm 
Id  the  preceding  series,  which  we  have  deduced  for  log.  (P-f-l),  we  fiadi 
number  M,  called  the  modulus  of  the  system ;  and  we  must  assign  some  vabe 
to  this  number  before  we  can  compute  the  value  of  the  series.  No'w^  as  i^ 
value  of  M  is  arbitraiy,  we  may  follow  the  steps  of  the  celebrated  Loci 
Napier,  the  inventor  of  logarithms,  and  assign  to  M  the  simplest  pos&fak 
value.    This  value  will  therefore  be  unity,  and  we  have 

log.  (P+l)=log.  P+2  \  ^+3^^^+-^+  .,.1 

Expounding  P  successively  by  1,  2,  3,  4,  &c.,  we  find 

log.    2=  2(i+5L+^^+±.+  ...)^  .6931472 

log.  3^\og,2+2(^+^,+^,+^,+  ..)=.V0986123 

log.  4=2  log.  2 *  .  .  .    ssia862944 

log.  6=  log.  4+2(1+3^+^+^+.. .)=1.6094379 

log.  6s  log.  2+  log.  3 sl.7917595 

log.  7=  log.  6+2(1+5^35+5:^33^ )=.1.9459101 

log.    8=  log.  2+  log.  4,  or  3  log.  2 =2-0794415 

log.    9=21og.  3 =21972246 

log.  10=:  log.  2+  log.  6 =2-3025851 

In  this  manner  the  Napierian  logarithms  of  all  numbers  may  be  conopuled. 

225.  To  find  the  common  logarithms  of  numbers. 
The  base  of  the  Napierian  system  is  c= 2*7 18281828...,  and  the  base  of  tbe 
common  system  is  6=10,  the  base  of  our  common  system  of  arithmetic ;  thes 
we  have  &=10,  and  a=e=2'718281828 . . .,  and  consequently,  if  N  denote  sdj 
number,  we  shall  have 

'*«->«^=tei:iio-'**'*^'  ^^"^ 

com.  log.  NaSg.gQg^^^X  Nap.  log.  N=-43429448X  Nap.  log.  N;* 

*  To  find  the  value  of  the  Napierian  base*  observe  that,  since  com.  log.  N=-43429448X 
Nap.  log.  N.,  if  we  make  in  tiiii  ezpraaiion  N=«,  the  Napierian  base,  we  have 

Q0Di.]0g.c=*43429446. 
FioB  a  table  of  Pimaiifiii  lQgs^4herefive,  we  find  the  number  cotresponding  to  Oe  kg» 
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jod  the  modulus  of  the  common  system  is,  therefore, 

Hence,  to  construct  a  table  of  common  logarithms,  we  have 
log.  (P  +  i)«teg.p+.86858896  55pip^+3^jp+g^5pL__+.  .\ 
£xponnding  P  successively  by  1,  2,  3,  dec.,  we  get 
log.    2=:-86868896Q+^+g^+...) 

=•86858896  X -3465736 =  -3010300 

log.    3=log.  2+-86858896(g+^+^+...)    .  .  =:  -4771213 

log.    4=2  log.  2 =  -6020600 

log.    5=  log.  V=*>og- 10—  log.  2=1—  log.  2    .  .  =  -6989700 
log.    6=  log.  2+  log  3 =  -7781513 

log.    7=log.6+-86858896(^+3:i33+g:^,+  .-)«  '8450980 

log.    8=  log.  2^=3  log.  2 =  -9030900 

log.  ^=  lbg..3*=2  log.  3 =  -9542426 

log.  10= =1-0000000 

&c.  ^  &C. 

226.  Since  log.  ^±^=2M(n+}n'+{n*+^n»+ ...) 

let  j^=P ;  then  l+n=P(l— n),  or  «=p^ 

..^.p::„jp-+>.(i=i)v>.(p=>)v...| 

and  thus  we  have  a  series  for  computing  the  logs,  of  all  numbers,  withoot 
knowing  the  log.  of  the  previous  number. 

EXAMPLES. 

(1)  Given  the  log.  of  2=0-3010300,  to  find  the  logs,  of  25  and  -0125. 

100     10* 
Here  25=-j-=-t^;  therefore  log.  25=2  log.  10—2  log.  2=l-3979406, 

125        1  1 

^^^  '^^^^=10000=80=103^ 

.*.  log.  -0125=  log.  1—  log.  10—3  log.  2=— 1— 3  log.  2=2-0969100 

(2)  Calculate  the  common  logarithm  of  17. 

Ana.  1.330448a 

(3)  Given  the  logs,  of  2  and  3  to  find  the  logarithm  of  22-5. 

An8.1+21og.3— 2]og.  9. 

(4)  Having  given  the  logs,  of  3  and  -21,  to  find  the  logarithm  of  83349. 

Aos.  6+2  log.  34-3  log.  -21. 

ritlim  •434S9448,  which  if  9*7189618,  tbe  Nftpieriaa  base.  This  also  funiiihes  as  with  s» 
otaer  definition  of  the  modalas  of  the  oommoD  (or  any  other)  system  of  logaridunfl ;  it  is  (is 
tmmon  (or,  4te.)  hgariihm  of  the  NapientM  btue.    See  farther  note  at  tiie  end  of  Program 
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PROGRESSIONS. 

ABJTHMETIOAL  PROGBJESBION. 

$27.  When  a  series  of  qnnnlities  cootiouaDy  increase  or  decrease  h  ^ 
additioa  or  subtraction  of  the  same  qnantitj,  the  qnantitiea  are  said  to  b : 
Ariihmedeal  Progression.  A  more  appropriate  name  is  ProgreMsiam  h  b'- 
fferti^jts* 

ThiM  the  numbers  1,  3,  5,  7, which  differ  from  each  otiier  hj  li»L> 

dition  of  2  to  each  suoeessive  term,  form  what  b  caOed  an  incrtasmg  s-l 
medeal  prtfgressiont  or  progression  fry  differencest  and  the  numberi  1%.  ^. 

04,  91, which  differ  from  each  other  by  the  subtraction  of  3  frtHo  cc 

successive  term,  form  what  b  caDed  a  decreasing  progression  fry  dtfatx^ 

Genersllj,  if  a  be  the  first  term  of  an  arithmetieal  progreaaioii,  and  i  is 
common  difference,  the  successive  terms  of  the  series  will  be 

a,  adb^i  adb2^,  adb3^, 

in  which  the  positive  or  negative  sign  will  be  employed,  according  as  the  aoa 
b  an  increasing  or  decreasing  progression. 

Since  the  coefficient  of  ^  in  the  second  term  b  1,  in  the  third  term  2,  ki^ 
fourth  term  3,  and  so  on,  in  the  n^  term  it  wiD  be  n— 1,  and  the  n^  tmeni 
fSbie  series  will  be  of  the  form 

a±(n^l)<5 (1) 

in  what  follows  we  shall  consider  the  progression  as  an  increastng  one,  aas 
all  the  results  which  we  obtain  can  be  immedbte^  appfied  to  a  decnsMjC 
series  by  changing  the  ngn  of  S, 

228*  Tafndtkesumof  n  terms  of  a  series  in  arithindical  progression. 
Let  ass  first  term. 
Z=  last  term. 
6ss  common  difference. 
n=s  number  of  terms. 
Ss:  sum  of  the  series. 
rhen  S=sa+(a+<5)+(a+2d)+ +1 

Write  the  same  series  in  a  reverse  order,  and  we  have 

S=        l+{l^S)+(l^2d)+ +fl 

Adding.2S=(a+0+(a+Z)+(a+0  + +(a+0 

=n(a-|-Z),  nnce  the  series  consbts  of  n  terms. 

.•.s="-^ W 

Or,  dnce  l=a+{n—l)i  (Art  227), 

^Jna+n{n-l)S ^^^ 

* 

.Hence,  if  any  three  of  the  five  quantities  a,  2,  ^,  n,  S  be  ^ven,  the  nmiB- 
ing  two  may  be  found  by  eliminating  between  equations  (1)  and  (2). 

It  b  manifest  from  the  above  process  that 

The  sum  of  any  two  terms  whuh  are  equally  distant  from  the  extreme  term 
u  equal  to  the  sum  of  the  extreme  terms,  and  if  (he  numher  of  terms  in  the  verier 
he  uneven^  the  middle  term  loill  be  equal  to  one  half  the  sum  oftheextres^  term, 
•r  of  any  two  terms  equally  distant  from  the  extreme  terms. 
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I 

XXAMPI.K  I. 

Required  the  sam  of  60  terms  of  an  arithmeticBl  series,  whose  first  term  ii 

»  and  oonomon  difference  10. 

Here  asssS,  dslO,  n  =60 

.%  Z=a4-(n—l)<5=:64-59X  10=695 

^     (5+595)  X  60 
...  S= 5 

=600x30=18000=  sum  required. 

EXAMPLE  II. 

A  body  descends  ip  vacno  through  a  space  of  16^  feet  during  the  first 
second  of  its  faU,  but  in  each  succeeding  second  32J-  feet  more  than  in  the  one 
imraediately  preceding.  If  a  body  fall  during  the  space  of  20  seconds,  how 
amny  feet  will  it  fall  in  the  last  second,  and  how  many  in  the  whole  time^ 

Here  ^^T%'        U'  '*=20 

,     193  ,  ,^     386 

7527 
="T2"=^^^*^''** 
(193+7527)  X  20 
2X12 
,  ,  77200 

"■    12 
=6i33i  feet. 

EXAMPLE   III. 

To  insert  m  arithmetical  means  between  a  and  &. 

Here  we  are  required  to  form  an  arithmetical  series  of  which  the  first  and 
last  terms,  a  and  6,  ara  given,  and  the  number  of  terms  ^fii+2 ;  in  order, 
then,  to  determine  the  series,  we  must  find  the  common  difference. 

Eliminating  S  by  equations  (1)  and  (2),  we  have 
2a+(n— l)d=f+a 

«  — 1 

But  here  Z=6,  a^i^a^  n=m+2 

%  the  required  series  will  be 

■^i-^H-^V +K^)+(-+s*r*) 

or 

,^    H-««<»     I  8H-(w— i)g ,  ,    «»H-«       ■  _L. 

*+  "s+T  ■*"     s^ii    ^ "*"  "sj+r      ■^• 

(4)  Required  the  sum  of  the  odd  numbers  1,  3,  5,  7,  9,  ^.,  continued  to 
101  terms? 

Ans.  10201. 

(5)  How  many  strokes  do  the  clocks  of  Venice,  which  go  on  to  24  o^clock, 
strike  in  the  compass  of  a  day  ? 

Ans.  300 
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(6)  The  first  tcirm  of  a  decreasing  arithmetical  aeiioa  is  10,  dit  c«bic 
difference  ^  and  the  namber  of  terms  21 ;  required  the  sum  of  the  w». 

(7)  One  hundred  stones  being  placed  on  the  groond  in  a  stzaif^fai : 
the  distance  of  2  yards  from  each  other;  how  &r  will  a  persoo  tnmw^ 
shall  bring  them  one  by  one  to  a  basket  which  is  placed  2  yards  firomikh 
atone? 

Ans.  11  tnilea  and  840  jca 

The  relations  (1)  and  (2),  in  which  fiv^  quantities,  a,  d,  is,  £,  S,  atB,< 

serve  to  determine  any  two  of  these  when  the  other  three  are  given,  lu 

they  furnish  the  solution  of  as  many  distinct  problems  as  there  are  wvz 

taking  two  quantities  from  among  five ;  and,  consequent^,  the  nmofap » 

5-4 
proUems  will  be  -^r  10.    In  order  that  they  may  be  possible,  it  is  necmr 

that  the  value  of  n  should  be  not  only  real,  but  entire  and  poaitiTe.  Wite 
entering  into  the  details  of  the  calculation,  we  place  belowr  the  solotiai  c 
these  ten  proUems. 

in.  Given        a,  n,  Z.  5  ,     Z  — a  .^ 

Require!      6,  8.V  ^;^^  ^^^^^+^' 
IV.  Given        ^,  m  S,  J        2S--n(n>-l)a  ,    2S+n(a— 1)J 

Required       a,Z.l^'=  2n         ' '~  2a 

V.  Given       a,  »,  S.  J    _?S_  2(8 -->an) 

Required       ^,  Z.  i* ""  a      ^'        ii(»-l) ' 
VI.  Given        ta,S.S        2S     ,  ,     2(fi/-S) 


Required      a,^.i         n       '    *"  n(a— 1) ' 
Given        fl,^.Z.J        Z-g  {l+a){l- 

Required     a,S.i*-"   d   +^' =^-  26 

Given       a,Z.S.J 2S  (f+a)(^— g) 

Required      a,  d.  i  """g+r    -  2S-(i+g)  * 


IX.  Given       g,  d,  S.  >  n=s ^j 

Required       t  «•  <|  ^^+(^.1)^. 


X.  Given        U,  S.>n=:-^+^=^  ^<^+^>'"-^^" 
Required      «.  »•  L^2_(n-l)<5. 


OEOIIBTBICAL  PaOGILBSSION. 

229.  A  series  of  quantities,  in  which  each  is  derived  from  that  which  n* 
mediately  precedes  it,  by  multiplication  by  a  constant  quanti^,  is  called  i 
Oeometrical  Progreitum,  or  Progression  hy  QuotienU. 

Thus,  the  numbers  2,  4,  8,  16,  32, ....  in  which  eifeh  is  derived  from  d» 
preceding  by  multiplying  it  by  2,  form  what  is  called  an  iacregnng'  geametrial 
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progression ;  and  the  numbers  243,  81,  27,  9,  3, ...  In  which  each  u  derived 

from  the  preceding  by  multiplying  it  by  the  number  ~,  form  what  is  called  a 

decreasing  geometrical  progression. 

The  common  multiplier  in  a  geometrical  progression  is  called  the  common 
ratio. 

Generally,  if  a  be  the  first  term  and  p  the  common  ratio,  the  successive 
terms  of  the  series  will  be  of  the  form  . 

a,ap,af^,af^ 

The  exponent  of  p  in  the  second  term  is  1,  in  the  third  term  is  2,  in  the 
fourth  term  3,  and  so  on ;  hence  the  n^  term  of  a  series  will.be  of  the  form, 

230.  To  find  the  sum  ofu  terms  of  a  series  in  geometrical  progression. 
Let  a=  first  term, 
Z=  last  term, 
p=  common  ratio, 
fiss  number  of  terms, 
8=  sum  of  the  series.  ^ 

Then 

S  s=a+ap4-ap«+a/j'+ +af^^. 

Multiply  both  sides  of  the  equation  by  p, 

Sp=       ap+ap'+ap'+ +ap*~*+^- 

Subtract  the  first  from  the  second, 

S(p--l)=ap"— a 

.•.S=2<^ (1) 

p— 1  ' 

Or,  since 

l^ap""-^ 

■«=s <») 

If  the  series  be  a  decrying  one,  and  consequently  p  fractional,  it  will  be 
conveDient  to  change  the  signs  of  both  numerator  and  denominator  in  the  above 
expressions,  which  then  become 

a —pi 
o^-z . 

1— p 

231.  If  two  progressions  have  different  first  terms,  but  the  same  ratio,  the 
ratio  of  the  sums  of  the  two  is  equal  to  the  ratio  of  their  first  terms.    For 

{a+ap+afl»+aifi+,  &c.) :  {b+hp+bp^+hp^+,  ice.) 
=a(l+P+  f^+  P>+,&c.):&(l+P+  P»+p'+.  &c.)=a:6 

232.  It  appears  that  if  any  three  of  the  five  quantities,  a,,  U  p%  n,  S,  be 
given,  the  remaining  two  may  be  found  by  eluninating  between  equatioos  (1) 
aod  (2).  It  must  be  remarked,  however,  that  when  it  is  required  to  find  p  from 
0,  n,  S  given,  or  from  n,  Z,  S  given,  we  dholl  obtain  p  in  an  equation  of  the  n*^ 
degree,  a  general  solution  of  which  can  not  be  given.  If  n  be  required,  it  will  be 
convenient  to  apply  logarithms,  as  the  equation  to  be  resolved  will  be  an  expe 
oentiaL 
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RM|iitreQ  the  ram  of  10  terms  of  the  series  1,  2,  4»  8»  •••• 
Here  ar=l,  p=2,  nr=10 

•••  o=s r— 

p— 1 

=2»— 1 

SS1023. 


KZAMPLX  II. 


2  4    8 


'  Beq[iured  the  smn  of  10  terms  of  the  series  1,  |,  g,  ^,  •••• 

2 
Hera  aszl,  P^^i  n=10 


1— p 
1- 


174075 
■  69049  • 

ni. 

To  insert  m  geometric  means  between  a  and  ft. 

Here  we  are  recjoired  to  form  a  geometric  series,  of  which  the  first  and  krt 
temis,  a  and  ft,  are  gi^en,  and  the  number  of  terms  s=fii-|-2;  in  otder«  tiisi^ 
to  determine  the  series,  we  must  find  the  common  ratio. 

EBnunating  S  by  equations  (1)  and  (2), 

Bulhere  * 

Issh,  fi=iPi^-3 

Henee  the  series  required  will  be 


233.  To  fina  ike  turn  of  an  infiniU  series  decreasing  in  geometrical  prth 
greision^ 

We  haye  ah-eady  found  that  the  sum  of  n  terms  of  a  decreasing  geometriea 
eeriesis 
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'^^hich  may  be  put  under  the  form 

Since  p  is  a  fraction,  p**  is  leas  than  unity,  and  the  greater  the  number  n,  the 
smaller  will  be  the  quantity  p" ;  if,  therefore,  we  take  a  veiy  great  number  of 

terms  of  a  decreasing  series,  the  quantity  p°,  and,  consequently,  the  term  , 

win  be  very  small  in  companson  with  r^^ ;  and  if  we  take  n  greater  than  any 

assignable  number,  or  make  nssoo,  then  p*  wiU  be  smaDer  than  any  assignable 
number,  and  therefore  may  be  considered  s:0„  and  the  second  term  in  the 
above  expression  ^nll  vanish. 

Hence  yrfi  may  conclude  that  the  sum  of  an  infinite  serieSt  decreasing  in 
geometrical  progresrionf  is 

1— p 

Strictly  speaking,  r— -  is  the  Undt  to  which  the  sum  of  any  number  of 

terms  approaches,  and  the  above  expression  wiU  approach  more  or  less  neariy 
to  perfect  accuracy,  according  as  the  number  of  terms  is  greater  or  smaller 
Thus,  let  it  be  required  to  find  the  sum  of  the  infinite  series 

Here  a=l,  P=3»  n=<» 

.  o i. 

'  •  ^= W 

1_ 

""      1 

3 

3 

The  error  which  we  should  commit  in  takmg  ^  for  the  sum  of  the  fint  n 


terms  of  the  above  series  is  determined  by  the  quantity 

flp*     3/iy 
l-p-2\3/  • 

Thus,  if  n=6.  tl  en  ^[^)  =^-^^^—', 

^    ^      3/lV        1  1 

ns=6,  then  2^5;  =5-3-,=:^. 


3 
Hence,  if  we  take  -  as  the  sum  of  5  terms  of  the  above  ieriae,  the  amount 

would  be  too  great  by  -rgz* 
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3  1 

If  we  take  -  as  the  sum  of  6  terms,  the  amoant  w  Jl  be  too  great  If  ^ 

and  so  oa»*  ^ 

*  L  The  theofy  of  prngreauoDi  inTolvea  tfait  of  loguithms.    Let  there  be  tvo  jnem 
taona,  the  one  geometric,  begixmiDg  with  1*  the  other  aritfametica],  beginnifig  with!, 
-ff  1:2:4:8:16:32:64:188,  &c 
-rO. 3. 6. 9. 18. 15. 18.  21,  4x., 
which  exhibit  a  notatioa  sometiinei  employed. 

If  we  compare  these  with  each  other,  we  pereeive  diat,  moltiplyiii^  together  t?  -t 
tenm  of  the  fint,  and  adding  the  corresponding  terms  of  the  Beocmd,  yre  obtain  tw  t  -•- 
iponding  tenns,  again,  of  these  same  progressions.  Thus,  4X16=64>  6-|-13=:18 ;  lal  r* 
pe^eive  that  18  corresponds  to  64.  Thos  a  moltiplicatkxn  ia  effected  by  addition  T^ 
aimple  observation  is,  no  doubt,  very  ancient ;  bat  it  was  the  geniaa  of  Napier,  a  Socc^ 
baronet,  which  derived  finom  it  the  theoryof  logarithms,  one  of  the  moat  osefal  of  modes  a 
eoreries.    It  was  pablisbed  in  1644,  under  the  title  tXMirifiei  Li>garUkmortem  DuehpL. 

Logari&ms,  then,  according  to  Napier,  were  regarded  as  a  seriea  of  aombers  ia  ex.- 
metical  progression,  while  the  nnmbers  themselTes  conesponding,  fimaed  a  geometn 
progression.    I  proceed  to  explain  his  method  of  conitmcting  them. 

In  Older  that  the  geometrical  progression  should  embrace  aU  uuniberB  greater  daa  i.c 
is  necessaiy  to  oonoeiTO  it  fi>nned  of  terms  which  increase  in  an  insensible  mancer,  setisc 
out  from  1 ;  and,  to  have  their  logarithms,  it  is  necessary-  to  conceiTe  the  arithmetics.  |l*. 
gression  as  composed  of  terms  which  vary  by  insensible  degrees,  setting  oat  fitm  zem 

At  their  origin,  the  simultaneous  increments  wliich  the  terms  1  and  0  receive  are  isi;- 
preciably  small ;  but,  faoweyer  small  they  may  be,  we  may  conceive  that  there  is  a  oscu 
relation  established  between  them,  which  is  entirely  arbitrary.  Thus,  when  these  zscr 
ments  begin  to  arise,  we  can  suppose  that  that  of  the  logarithm  0  is  doable,  triple,  Ac  d 
that  of  the  number  1.  This  relation  is  called  the  modulus  of  the  logaritfama,  which  daat 
natebylf. 

Suppose,  now,  that  to  the  term  1  of  the  geometric  progression  an  increaEient  a,  rer 
small,  but  yet  appreciable  in  numbers,  is  given.  The  corresponding  increment  of  the  tea 
aero  of  the  arithmetical  progression  will  be  very  neariy  equal  to  Uu ;  and  we  can  take  b 
the  two  prograisions  these : 

^1 :  l+«:(l+o)«:  (!+«)» :(l+»)<!  Ac 
•7-0.    M».  8Mw   .  3Mci»   .  4Mu   .&& 

We  have  said  that  the  relatioii  or  modulus  M  can  be  taken  at  pleasore  ;  oooseqaoil^ 
according  to  the  values  attributed  to  it,  will  be  obtained  different  systems  of  kigaiiikaa 
The  bgaridmis  which  Napier  published  were  derived  from  the  piogresaiona 
4f  1 : 1+w :  (l+«)» :  (1-f  «P :  &C. 
-H>.       6).       2w   .      3u   .&£., 
which  supposes  M=l. 

This  avoids  the  multiplications  by  M.  The  logarithms  of  nnmben  in  Napier'a  tsUr 
serve  to  find  those  of  any  other  system,  by  simply  multiplying  each  by  the  modnfau  of  dol 
system. 

The  terms  of  these  two  series  vary  slowly,  so  that,  in  prolonging  both  am  far  aa  we  pless? 
we  are  sure  of  finding  in  the  first,  terms  equal  to  the  entire  numbers  S,  3,  &e^  or  so  aea 
them  that  the  difference  may  be  neglected.  The  corresponding  terms  of  the  aecond  mt 
then  be  taken  ibr  the  logarithms  of  these  numbers,  and  are  those  written  in  tiie  tablea. 

By  this  we  peroeive  that  these  logarithms  are  not  exactly  those  of  the  nomben  beakk 
which  they  are  written.  But  there  is  another  cause  of  inaccuracy,  viz.,  that  u  represean 
only  approximately  the  increment,  which  the  logarithm  0  takes  when  u  is  that  taloea  bjr  1 
The  smaller  u  is,  however,  the  greater  the  exactness. 

n.  Let  it  be  proposed  to  determine  the  error  produced  by  assuming  that  the  difierenceof 
the  numbers  is  proportional  to  the  difference  of  their  bgarithms,  when  the  nomber  of  pkiei 
m  the  numbers  is  5,  and  their  difference  not  greater  dian  1. 

If  in  the  series  [A],  Art  224,  we  make  %=-,  we  have 
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As  in  aiithmettcal  progressions,  all  the  questions  which  can  be  proposed  for 
•Qlution  in  geometric  progressions  reduce  to  10,  the  solutions  of  which  are  de 
doeed  from 

i=ap"-»     (1) 

^=^r (') 

from  which  it  appean  generally  that  as  die  ntimber  a  increaaoi,  the  difference  of  the  logm- 
rithms  of  X  and  l-f^  diminishes.  Also,  since  -  is  greater  than  the  whole  series,  -  being 
diminished  by  more  than  it  is  increased,  we  have 

^  J(l+x)-fe<|. 

If  the  base  be  10,  we  hare  seen  that  M=0.4342 .  •  •<-•    Hence,  in  this  oase^ 

If  X  consist  of  five  places,  iu  least  valae  is  10000.    Therefore  the  greatest  vaine  of 

t(l+x)^U  is  less  than  go5o5=000O05.  , 

Hence  we  may  infer  that  the  logariAms  of  every  two  oonsecative  whole  nombeni  0Q» 
•isting  of  five  places  most  agree  in  the  first  fintr  decimal  places  at  least. 
Now  let 

A  =  /(l-Hc)-4r=Z^. 

A'=;(2+x)-/(l+*)=/?±|. 

A-.A'=/l±f-^?+f. 
X         1+x 


fcby  [A],  Art324. 


x(2-fx)       \  ^^+*)/ 


'v  '  «(2-f«y  ""^  I  x{2-\-x)      2ia(2-f z)«  '  3a0(2-|-x)3     **^"  J 

•      •••^-^'<2^ 
U  m  consist  of  five  places,  ita  least  valae  is  10000,  and,  tfierefore,  the  greatest  valae  of 

A— A'  is  less  than  -— — r— = — :: — rrr/  which,  when  reduced  to  a  decimal,  has  no 

20000X10003     20004000a 

dgmficabt  fignre  within  the  first  eight  places.    Hence,  in  tables  which  extend  only  tn 

leven  places,  we  may  assnme  that  A — A^=0,  or  A=A^. 

Thus  we  infer  that,  under  the  circumstances  which  bave  been  supposed,  the  bgarithms 

of  numbers  in  arithmetical  progression  will  themselves  be  in  arithmetical  progressicm 

Let  now  »  and  ii*f-l  be  two  consecutive  whole  numbers,  and  i»-f^  an  intermediate  firao- 

tioo.    These  may  be  looked  upon  as  three  terms  of  an  arithmetical  progression,  whose  first 

1  P 

term  is  n,  whose  common  difference  is  ^  whose  (p-f^)*^  to'™  i*  M-^»  *nd  whose  (^+1)* 

term  is  i»-f-l#    By  what  has  been  already  shown,  the  logarithms  of  the  several  terms  of 
this  series  will  also  be  in  arithmetical  progression. 
Let  6  be  their  common  difference.    The  (p+l)*^  ^^'^  ^  ^his  series  will  be 

vUah  wiU  be  the  logarithm  of  the  (^H-l)*^  term  of  the  former  series  i 


.•./ii4:pd=/^«H-Q [Bl 
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I  are  coDtained  in  the  foDowing  faUe : 
L  Wven        fl,  p,  n.  C  pZ— a     g(p"— 1) 

Required      Z,  9s  i '  ^"^^ '  ®  ==7=1  =    P-1    " 
jj.  GWen        l,p,n.^  I  l{^-l) 

Kequired     a,  S.  l  ^^p^^'  ^-p-i(p-.i)- 

m.  Given        a,  m  Z.  <       _,ff  ^     "~{^T^-^ytf^ 


Required 


rV.  Gwen       p,  n,  S.  <        S(p— 1)        Sp— '(p-1) 
Keqnired      a,  I.  c  ""  p"— 1  *  p"— 1      ' 

p,  Jp-«+p-'...+l=-.  i=«p— . 


Required 

fAr+(!)-...+.4 


VI.  GiTen        Z, »,  S. 
Required      p,  a. 


VII-  Giren        «» Pt  Z.  J  ^     pl-^a  ,  log.Z— log.g 

Required     n.  S.  ?  ^~p—l' **-*+       log.  p       * 

VIII.  Given 


Given       a,  Z,  S.  ^       S— a  log.  Z—  log,  a 

Required      p. ».  r-g^^J' **"-^+        toiT^       * 

Given       fl,  p,  S.  J       a+S(p-l)  .  tog.  Z-  I 

Required       l.n.V'^         p         » «=!+       fog.  ^ 

Given        Z,  p,  S.  5        ,      «,      ,,         ,  .  tog.  Z—  1 
Required     a.  n.  J  «=^-S(p-l).  n=:l+!21^ 


HABJCONICAL  PROGRESSION. 

234.  A  series  of  quantities  is  called  a  karmonical  progression  'vrhen,  if  an> 
three  consecutive  terms  be  taken,  the  first  is  to  the  third  as  the  differenee  oif 
the  first  and  second  to  the  diflTerence  of  the  second  and  third. 

Thus,  if  a,  &,  c,  (Z....  be  a  series  of  quantities  in  harmonica!  progreoskw. 
we  shall  have 

a:e::a — h:h — e;  b:d;ib — e:c — <Z,  &cc. 

The  reciprocals  of  a  series  of  terms  in  harnumieal  progressum  are  im  t 
metieal  progression. 

Let  a,  6,  c,  <2,  e,/. . . .  be  a  series  in  harmonical  progression. 
Then,  by  definition. 

Alio,  the  last  teem  of  the  latter  seiiei,  which  wiU  be 

win  be  liie  logaiitfam  of  tiM  lift  tenn  of  tlie  fimner  leries ; 

.•.l(n+l)=l»+qi,  .-.  1(11+1)— I>K=9& 

Hence  tbe  differeiMes  of  the  logariOuns  era  u  the  differanoes  offte  noBbsK 
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a'e::a— 5:5 — e;  h:d::h^c:e — d;  e:e::c — d:d — «,  &c. 
.*.  aft-— ac=ae — 6c,  bc-^bd^sbd — dc,  c<2— <es=ce— «{2,  &c. 
ah      ae      ac      be    h.".       hd      hd      dc    cd      ce       ce      ea 
abc^ ahc^ ahe^ ahc^  bcd'^bcd^hcd'^bed*  cde^cdt^ede    c^« 
or 

1     1_1     1  1     1_1     1  1     1_1     1 
c"*6-"6""a*  S'^c-c  ""6*  iTd^d^'c' 

from  which  it  appeen  that  the  qaantities  ~,  j,  -,  -^  -,  ftc.,  are  in  ari±E&^c&i 

progreBsion. 

To  insert  m  harmonic  means  between  a  and  h. 

Since  the  reciprocals  of  quantities  in  harmonical  progression  are  in  ariUft 

metical  progression,  let  us  insert  m  arithmetic  means  between  -  and  r 

Generally,  in  arithmetical  progression, 

i=a+(n— l)cJ 

In  this  case,  Cs=Tf  as~«  ns:ffi4-2,  and  .*.  o:= 


The  arithmetic  series  will  be 

1       g+mft       2fl+(m— 1)5  (m— l)a+2&       wfl+5       1 

a+(m+l)a6+    (m+l)a6    + (m+l)a6    +(m+l)a6+6' 

Therefore  the  harmonical  series  will  be 

(m+l)a6       (m+l)fl&  (m+l)g&        (m+l)fl5 

"^   a+mi   ■''2a4.(m— 1)6"^ "'"(m— l)a+26"**   ma+d  "^ 
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S^.  Thx  solation  of  all  questions  connected  with  interest  ani  annnitjlcf 
may  be  greatly  facilitated  by  the  employment  of  the  algebraical  formnte. 
In  treating  of  this  subject  we  may  employ  the  following  notation : 
Let  J7  dollars  denote  the  principal, 
r  the  interest  of  $1  for  one  year. 
t  the  interest  of  jp  dollars  for  t  years. 
$  the  amount  of  jp  dollars  for  (  years  at  the  rate  of  interest  denoteU 

by  r. 
t  the  number  of  years  that  jp  is  put  out  at  interest. 

SIMPLE  INTBBJfiST. 

Problem  l,^^Tofind  (he  interest  of  a  sum  pfor  t  years  at  the  rate  r. 

Since  the  interest  of  one  dollar  for  one  year  is  r,  the  interest  of  jp  dollars  fat 
one  year  must  be  p  times  as  much,  or  pr ;  and  for  t  years  t  times  as  much  as 
for  one  year;  consequently, 

issptr   ....  (1) 


2SG  ALOEBRA. 

Problem  II. — To  find  the  amount  <fa  mm  p  laid  out  far  t  yean  dimfh 
interest  at  the  rate  r. 

The  atnouot  mutt  evidently  be  equal  to  the  principal,  togather  widitba  »• 
tereat  upon  that  princi nal  for  the  giTon  time. 

Hence  tssp-\'ptr 

=l,(l+(r) , (2) 

EXAMPUe  I.  ^ 

Required  the  intereet  of  $873.75  for  2^  years  at  4}  per  eeat.  per  wmam. 
It  will  be  convenient  to  reduce  broken  periods  of  time  to  decimala  of  a  jsb. 
By  the  formula  (I)  we  have 

issptr. 
In  the  example  before  us, 

p  =$873.75 

r  =i.0475» 

i  =:2|  years s=2.5  years. 

.-.  t=873.75X  2-5  X -0475  dollais. 
£=$103.7578125. 
The  amount  of  the  above  sum  at  the  end  of  the  given  time  will  be 
s^p+ptr 
=i873.75+$l  03.757. 

rassENT  TALUS  Airn  discount  at  simfls  inteksst. 

The  present  value  of  any  sum  s  due  t  years  hence  is  the  principal  vAUk  m 
the  time  t  will  amottnt  to  s. 

The  discount  upon  any  sum  due  t  years  hence  is  (he  difference  hehoeem  fttf 
mm  and  its  present  value. 

Problem  III. — To  find  the  present  value  of  s  doUars  due  t  years  Jbows, 
nmple  interest  being  calculated  at  the  rate  r. 

By  formula  (2)  we  find  the  amount  of  a  sum  jp  at  the  end  of  t  years  to  te 

*=p+jp(r. 

Consequently,  p  wiO  represent  the  present  value  of  die  sum  s  due  I  yean 
hence,  and  we  shaD  have 

P^tU <3) 

for  the  expression  required.  *" 

*  r  it  the  intereit  of  •!  for  one  year.    To  find  die  relae  of  r  when  interest  is  ir-^L^w^ii 
■t  the  rste  of  941  or  $4.75  jw  csii<.  per  umom,  we  have  liie  foflowiner  proportiaB : 

•I00:9l::t4.75:r 


In  like 


When  the  nite  of  intereet  per  eenL  is  •?,  then  r=t0.07. 

When  the  rate  of  intereit  ;>er  cent.  11  e,  thenr=  0.06. 

When  the  rate  of  interest  per  cent,  is  5,  dien  r=  0.05. 

When  the  rate  of  interest  per  cent,  is  4|,  then  r=  0.047Sw 

When  the  rate  of  interest  per  cent,  is  4i,  then  r=:  0.045. 

When  the  rate  of  interest  per  cent,  is  ik,  dien  r=  0.0425 

When  the  rate  of  interest  per  cent,  is  4,  then  rs  0.04. 

When  the  rate  of  Interest /wr  cm/,  is  9|,thenr=  0.037& 
'^                      ^.  fta 
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F  equired  the  present  nuae  of  100  dollars,  payable  in  10  years,  at  7  per  cent 
>«r  aDDntn. 
In  this  example  <=  100 

r=.07 

100 
■''^=1  +  10X.07=^»'Q^' 
Probi.em>  IV. — To  find  the  discount  on  s  dollars  due  t  years  henee^  at  the 
rate  r,  simple  interest. 

Since  the  diacoont  on  s  is  the  difference  between  s  and  its  present  t alne,  we 
shall  have 

'^=— rffr 

ttr 
=1+F <*' 

EXAMPLE. 

Required  the  discount  on  $100,  due  3  months  hence,  interest  being  calcu* 
lated  at  the  rate  of  5  per  cent,  per  annum. 
Here  s  =$100 

'         t=  3  months  =    .25  years. 

r=  =$.05. 

100  X. 25  X. 05 


>d= 


1  +  .25X.05 
1.25 


""1.0125 
=$1,235  dis> 

ANNUITIES  AT  SIMPLE  INTEREST. 

Problem  V.— -ToJInci  the  amount  tohich  must  he  paid  at  the  end  oft  years, 
for  the  enjoyment  of  an  annuity  a,  simple  interest  being  allowed  at  the  rate  r. 
At  the  end  of  the  first  year  the  annuity  a  will  be  due ;  at  the  end  of  the 
second  year  a  second  payment  a  wiH  become  due,  together  with  ar  the  in- 
terest for  one  year  upon  the  first  payment ;  at  the  end  of  the  third  year  a 
third  payment  a  becomes  due,  together  wita  2ar  the  interest  for  one  year 
upon  ^e  former  two  payments,  and  so  on ;  the  sum  of  all  these  mH  be  the 
amount  required. 
Thus : 

At  the  end  of  the  first  year,  the  sum  due  is     a. 
At  the  end  of  the  second  year  the  sum  due  is  a+ar. 
At  the  end  of  the  third  year,  the  sum  cue  is     a4-2ar. 
At  the  end  of  the  fourth  year,  the  sum  due  is  a-|-3ar 
^  &c.  &c.  6cc» 

At  the  end  of  the  (^  year,  the  sum  due  is         a^(t-.i)ar 
Hence,  adding  these  all  together  for  the  whole  amount, 

*=to+ar(l+2+3+.  .  .  .     (t-*l)). 
Or,  taking  the  expression  for  the  sum  ef  the  arithmetiGal  ienea,  14.94.3 

•♦- (<-l) 

i^ta+ra.^j=p (6) 
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Problem  VI. — To  find  the  present  value  of  an  annuUy  npayabUfirifei 
simple  interest  being  allowed  at  the  rate  r. 

It  U  manifest  that  the  present  value  of  the  annni^  most  be  a  samink 
if  pat  out  at  interest  for  t  years  at  the  rate  r,  its  amount  at  the  sod  0^:3 
period  win  be  the  same  with  the  amount  of  the  annuity. 

Hence,  if  we  call  this  present  value  p,  we  shall  have,  by  Problemi  LndT. 

p^ptrss  amount  of  annuity. 

t(t—l) 
^ta+ra.\^ 

«((— 1) 


•JP= 


l+tr 

ta  2+{t^l)r 

'2*      l+tr      • 


(6)* 


coBCPOUND  nrrsaBST. 
Peouxx  Vn. — To  find  the  amount  of  a  sum  p  laid  out  for  tjerni^m 
pound  interest  being  aUowed  at  the  rate  r.  ^ 

At  the  end  of  the  first  year  the  amount  will  be,  by  Problem  II<^ 

p+pr,  orp{l+r). 
Since  compound  interest  is  allowed,  this  sum  p{l+r)  now  beooaMi:^| 
principal,  and  hence,  at  the  end  of  the  second  year,  ^e  amount  wi£j| 
p(14-r),  together  with  the  interest  onp(14-r)  for  one  year;  that  ii,  itml:^ 

P{^+r)+pr{l+r),  orp(l+r)«. 
The  sum  ^(l+r)'  must  now  be  considered  as  the  principal,  and  haooea 
whole  amount,  at  the  end  of  the  third  year,  will  be 

p(l+Ty+pr(l+ry,  cirjp(l+r)«. 
And,  in  like  manner,  at  the  end  of  the  t^  year,  we  ahall  hare 

#=jp(l+rr (7) 

Any  three  of  the  four  quantities,  «,  p,  r,  t,  being  given,  the  fourth  tsij* 
ways  be  found  firom  the  above  equation. 

KXAMFLE  I. 

Find  the  amount  of  $15.50  for  9  years,  compound  interest  bein;  lisvfl: 
at  the  rate  of  3}  per  cent,  per  annum,  the  interest  payable  at  tbs  adfi 
each  year. 

By  equation  (7), 

s^p{l+rY 

.%  log.  Sss  )og.p+t  log.  (l+»')- 

^nt  ps=fl5.50 

tss9  years 
r=r$.035 
.'.  logps=1.1903317 
tlog.  (l+r)g=0.1344627 

.••  log.  fs=4 .3247944  =s  log.  of  21.12481 

.-.  #=$21.12481. 

*  It  is  umeoessiiy  to  give  any  examplei  under  tfaia  rale,  u  the  porclMW  do^^ 
nt  simple  interest  can  never  be  of  i>rncti('nl  ntiliry. 
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EXAMPLE  n. 

Find  the  amount  of  <£182  12^.  6d.  for  18  years,  6  months,  and  :  0  days,  at 
the  rate  of  3}  per  cent,  per  annum,  compound  interest,  the  interest  being 
payable  at  the  end  of  each  year. 

In  t}iis  case,  it  will  be  convenient,  first,  to  find  the  amount  at  compound  in- 
terest of  the  above  sum  for  18  years,  and  then  calculate  the  interest  oo  the 
veaolt  for  the  remaining  period. 

By  formula  (7), 

log.  «=log.  p+t  log.  (1+r) 
Heze        jps=dei82.  I2s.  6c?.=<£l82.625 
r=  =ue.035 

(=  =18  years 

.•.log.  ^=2.2615602 
Hog.  (1+r) =0.2689254 

.-.  log.  «=:2.5304856=  log.  of  339.224. 
Again,  to  find  the  interest  on  this  sum  for  the  short  period,  we  have 
i=z8i'r 
.-.  log.  t=  log.  $+  log.  f  +  log  r. 
Here    «s=ce339.224 
r=de.036 

t'=e  months,  10  day8=     .527402  years 
.«.  log.  5=2.5304856 
log.  r=2.5440680 
log.  r=1.7221401 
.-.  log.  «r  r=0.7966937=  log.  of  6.2617200 
.-.  srr=oe6.26172. 
The  whole  amount  required  will,  therefore,  be 

8+8  i'  r=de339.224+c3e6.26172 
=o£345  95.  8^. 

EXAMPLE  ni. 

Required  the  compound  interest  upon  $410  for  2|  years  at  4^  per  cent  per 
annum,  the  interest  being  payable  half  yearly. 
In  this  case  the  time  i  must  be  calculated  in  haXfytar8 ;  and,  since  we  have 

supposed  r  to  be  the  interest  of  $1  for  one  year,  we  must  substitute  ~,  which 

will  be  the  interest  of  91  for  half  a  year ;  the  formula  (7)  will  thus  become 


.-.  log.  5=  \0g.p+2tl0g. (l  +0 . 


Here        -  p=$410 
r=$.045 


2/ =5  half  years 

.•.log.p=2.6127839 
5  log.  1.0225=0.0483165 

.-.  log.5=2.6611004=log.  of  45h.  J471 
.-.5=8458.2471.      ^ 
T 
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The  inU       -nml  t*  $  the  difference  between  thu  unoant  ar  I  dia 
priiicipel; 

••.<£=:<— jp 

=$458,247—9410 
=$48,247. 

'  EXAMPLE  IV. 

$400  was  put  oat  at  compound  interest,  and  at  the  end  of  9  x< 
to  $569.333 ;  reqnired  the  rate  of  interest  per  cent. 
Here  «,  p^  t  are  giyen,  and  r  w  sought. 
Prom  formula 

we  have  log.  (1  +r)=y(log.«— log.j?). 

Here  «=$569.3333 

;»=:$400 
^=9  years 
.•.log.«=2.7553666 

log.p=2.6020600 

.•.k>g.«— log.j?=  .1533066 
.      n_^x        1533066 

=  .0170340 
slog,  of  1.04 
.•.r=s  .04=4  percent. 

SXAlfPI.E  y. 

m  what  time  wiD  a  sum  of  money  double  itself,  aOowiiig  4  par 
i  tind  interest  ? 
Here  <,  p,  r  are  given,  and  I  is  sought 
From  the  formula  (7)  we  have 

•=i>(l+ry. 
But  here  «=2p 

...2p=i,(l+r)« 
...2=(l+r)t 

'-log.(l+r) 

.3010300 
"".0170333 
=17.673  years 
=17  years,  8  monthly  2  days. 
In  like  manner,  if  it  be  reqnired  to  find  in  what  tone  a  sum  wiD  trifle  itself 
at  the  same  rate,  we  have 

log.  3 
'""log.  1.04 
■4771213 
"".0170333 
=28.011  years 
s=:28  years,  0  months,  3  days. 
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rRESJBRT  VALUE  AND  DISCOU^fT  AT  COMPOUND  INTEREST. 

If  "we  call  p  th6  present  valae  of  a  sam  s  due  t  yean  hence,  and  d  its  dis- 
eount,  reasoning  precisely  in  the  same  manner  as  in  the  case  of  simple  inter- 
est, we  shall  find 

'=(rpF <«> 

Mi-(i:^)---- W 

ANNUITIES  AT  COMPOUND  INTEREST. 

Problem  VIII. — To  find  the  amount  of  an  annuity  a  continued  for  t  yeai$, 
compound  interest  being  allowed  at  the  rate  r. 

At  the  end  of  the  first  year  the  annuity  a  will  become  due ;  at  the  end  of 
the  second  year  a  second  payment  a  will  become  dae,  together  with  the  in 
tnrest'  of  the  first  payment  a  for  one  year,  that  is,  ar ;  the  whole  sum  upon 
which  interest  must  now  be  computed  is  thus,  2a+ar. 

At  the  end  of  the  third  year  a  further  payment  a  becomes  due,  together  with 
the  mterest  on  2a-f-ar,  i.  e.,  Zar-^ar*;  the  whole  sum  upon  which  interest 
must  now  be  computed  is  3a4-3ar-|-ar^.    The  result  wiU  appear  oTident 
when  exhibited  under  the  following  form  : 
Whole  amount  at  the  end  of  fii-st  year,      =a. 
Whole  amount  at  the  end  of  second  year,  =^4'^+^'' 

=a+a(l+r). 
Whole  amount  at  the  end  of  third  year,    =a4-a4-a(l+^)+^^+^^(l+^) 

=a+a(l+r)+a(l+ry. 
Whole  amount  at  the  end  of  fourth  year,  =a4-<z  +  a(l+r)  +  a(l+r)*  +  ar 

+ar{l+r)+ar{l+ry. 
=a+a(l+r)+a{l+ry+ail+ry^ 
6cc.  &c.  &c. 

Whole  amount  at  the  end  of  t^  year,         s=a+a(,i+r)+a{l+r)*+a{l+ri' 

+ a(l+rY-K 

Hence  the  whole  amoimt  is,  in  terras  of  the  sum  of  a  geometric  progressiou 
,s=a{l+(l+r)+(l+r)«+ +(l+rr'} 

=a.<i±li:=l (10) 

Problem  IX. — To  find  the  present  value  of  an  annuity  a  payable  for  i 
yearst  compound  interest  being  allowed  at  the  rate  r. 

It  is  manifest  that  the  present  value  of  this  annuity  must  be  a  sum  such, 
that  if  put  out  at  interest  for  t  years  at  the  rate  f,  its  amount  at  the  end  of  that 
period  will  be  the  same  as  the  amoimt  of  the  annuity. 

Hence,  if  we  call  this  present  value  p,  we  shall  hare,  by  Prcbt.  VII.  and 

VIII., 

j9(l^rys=  amount  of  annuity 

(l+r)>-l 
■r=a . 

(l+r)'-l 

•••■p=-7(i+;r-'' 

^f.(i±r)!=i an 


Now 


Also* 
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What  to  tho  present  ndae  of  an  anniiity  of  t500,  to  last  fiir  40  jmn,tm 
ponod  interest  being  allowed  at  the  rate  c^  2^  per  cent,  per  •nniim. 
By  formula Xll), 

a  (1+ry-l 
P^T'    {1+tY   ' 
Elere 

a=9500 
r=«.025 
t  =40  yean; 
.-.  (l+r)»=r(1.026)«. 

log.  (1.025)«s=40  log.  1.025 
=40  X. 0107239 
=.4289560 
=  log.  2.685072 
.%  (1.026)«=2.685072=(l+ry. 

a     500 
-=-^=20000 

1.685072 
•••^=2^^^2:685072 
=20000  X. 62757... 
=12551.40  doQars. 

REYXBaiOir  OF  AirNUITIXS. 

PBOBX.XM  X. — To  find  the  present  value  (P)  of  an  annuity  a  whidk  is  to  em 
whence  after  T  yeort,  and  to  continue  far  I  years. 

The  present  valae  required  is  manifestly  the  present  Talae  of  a  for  T-|- 
years,  minus  the  present  yalne  of  a  for  T  years. 

By  Problem  IX.,  the  present  value  of  a  for  T-f  years  =^- .  ^  ^7\    ^^^ 
By  Problem  IX.,  the  present  value  of  a  for  T  years       ^- .     TT,    .7"" 

P«;-  j(l+r)-^-(l+r)-<''+'j5     (12)^ 

PURCHASE  OF  ESTATES. 

pROBUBM  XI. — To  find  die  present  value  pofan  estate,  or  perpetuity,  tmose 
annual  rental  is  a,  compound  interest  being  calculated  at  iht  rate  r. 
The  present  value  of  an  annuity  a,  to  continue  for  t  years,  by  Prob.  IX,  s 

but  if  the  annuity  last  fcreoer,  as  in  the  case  of  an  estate,  then  fss'Q,  and 
*•  7i"T~u— — =0 1  lionce,  in  the  present  case, 

J""? (W) 
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'  XXAMFLE. 

What  is  the  value  of  an  estate  whose  rental  is  f  1000,  allowing  the  par- 
tahaser  5  per  cent,  for  his  money  ? 
Here 

asflOOO 
r=z$.05 

1000 
•*•  ^""  .06 

«s20000,  or  20  years*  purchase. 

REVERSION  OF  PERPETUITIES. 

Problem  XII. — To  find  the  present  value  of  cm  estate,  or  perpetmly,  ux/^ose 
annual  rental  is  a  dollars^  to  a  person  to  %Bhom  it  mil  revert  after  T  year$t 
compound  interest  being  allowed  at  the  rate  r. 

By  Problem  X.,  the  present  value  of  an  annuity,  to  commence  after  T  yean, 
and  to  continue  for  t  years,  is 


J,=2j(l+r)-T_(l+r)-<T^)J 


In  the  present  case,  ^^ao ,  and  .*.  (14-^)^^'''^^=0 ;  hence  we  shall  have 

EXAMPLES  FOR  PRACTICE. 

(1)  Find  the  interest  of  $555  for  2}  years  at  4}  per  cent,  simple  interest. 

Ans.  965.906. 

(2)  In  what  time  will  the  interest  of  $1  amount  to  75  cents,  allowing  4|  per 
cent,  simple  interest  ? 

Ans.  16  years,  8  months. 

(3)  What  is  the  amount  of  $120.50  for  2|  years  at  4J  per  cent  simple  in- 
terest ? 

Ans.  $134,809. 

(4)  The  interest  of  <£25  for  3|  years,  at  simple  interest,  was  found  to  be 
e£3  I8s,  9d. ;  required  the  rate  per  cent,  p^  annum. 

Ans.  4^. 

(5)  Find  the  discount  on  o£100  due  at  the  end  of  3  months,  interest  bein^ 
calculated  at  the  rate  of  5  per  cent,  per  annum. 

Ans.  o£l  As.  Bid 

(6)  What  is  the  present  value  of  the  compoimd  interest  of  <£100  to  be  re- 
ceived five  years  hence  at  5  per  cent  per  annum  7 

Ans.^787<.  OJJ. 

(7)  What  is  the  amount  of  <£721  for  21  years  at  4  per  cent  per  amraa 
compound  interest? 

Ans.  ^1642  19«.  9ld 

(8)  The  rate  of  interest  being  5  pei  cent,  in  what  number  of  years,  at  com- 
pound interest,  will  $1  amount  to  $100  ? 

Ans.  94  years,  141.4  days. 

(9)  Find  the  present  value  of  eS430,  due  nine  months  hence,  discount  being 
aDowed  at  44  per  cent  per  annum. 

Ans.  ^15  19«.  2id. 
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to  a  value  of  the  argument  midway  between  its  eonsecattve  valaes  in  tfai  tifil 
n  becomes  equal  to  -.     If  tlie  arguments  of  the  tables  differ  by  24  hoon.  is: 

3  1 

the  fnnction  be  required  for  3  hours,  n  becomes  equal  to  r-:«  or  g.     If  the  tik 

lar  argoments  differ  by  1  hour,  or  60  minntes,  and  the  foDctxHi  be  re^nniiR 
an  argument  15  minutes  beyond  an' even  hour,  n=^=:-. 


EXAMPLE. 

Given  the  logs,  of  15,  16, 17,  18,  19,  to  find  that  of  17.25. 


ArgorNo. 

Fnnc.  or  hog. 

IrtDifii.  Jt. 

Sd  DiCi.  ia. 

Sd  Difa.  i3' 

'          ix.      , 

15 

16 
17 
18 
19 

1.17609126 
1.20411998 
1.23044892 
1.25527251 
1.27875360 

2802872 
2632894 
2482359 
2348109 

—169978 
—150535 
—134250 

+  19443 
+  16285 

— 31S> 

The  numbers  in  the  thml  column  are  obtained  by  taking  the  differences  ^ 

the  consecutive  numbers  in  the  second.    The  numbers  in  the  fourth  ceiam 

from  the  second  in  the  same  way. 

9  9 

As  2.25  is  -■  the  interval  between  15  and  18,  we  make  n=-«  and  have  k 
4  4 

formula  (C),  takhig  djS=2802872,  d,s=— 69978,  d,s:19443,  d^s=^3158. 

The  resiilt  would  be  neariy  the  stme  by  oeglectiag  64  and  uiog  the  mean  of  the  m 
tUid  differanoeg.* 

/= 


1.176126 
306462 


n(n-l)       45  _^^^^^ 

1.2  32 

Mn-l)(n-2)        J5  ^278 

1.2.3         '     384* 
n(n-l)(n-2)(n-3)^  ^_  135  ^  _  69 

1.2.3.4  *     .     6144*     

Value  of  func.  required,  viz.,  log.  17.25 


:1.23678904 

The  formula  for  interpolation  may  be  derived  very  elegantly  by  the  methsd 
of  indeterminate  coefficients.  Thus,  let  y  represent  the  .ralue  of  the  intaipo- 
lated  function  to  be  found,  A  the  argument  in  the  table,  m  the  number  of  parts 
(4^  in  the  example  above)  between  A  and  the  consecutive  argument  of  the 
table,  and  n  the  whole  number  of  parts  (4  in  the  above  example)  between 
these  consecutive  arguments.  It  is  evident  that  y,  depending  on  A  and  fi- 
may  be  expressed  in  terms  of  these.    Assume,  therefore, 

y=sA+Bm+Cm«+Dm'+,  &c.,      * 
in  which  B,  C,  D,  &c.,  are  undetermined  coeffidentB,  whose  values  are  to  be 
found. 

Now  let  m  have  successive  values,  represented  by  0,  n,  2ii,  3n,  &c,  then 
the  corresponding  values  of  y  will  be 

*  Ai  mean*  are  mach  vmed  in  calcolatiaiia  with  tablei,  St  may  be  well  to  adveitife  A» 
^student  that  a  mean  of  three  nomben  ia  obtained  bj  adding  them  togetiier  and  dividiBS  b} 
Y  :^five  nnmbera,  by  adding  them  together  and  dividing  the  tun  fay  5»  an4  «o  on. 
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above  may  employ  a  table  of  triple  entry,  the  three  argaments  being  tLe  prio- 
cipalf  the  rate,  and  the  time.  Such  a  table  is  formed  by  giving  a  whole  page 
to  the  argument  of  rate,  the  sije  and  top  being  occupied  by  the  arguments  of 
principal  and  time. 

Where  the  differences  of  the  functions  are  proportional  to  the  differences 
of  their  arguments,  then  the  interpolation  is  made  by  simply  solving  a  pro- 
portion, the  first  two  terms  of  which  are  the  difference  of  the  tabulated  func- 
tions and  the  difference  of  their  arguments ;  the  third  term  being  the  differ- 
QDce  between  one  ^f  the  tabulated  arguments  and  that  whose  function  is  to 
be  interpolated ;  the  fourth,  or  unknown,  term  of  this  proportion  will  be  the 
interpolated  function  required.  This  is  called  the  method  by  first  differences, 
and  has  been  exemplified  in  taking  out  logarithms  of  large  numbers  not  found 
exactly  in  the  tables. 

When  the  differences  of  the  functions  are  not  nearly  proportional  to  the 
differences  of  the  arguments,  as  in  the  case  of  the  logarithms  of  small  numbers, 
the  method  of  interpolation  above  described  would  not  be  sufiSciently  accurate. 
The  nature  of  the  variation  of  the  fimction,  as  the  argument  varies  in  value,  is 
made  sensible  by  taking  the  difference  between  each  two  of  three  consecutive 
functions  in  the  table,  and  comparing  the  difference  between  the  first  and  sec- 
ond with  the  difference  between  the  second  and  third.  If  these  differences 
are  the  same,  we  have  seen,  in  the  note  to  (Art.  233),  that  the  method  of  first 
differences  already  explained  applies ;  but  if  they  are  not,  their  difference, 
which  is  called  a  second  difference,  will,  by  its  magnitude,  indicate  the  degree 
of  inaccuracy  of  the  method  of  first  differences.  This  exposition  will  serve  to 
exhibit,  in  a  general  way,  the  nature  and  office  of  second  differences.  We 
proceed  to  give  a  more  analytic  development  of  the  use  of  second,  third,  ^c., 
differences,  the  latter  holding  the  same  relation  to  the  second  differences  that 
theee  do  to  the  first. 

Let/and/4-<'i  represent  two  consecutive  functions  in  the  table,  6^  being 
their  first  difference.  The  next  consecutive  function,  if  the  first  differences 
were  constant,  would  be  expressed  hyf+2S^ ;  but  as  tney  are  supposed  not 
to  be,  it  must  be  expressed  by  the  form /-(- 2(1, -^d,,  d,  being  the  second  dif- 
ference, or  difference  between  the  two  first  differences,  d,  and  ^x'\'^2-  '^^ 
scheme  below  will  show  the  form  of  the  successive  functions  : 

9d  DiAr       4tli  DiT 


i^+i* 


«»« 


and  80  on ;  from  which  we  perceive  that  the  coefficients  are  the  same  ■•  m  die 
expaoaion  of  a  binomial,  that  of  the  second  term  being  the  number  of  the  con- 
secDtiTe  function  after  the  first  function.  Denoting  this  number  by  n,  we 
lisTe  for  the  general  form  of  the  nth  function  after  the  first, 

f.    X    .'•<"-')^    .n(n-l)(n-2).    ,         .  ,  ^ri 

Suppo8e,'now,  that  a  value  of  the  function  intermediate  between  the  first  and 
second  of  the  series  iu  the  table  be  required,  n  here,  instead  of  being  an  entire 
Dumber,  is  a  fraction.    If  the  value  of  the  function  be  requn«d,  correspondine 
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dl  the  fonnala  for  interpolation,  which  coinddes  with  the  one  obCuncdb^i 
'i«  ^at  ^3  •  •  being  the  first,  second,  and  diird  differences  of  the  fonctkieibr 
evident  from  the  manner  in  which  they  have  been  aasiimed  above. 

Let  us  apply  it  to  a  table  in  the  Nautical  Almanac^  w^faich  gives  the  ou 
latitude  at  noon  and  midnight  for  every  day  in\he  year. 

EXAMPLE. 

Let  it  be  required  to  find  the  moon*8  latitude  for  August  4,  1842,  at  >^  > 
mean  time  at  Ghreenwich,  that  is,  at  4.3  hours  after  midnight. 


Mom's  IMttnda. 

ai- 

a*- 

MenSnaiDfcv. 

Aug.  4.  Noon,  +0  45  48.1 
Midnight,  +0    5  54.6 

Aug.  5.  Noon,*  —0  34  33.1 
Midnight,  —1  14  49.4 

—39  63.6 
—40  27.7 
—40  16.3 

+34-2 
—11.4 

+11.4 

Now,  to  apply  the  formula,  we  have 

A=0®  6'  64".6,  di  =  —40'  27".7,  or  —40.463  minutes; 

9A     4.3  m 

-=—=0.358,  -(5j  =  -14'  29".16; 

tJ,=+ll".4,  ^—1  =  — 0.642,  i  ^(^— l)«J,  =  — 1".31. 

Therefore,  y=— 0°  8'  36".67,  which,  without  the  sign  — ,  is  the  moc* 
correct  latitude  south  at  the  time  for  which  it  was  required. 

Second  differences  wifl  ordinarily  insure  sufficient  accuracy.  Third  c: 
fourth  differences  are  rarely  used. 


INEQUATIONS. 

237.  In  discusung  algebraical  problems,  it  is  frequently  necessary  to  isti^ 
duce  inequations  J  that  is,  expressions  connected  by  the  sign  >.  Gtnerij 
speaking,  the  principles  already  detailed  for  the  transformation  of  eqwDcrj 
are  applicable  to  inequations  also.  There  are,  however,  some  importsst  t\ 
ceptions  which  it  is  necessary  to  notice,  in  order  that  the  student  mar  gos-"^ 
against  fidling  into  error  in  emplo3ring  the  sign  of  inequality.  These  escfp- 
tions  will  be  readify  understood  by  considering  the  different  transfonnttioiBir 
succession. 

I.  If  we  add  the  same  quantUy  to,  or  subtract  itfrom^  the  hoo  memhcrsofsx^ 
inequation^  the  resulting  inequation  unU  always  hold  good,  in  the  same  uu 
as  the  original  inequation ;  ihaX  is,  if 

a>6,  then  a+a'>5+a',  and  a—a'^h — a'. 

Thus,  if 

8>3,       we  have  still      8+5>3+5,      and      8— 5>3— 5. 
So,  also,  if 
— 3<— 2,  we  have  stiU  — 3+6<— 2+6,  and  — 3— 6<— 2-5.f 


*  The  moon's  latitode  is  marked  +  when  north,  —  when  eoatii. 
t  The  negative  quantity  of  greater  nnmerical  valae  is  ahvmya  considered  km  dan  tfae 
nei^atiye  quantity  of  less  nomerical  valae. 
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The  truth  of  this  proposition  is  evident  from  what  has  been  said  with  refer- 
ence to  equations. 

This  principle  enables  us,  as  in  equations,  to  transpose  any  term  from  one 
member  of  an  inequation  to  the  other  by  changing  its  sign. 

Thus,  firom  the  inequation 

we  deduce  « 

a«+2a«>36«—  &», 
or 

3a«>26«. 
II.  Ifw€  add  together  the  corresponding  members  of  two  or  more  inequations 
which  hold  good  in  the  same  sense,  the  resulting  inequation  wiU  always  hold 
good  in  the  same  sense  as  the  original  individual  inequations ;  that  is,  if 

a>h,  c>d,  «>/, 
then 

a+c+e>h+d+f. 

III.  3ut  if  we  subtract  the  corresponding  members  of  two  or  more  inequations 
which  hold  good  in  the  same  sense^  the  resulting  inequation  will  hot  always 
tiold  good  in  the  same  sense  as  the  original  inequations. 

Take  the  inequations  4<7,  2<3,  we  have  still  4— 2<7— 3,  or  2<4. 

Bat  take  9<10  and  6<8,  the  result  is  9— 6>  (not  <)  10—8,  or  3>2. 

We  must,  therefore,  avoid  as  much  as  possible  making  use  of  a  transforma- ' 
lion  of  this  nature,  unless  we  cain  assure  ourselves  of  the  sense  in  which  the 
resulting  inequality  will  subsist. 

IV.  If  we  multiply  or  divide  the  two  members  of  an  inequation  by  a  positive 
quantity,  the  resulting  inequation  will  hold  good  in  the  same  sense  as  the  original 
ineouation.    Thus,  if 

a      h 
a<6,     then     ffia<fii5,         —  <— 

m     m 

a         o 

— a> — 6,  then  ^na"^ — nft, > . 

^  n'^     n 

This  principle  will  enable  us  to  clear  an  inequation  of  fractions. 

Thus,  if  we  have 

2i    -^    3a    • 
multiplying  both  members  by  6aJ,  it  becomes 

3a(a»— 6«)>2i(c«— d*). 
But, 

V.  If  we  multiply  or  divide  Uu  two  members  of  an  inequation  by  a  negative 
quantity,  the  resulting  ineqiuition  wiU  hold  in  a  sense  opposite  to  that  of  the 
original  ineqiuition. 

Thus,  if  we  take  the  inequation  8>7,  multiplying  both  members  by  — >3« 

we  have  the  opposite  inequation,  — 24< — 21. 

8         7  8  7 

Similarly,  8>7,  but  -^K-^:^^ or  — -<  —  j. 

VI.  We  can  not  change  the  signs  of  both  members  of  an  inequcUion  unless  we 
reverse  the  sense  of  the  inequation,  for  this  transformation  is  manifestly  the  same 
thing  as  multiplying  both  members  6y  —  1. 
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VII.  If  both  members  of  an  inequa^ti  he  pontine  nwitberw^  we  can  nuiim 
to  any  power  toithout  altering  the  sense  of  the  inequatton ;  that  is,  if 

a>h,  then  a*>ft». 
Thus,  ftom  6>3  we  have  (5)«>(3)«,  or  25>9- 

So,  also,  from        (a-|-5)>c,  we  haTo  (a+b)*^4^. 
But.  • 

VIII.  If  both  members  of  an  inequation  be  not  positive  nussUfers^  twcBs 
determine,  a  priori,  the  sense  in  tohich  the  retulUng  inequation  wUl  hold  ^ 
unless  the  power  to  uhieh  they  are  raised  be  of  an  uneven  degree. 

Thus,         — 2<3      giTe«(— 2)«<     (3)«,  or       4<9; 
But,  — 3>  —6  giTos  (—3)\<(— 6)»,  or       9<26  ; 

Agam,        —3  >  —6  gnrea  ( — 3)»>  ( — 6)»,  or  — 27  >  — 12S. 
In  like  manner, 

IX.  We  can  extract  any  root  of  both  members  of  an  inequation  utthoitt  tL^ 
ing  the  sense  of  the  inequation ;  that  is,  if 

a>i,  then  Va>^b. 
If  the  root  be  of  an  even  degree,  both  members  of  the  Inecuatioo  be 
oecesMril/  be  positive,  otherwise  we  should  be  obliged  to  introdtue  ima|iBrr 
quantities,  which  can  not  be  compared  with  each  other. 

EXAMPLES  IN  INEqUATIOlfS. 

(I)  The  double  of  a  number,  diminished  by  6,  is  greater  than  24 ;  and  ti^ 
the  number,  diminished  by  6,  is  less  than  doable  the  number  increased  bf  lu 
Required  a  number  which  will  ful6U  the  conditions. 

Let  r  represent  a  number  fulfilling  the  conditions  of  the  question ;  then,  s 
the  language  of  inequations,  we  hare 

2ar— 6>24,  and  3r— 6<2x+10- 
From  the  former  of  these  inequations  we  hare 
2x>30,  orr>15; 
and  from  the  latter  we  get 

3r— 2x<10+6,  or*<16; 
therefore  15  and  16  are  the  limits,  and  any  number  between  these  fimiti  «i 
satisfy  the  conditions  of  the  question.    Thus,  if  we  take  the  number  15'9i  m 
nare 

16-9x2— 6>24  by  1-8, 
while  16«9X3— 6<16-9X2+10  by  01. 

(2)  3a:-.2>|:-J 

.«.  30r— 20>25a:— 8 
30r— 26x>20-.8 
6x>12 


3)        43— &t<10-.8ar. 
W  g-jx<8-2r. 


r<-ll. 


Ans.  «<-y . 
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In  the  second  example,  —,  or  2j,  is  an  inferior  limit  of  the  values  of  .r. 

82 
In   the  i^third,  — 11,  and,  in  the  fourth,-^,  or  9),  are  superior  limits  of  the 

value  of  X.     If  the  second  and  fourth  of  the  above  inequalities  must  be  verified 
simultaneobljr  by  the  values  of  x,  these  values  must  be  comprised  between 
2{  and  9^.     If  the  third  and  fourth,  it  is  sufficient  that  it  be  less  than  ^11. 
Finally,  -there  is  no  value  which  will  verify  at  the  same  time  the  2°  and  3°. 
(5)  3a:— 2y>6,  6x+3y>16 ; 

.'.xj> — ^ —  and  x> — - — . 

We  can  attribute  to  y  any  value  whatever,  and  for  each  arbitrary  value  ol 
y  we  can  give  to  ar  all  the  values  greater  than  the  greatest  of  the  two  quan- 
tities 

5+2y  16-3y 
3    '       6      • 
We  determine,  also,  from  the  proposed  inequalities, 

3a:— 5     ^  16— to 

y<-2— .  y>— 3— • 

In  order  that  these  last  two  may  be  fulfilled, 
3ar— 6^  16-.6r 


-> 


2^3' 

47 
Thus  X  can  receive  only  values  superior  to  TQ«>or  2^,  and  for  each  value 

of  X  there  should  be  admitted  for  y  but  values  comprised  between  the  two 
limits  above. 

(6)  a«+4ar>12 
.-.  2«+4x+4>16 

a:+2>±4 

r>2,  or  —2. 
The  inferior  limit  of  x  is  +2. 

(7)  a*+7x<30. 

Ans.  x<3  or  —10. 
The  superior  limit  of  x  is  —10.  ^ 

p 
(&)  Reduce  af  >af-^  to  its  most  simple  •form. 

'  a?— 1 

Ans.  ar>ji+l 
(9)  Reduce  t^>p-  ^,  to  its  most  simple  form. 

Ans.  r>l+\^ 
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GENERAL  THEORY  OF  EQUATIONS. 

THE  NATURE  AND  COMPOSITION  OF  EaUATlONS 

238.  The  vahiable  improTemeDts  recently  made  in  the  process  for  the  ae- 
termination  of  the  roots  of  equations  of  all  degrees,  render  it  inaispensably 
necessary  to  present  to  the  student  a  view  of  the  present  state  of  this  interest- 
ing department  of  analytical  investigation.  The  beautiful  theorem  of  M.  Stunn 
for  the  comp.ete  separation  of  the  real  and  imaginary  roots,  and  for  discover- 
ing their  initial  figures,  combined  with  the  admirable  method  of  continuous 
approximation  as  improved  by  Homer,  has  given  afresh  impulse  to  this  branch 
of  scientific  research,  entirely  changed  the  state  of  the  subject,  and  completed 
the  theory  and  numerical  solution  of  equations  of  all  degrees. 

We  recapitulate  here  two  or  three 

DEFINITIONS. 

1.  An  equation  is  an  algebraical  expression  of  equality  between  two  quan- 
tities. 

2.  A  root  of  an  equation  is  that  number,  or  quantity,  which,  when  substi- 
tuted for  the  unknown  quantity  in  the  equation,  verifies  that  equation. 

3.  k  function  of  a  quantity  is  any  expression  involving  that  quantity ;  thus, 

eLr*+6,  a3?'^cX'\-d^  — j-j,  a*  are  all  functions  of  x;  and  also  oa:"— fry, 

22+ 3y 

V4x— 6y,  -z 5^,  y*+yr+a:"+a«+i+2,  are  all  functions  of  x  and  3^. 

These  functions  are  usually  written/(x),  and/(a:,  y). 

4.  f  o  express  that  two  members  of  an  equation  are  identical  or  true  for 
every  value  of  z,  the  sign  3:  is  sometimes  used. 

PROPOSITION  I. 

Any  function  ofx,  ofjtheform 

a:°+pa*-»+^a*-«+ra*-»+ 

token  divided  hy  x— a,  foill  leave  a  remainder ,  tohich  is  the  same  function  of% 
that  the  given  polynomial  is  ofx. 

Ijetf(x)z=3f+p:if^^+q3f^+ ;  and,  dividing/(a:)  by  x— a,  let  Q  de- 
note the  quotient  thus  obtained,  and  R  the  remainder  which  does  not  involve 
X ;  hence,  by  the  nature  of  division,  we  have 

Now  this  equation  must  be  true  for  every  value  of  t,  because  its  truth  de- 
pends upon  a  principle  of  division  which  is  independent  of  the  particular  values 
of  the  letters;  hence,  if  x=a,  we  have 

•/(a)=0+R; 
and,  therefore,  the  remainder  R  is  the  same  function  of  a  that  the  proposed 
polynomial  is  ofx. 

EXAMPLES. 

(1)  What  is  the  remainder  of  x^ — 6x+7,  divided  by  x — 2,  without  actually 
performing  the  operation  ? 

*  The  student  will  recollect  that  f{x)  stands  fat  a^+pa^+i  ^-i  >nd  that,  therefore, 
fh)  will  stand  for  a'-f/w*— ^-f^a'-^-f .  Ac 
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(2)  What  is  the  remainder  of  23— 6a«+8x— 19,  divided  by  x+3 1 

(3)  What  is  the  remainder  of  a:*+6a;»+7a:'+5^— 4,  divideo  by  2—6  ? 

(4)  What  is  the  remainder  of  x'+px^+^x+r,  divided  by  x— a  ? 

ANSWE&S. 

(1)  R=2«— 6x2+7==— 1. 

(2)  R==(— 3)»— 6(— 3)«+8(— 3)— 19=— 124. 

(3)  1571. 

(4)  a^+pa*+qa+r. 

PROPUSITION  II. 

If  9L  is  die  root  of  the  equatiotif 

x«+AiX"-»+A»r«-^+ Ai»-9X«+AiH-ia:+A.=0, 

the  first  member  of  the  equation  is  divisible  by  z— a. 

If  the  division  be  performed,  the  remainder,' according  to  the  preceding 
proposition,  must  be  of  the  form 

a-+ Aia-i+ AiKi-^. .  •  •  +  A^,ki»+  A„>ia+ A„  ; 
t.  e.,  the  same  function  of  a  that  the  first  member  of  the  proposed  equation  is 
of  X  ;  and,  therefore,  since  a  is  a  root  of  the  equation,  the  remainder  vanishes, 
and  the  polynomial,  or  first  member  of  the  equation,  is  divisible  exactly  by 
X — a- 

Conversely^  if  the  first  member  of  an  equation  fl(x)=0  be  divisible  by  %^fi, 
then  a  t5  a  root  of  the  equation. 

For,  by  the  foregoing  demonstration,  the  final  renuunder  is  f{a) ;  but  since 
/(x),  or  the  first  member  of  the  equation,  is  divisible  by  x^a,  the  remainder 
must  vanish ;  hence /(a) =0 ;  and  therefore,  a  being  substituted  for  x  in  the 
equation  /(x)=0,  verifies  the  equation,  and,  consequently,  a  is  a  root  of  the 
Aquation. 

PROPOSITION  III. 

239.  The  proposition  that  every  equation  has  a  root,  has  in  most  treatises 
on  Algebra  been  taken  for  granted.  It  has,  however,  of  late  years  been 
thought  to  require  a  demonstration,  and  we  add  one  which  is  as  brief  and  clear 
as  any  of  the  best  modifications  of  that  by  Cauchy. 

As  it  will  prove  a  little  tedious,  the  student  may,  if  he  please  to  admit  the 
proposition,  pass  on  to  Prop.  IV. 

It  will  be  necessary  to  premise  a  few  lemmas  relating  to  the  properties  of 
moduli,  some  of  which  have  been  already  demonstrated  (Art.  197),  but  we  re- 
peat them  here  for  convenience  of  reference. 

Lemma  I. — The  sum  or  difference  of  any  two  quantities  whatever  has  a 
modulus  comprehended  between  the  sum  and  difference  of  the  moduli  of  the 
txoo  quantities. 

Lemma  II. — The  modulus  of  a  product  of  two  factors  is  equal  to  (he  product 
of  their  mSbduli, 

Corollary. — ^Hence  the  product  of  the  moduli  of  any  number  of  factors  is 
the  modulus  of  their  product,  and  the  modulus  of  the  n^  power  of  a  quantiQr 
is  the  n^  power  of  its  modulus.  

Lemma  III. — In  order  that  a  quantity  of  the  form  a-f-b  V  — 1  way  be  zero, 
it  is  necessary,  and  it  is  sttficient,  that  its  modulus  should  be  zero ;  for  a  and 
6  being  real  quantities,  let 
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As  the  real  part  a  can  oot  destroj  the  imaginary  part  b  V  ^h  ^^  u 
have  aeparately  a=0  and  6=0  .-.  Va*+6*=sO. 

Lemma  IV. — Let  there  be  a  polToomial  of  the  form 
X=i:"  — ^j*~* — yx"*"* . .  •  — u, 
m  which  the  coefficients  of  all  the  terms  after  the  first  are  esseotiaBTx^ 
tire.    A  ▼a]ue  of  x  can  always  be  found  sufficiently  great  to  render  &  r 
term  2"  greater  than  all  the  others  together,  mod,  conaeqnentiy,  the  expf^i 
X  essentially  positiTe,  and  as  great  as  we  please. 

For  we  can  write  X  thus, 


in  which,  if  x  be  supposed  to  increase  indefinitely,  the  negatife  ters. 
the  parenthesis  wiH  decrease  indefinitely.  As  soon  as  x  has  attained  i^i: 
X  sufficiently  great  to  make  these  negative  terms  together  equal  to  I  - 
value  of  the  expression  X  will  go  on  increasing  indefinitely,  and  be  ikr 
positive. 

If  A  be  taken  negatively  instead  of  positively,  X  will  stiD  be  positive,  prr^- 
jfi  be  even ;  but  if  m  be  odd,  then,  when  —X  is  put  for  x,  the  leading  tens  -. 
be  negative,  and,  consequently,  X  negative. 

Corollary. — If  the  first  termp  of  a  series  p+qx+r2*+,6cc*,  he &g^£^ 
X  may  be  teken  a  sufficiently  small  fraction  to  make  the  sign  of  the  wbojei- 
pend  on  th^  of  the  first  term.* 

*  From  the  above  it  may  be  ihown,  that  in  every  eqaation  of  an  odd  degree  Cwoa;- 
can  always  be  finmd,  which,  when  aeparately  ■nbctitnted  for  the  imknown  quntitT  7. 
foniiah  two  resnlts  widi  oppoiite  aigna,  and  that  in  every  eqaation  of  an  eveo  c^r- 
two  sach  valaei  can  also  be  asaigned,  whenever  the  final  tena  or  ahaolate  o6&^  - 
negative ;  for,  in  thia  case,  the  anbititation  of  zero  for  x  wiH  give  a  negative  resslL^ 
the  absolute  nnmber  itself,  and  the  substitatioii  of  -{•'k  or  — X  will  give  u.potiiker&^ 

From  these  inferences  it  may  be  proved,  widioat  di£BcnUy,  that  eveiy  eqaa&os  a  t 
odd  degree,  without  exception,  has  a  real  root,  and  every  eqnatioo  of  an  even  desreT 
Tided  its  final  term  be  negative,  has  two  real  roots,  the  one  positive,  the  other  oen:' 
This  condnsion  nugfat  be  deduced  immediately  fiom  what  baa  jnst  been  eatablisbei  -  - 
be  conceded  that  every  p6lynomial/(z),  which  gives  resnlta  of  opposite  signs  vtei  ^ 
values  a,  ^  are  successively  giveu  to  x,  passes  fix>m/(a)  to/(i)  continaDaa|]rthit»si:^^ 
termediate  values,  as  x  passes  continuously  from  a  lob.  But  this  is  a  i»i&ciple  i^- 
quires  demonstration.    We  proceed  to  establish  it  with  the  necessary  rigor. 

PROPOSITIOM. 

If  in  the  polynomial 

X  be  supposed  to  vary  continuously  firom  «=a  to  x=b,  then  the  lbnctioa/(rJ  v^^ 
continuously  from /(a)  to  f{b). 

DBMONSTHATIOH. 

Let  t/  be  any  value  intermediate  between  a  and  6.  Bnbititnte  0^4^  for  s  in  ^  F^T 
nomial,  and  it  will  become 

that  is,  actually  developing,  in  the  second  member,  by  the  bioomial  tfaeofon^  'u^'''^^ 
the  results  according  to  the  ascending  powers  of  &, 
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frelimihart  demonstration. 
240,  £acb  of  the  equatioDS 

Has  a  root  of  the  form  a+b-^^l.  This  is  true  of  the  equation  x^r--^l, 
vrb.ether  m  be  even  or  odd,  since  x=l  always  satisfies  it  It  is  also  true  of 
the  equation  x»= — 1  when  m  is  odd,  for  then  xs=  — 1  satisfies  it. 

Vrhen  m  is  even,  it  mtist  either  be  some  power  of  2,  or  else  some  power 
of  2  multiplied  bj  an  odd  number ;  if  it  be  a  power  of  2,  then  the  value  of  x 
will  be  obtained  after  tlie  extraction  of  the*  square  root  repeated  as  many  times 
in  succession  as  there  are  units  in  the  said  power.  Now  the  square  root  of 
the  form  a+6  V^l  is  always  of  the  same  form  (Art  118).  Hence,  when 
m  is  a  power  of  2,  each  of  the  equations 'x">= — 1,  2:"=db  V— 1  lias  &  root 
of  the  form  announced.  When  m  is  a  power  of  2  multiplied  by  an  odd  num- 
ber, then,  if  we  extract  the  root  of  this  odd  degree  first,  there  will  remain  to 
be  extracted  only  a  succession  of  square  roots. 

AVe  have,  therefore,  merely  to  show  that,  when  m  is  odd,  a  root  of  ±  -/ — 1 
is  of  the  predicted  form. 

Now  the  o^powcrst  1,  3,  5,  &c.,  of  +  V  — If  are  (Art.  66) 

and  the  same  powers  of  —  V  ^1  are 

consequently,  when  m   is   odd,  a  root  of  ±  V"*!  ^  either  -^  '/—'I  or 
-  V  —1-    Hence  the  predicted  form  occurs,  whether  m  be  odd  or  even. 
It  follows  from  this  proposition  that,  whatever  positive  whole  number  m 

I  i_  

may  be,  (—1)"  and  (-/— 1)»  will  al^Bvays  be  of  the  form  a+fr-/— 1  ?  o'f 

O  B 

more  generally,  ( — 1)"  and  ( V— 1)"  wiH  always  be  of  this  form,  n  and  m  be 
ing  any  integers  positive  or  negative  (Cor.  to  Lemma  II.). 

THEOREM. 

241.  Every  algebraical  equation,  of  whatever  degree,  has  a  root  of  the  form 


+(,^l)(*-2)A^ja^ 


+A,fl^ 

+N 
which  may  be  written 

/(a'+i)=/{a')+/.(«0*+/,(»0j+/,(«')^j...A". 

Now,  by  what  haa  been  above  shown,  a  value  m  small  may  be  given  to  h  that  the  lom 
of  the  tenns  after/(aO  shall  be  less  than  any  assignable  quantity,  however  smalL  Hence, 
whatever  intermediate  vahie  t^  between  a  and  b  be  fixed  upon  fiir  a  in/(«),  in  proceeding 
to  a  neighboring  valae,  by  the  addition  to  o^  of  a  quantity  h  ever  so  minate,  we  obtain  fiit 
/((^-fA)  a  like  minate  increase  of  the  preceding  valae/(<iO.  In  other  wtuds,  in  pioceed- 
ing  continaoosly  from  a  to  6  in  our  snbstitations  tar  x,  die  results  of  those  substitutioni 
must  be,  in  Uke  ranner.  oGntionoas.  or  all  connected  together  without  any  uncxsaqiied  i» 
tnvaL 

U 
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a-^6V — ^>  whether  the  coefficients  of  the  equation  be  all  real,  oi  any  of 
them  iraaginaiy  and  of  the  same  form. 

Let/(a:)=r"+A„_,a:»-»+...Asa:»+Aaa:»+AiX+N=0 (1) 

represent  any  equation  the  coefficients  of  which  are  either  real  or  imagiuary. 

If  in  this  equation  we  substitute  ^+9  V  —  I  for  x,  jp  and  q  being  real,  the 
first  member  will  furnish  a  result  of  the  form  P  +  QV — I*  P  ^^^  Q,  being 
real  (Lemma  II.).  Should  p+qV — 1  b®  ^  I'oot  o9  the  equation,  this  resuh 
must  be  zero ;  or,  which  is  the  same  thing,  the  modulus  of  P-)-Q  /  ~li  viz^ 
'/P34.Q3,  must  be  zero  (Lemma  III.).  And  we  have  noiv  to  prove  diat 
values  of  ^  and  q  always  exist  that  will  fulfill  this  latter  condition. 

In  order  to  this,  it  will  be  sufficient  to  show  that  whatever  value  of 
<^ps^.Qs,  greater  than  zero,  arises  from  any  proposed  values  of  j?  and  9, 
other  values  of  jp  and  q  necessarily  exist,  for  which  VP^+Q^  becomes  stiO 
smaller,  so  that  the  smallest  value  of  which  'v^p^.^Q^  is  capable  must  be  zero. 
and  the  particular  expression  j9-|- 9  V — I?  wheoce  this  value  has  arisen,  must 
be  a  root  of  the  equation. 

For  the  purpose  of  examining  the  effect  upon  any  function, /(x),  of  changes 
introduced  into  the  value  of  x,  the  development  exhibited  at  Art.  239,  Note,  is 
very  convenient.  By  changing  x  into  x-|- A,  the  altered  value  of  the  function  is 
thus  expressed  by 

f{T+h)=f(x)+MxVl+Mx)^+Mx)^^...h'^ (2) 

where /(x)  is  the  original  polynomial,  and/|(x),/2(x),  &:c.,  contain  none  but 
integral  and  positive  powers  of  x  (Art.  239,  Note). 

The  first  of  these  functions, /(x),  becomes  P+Q  / — l  when  p+q^-^l 
is  substituted  for  x ;  the  other  functions  may  some  of  them  vanish  for  the 
same  substitution,  for  aught  we  know  to  the  contrary ;  but  all  the  terms  after 
f(x)  can  not  vanish ;  the  last  ^°,  which  does  not  contain  x,  must  necessarily 
remain. 

Without  assuming  any  hypothesis  as  to  what  terms  of /(x-f-^)  vanish  for 
the  value  x^zp+q^^  —  1,  which  causes  the  first  of  those  terms, /(x),  to  be 
come  P+Q  V  — 1,  let  us  represent  by  k^  the  least  power  of  A  for  which  &e 
coefficient  does  not  vanish  when  p+qV—'^  ^  ptit  for  x.  This  coeffident 
will  be  of  the  formR+S  V  — 1»  hi  which  R  and  S  can  not  both  be  zero. 

When  p+q  V  —1  is  put  for  x,  we  have  represented /(x)  by  P  +  Q  •/  — !• 
In  like  manner,  when  p-\-q  ^  ^i^h  is  put  for  x,  we  may  represent  the 
function  by  P'+  Q'  V  —  !•    The  development  (2)  will  then  be 

P'+QV"^=(P+QV"^)  +  (R+S  V^)A'-+  terms 

^m+l^  ^»+8,    .    .    .    .   A-. 

Now  h  is  quite  arbitrary ;  we  may  give  to  it  any  sign  and  any  value  we 
please,  provided  only  it  come  under  the  general  form  a+h >/— 1.  Leaving 
the  absolute  value  still  arbitrary,  we  may  therefore  replace  it  by  either  -{-k 

I 
or  —  fc,  or  it(— 1)°^;  and  thus  render  A"  either  positive  or  negative,  which- 

I 
ever  we  please,  whatever  be  the  value  of  m;  and  we  have  seen  that  (—1)" 
comes  within  the  stipulated  form  (Art.  240).  Hence  we  may  write  tlie  fors* 
gomg 'development  thus,  the  sign  of  A:"  being  under  our  own  control : 
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P  +QV"^=(P+QV^)+(R+S/^)ifc"+  terms  in 

it»+»,  A^-w A".        '  • 

Bat  in  any  equation  of  this  kind  the  real  terms  in  one  member  are  together 
equal  to  those  in  the  other,  and  the  imaginary  terms  in  one  to  the  ima^naty 
terms  in  the  other.     Consequently, 

P'=sP+RA:»+  the  rca/ terms  in  ft-+S  A:«+*,  .  .  .  .  k%; 
Q'=Q+SA:'"+  real  terras  involving  powers  above  fr". 
Hence  the  square  of  the  modulus  of*P'+Q'  -/  — 1  w 
P'«+Q'»=P«+Q«4.2(PR+QS)A-»+  real  terms  in  k^\  k^,  .  .  Jfc*. 
Now  k  may  be  Uken  so  small  that  the  sum  of  all  the  terms  after  P'+Qf 
may  take  the  same  sign  as  2(PR4-QS)^  by.(239),  which  sign  we  can  always 
render  negative  whatever  PR-(-QS  may  be,  because,  as  observed  above,  I^ 
may  be  made  either  positive  or  negative,  as  we  please. 
Hence  we  can  always  render 

P'94.Q'3<P3+Q3,  or  VP'»+Q''<VP"+Q'. 

In  other  words,  whatever  values  of  p  and  q,  in  the  expression  jp+ J  V  —If 
cause  the  modulus  VP'+Q^  ^^  exceed  zero,  other  values  exist  for  which  the 
modulus  will  become  smaller;  and,  consequently,  one  case  at  least  must  exist 
for  which  the  modulus,  and,  consequently,  the  expression  P-f-Q-/ — 1,  must 
become  zero. 

This  conclusion  presumes,  however,  that  FR-(-QS  is  not  zero.  If  such 
should  be  the  case,  then  oui  having  chosen  the  form  of  A,  so  :ih  to  secure  a  com- 
mand over  the  sign  of  2(PR-|-QS),  will  have  been  uoneces^ary.  The  form 
must  then  be  so  chosen  that  a  command  may  be  secured  over  the  sign  of  the 
first  term  q/^er  i2(PR+QS)A:",  in  the  above  series,  for  P'«+Q'3,  which  does 
not  vanish,  when  the  preceding  conclusion  wiU  follow. 

242.  The  values  of  a  and  h  in  the  expression  a-j-^  V  — If  which,  when  pot 
for  £  in /(a:),  cause  that  polynomial  to  vanish,  can  never  be  infinite. 

We  may  write /(x)  as  follows,  viz., 

/(x)=4+%:i+^+....^);       _ 

or,  putting  P+QV— 1  for  what /(a:)  becomes,  when  p+g^— l  is  substi- 
tuted for  X,  we  have 

Now  the  modulus  of  a  quotient  is  the  quotient  of  the  modulus  of  the  divi- 
dend by  the  modulus  of  the  divisor  (Lemma  II.).  In  each  of  the  dividends 
An-i)  Ab-4,  &c.,  above,  the  modulus  is  finite  by  hypothesis.  Hence,  if  either 
p  or  9  be  infinite,  and,  consequently,  the  modulus  of  every  denominator  or 
divisor  also  infinite,  the  modulus  of  each  quotient  must  be  zero.  Hence,  m 
this  case,  each  of  the  above  fractions  must  itself  be  zero  (Lemma  IH.),  an4 
therefore  the  modulus  of  the  entire  quantity  wittun  the  parenthesis  simply  1 ; 
and  the  modulus  of  a  product  is  the  product  of  the  moduli  of  the  factors,  so 
that  the  modulus  of  the  preceding  product,  viz.,  VP'+Q*t  is  the  modulus  of 
(P+^V-^Y'  But  the  «*  power  of  p+g  V  — 1  ha*  ^or  modulus  tfae«n«^ 
power  of  the  «^odulus  o(p+  g  •/  ^Ii  that  is,  the  n^  power  of  Vp*+^  (Lemipa 
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[Im  Cor.),  which  is  infiDite ;  coiweqaeiitly,  V^+Q^  most  be  infinte.  It 
wl^en  p+q  V  — 1  is  a  root  of  the  equation yi[x)=0,  VP*+^^»  "^"^  Ham 
m  this  case,  neither  jp  nor  q  can  be  infinite. 

943.  An  objection  raaj  be  brought  against  the  preceding  reasoDiafiK 
ought  not  to  be  concealed.  It  may  be  denied  that  the  modulus  of  die  pro:/ 
aboTo  refen^  to  b  simply  the  modulus  of  {p+q  V— 1)*  ^  the  case  of/ 1 
infinite ;  for  it  may  be  maintained  that  although  in  this  cmae  all  the  qmL> 
within  the  parenthesis  after  the  1  become  zero,  yet  the  c^mlNiiatioo  of  th» 
with  (p-^-qV — !)"« which  involves  in/iniie  quantities,  may  prodiice  qna^D- 
also  infinite ;  and  thus  the  modulus  of  the  product  may  differ  from  the  modih 
Ins  of  {p+q  V  — 1)"  by  a  quantity  infinitely  great.  It  m  not  to  be deokdac 
there  is  weight  in  this  objection.  But  it  is  not  difficult  to  see  diat  ikboc 
the  true  modulus  may  thus  differ  from  the  modulus  of  (p+f  V^l)'  ^^ 
infinite  quantity,  yet  the  modulus  of  {p+q-^^iy,  involving  hi^rpons 
than  enter  into  the  part  neglected,  is  infinite^  greater  than  that  part  7b 
part,  therefore,  is  justly  regarded  as  nothing  in  comparison  to  die  put  pR- 
served,  the  former  standing  in  relation  to  the  latter  as  a  finite  quantity  to  !h 
finity. 

But  the  proposition  may  be  established  somewhat  difierentiy,  as  fddbws: 

Substituting  (jj+yV— 1)  for  x  in/(x),  we  have 

P+QV3i=  

{p+q  ./Z:Ty+A^,{p+q  yf  ^l)->+  ..k,{p+q  yf  -1)+N. 

Can  the  aggregate  of  aU  these  terms  after  the  first  P'+Q^V—l ;  ths: 
js  plain  that  the  modulus  of  the  first  term,  that  is,  ( Vp*+9*)"«  ™™^  'v&sm, 
exceed  the  modulus  VP^+Q"  ^  ^®  remaining  terms  whenever  ;»  orfe' 
infinite,  because  in  this  latter  modulus  so  high  a  power  of  the  infinite  qoaacy 
p  or  q  can  not  enter  as  enters  into  the  former.  Now  the  modoha  ot » 
whole  expression,  that  is,  of  the  sum  of  {p+qV~^y  and  P'+QV-'  - 
not  less  than  the  difference  of  die  moduli  of  these  quantises  themsel^ 
(Lemma  I.),  which  difference  is  infinite.  Hence,  as  before,  '^F*+(f^ 
be  infinite  when  p  or  qiB  infinite. 

rRoposiTion  iv. 

244.  Every  equation  containing  hut  one  unknown  quantihf  has  as  fiuis5  ^ 
as  there  are  units  in  the  highest  power  of  the  unknown  qtunUiiy. 

hetf(x)ssO  be  an  equation  of  the  n^  degaae;  then  if  a^  be  arootof  tis 
equation,  we  have,  by  Proposition  II., 

(x-a,)/i(x)=/(x)=0 (1) 

where /|(£)  represents  the  quotient  arising  from  the  division  o£f{x)  hyi-^' 
and  will  be  a  polynomial,  arranged  according  to  the  powers  of  r,  one  (iegr<^ 
lower  than  the  given  polynomial /(x).  The  equation  (1)  may  be  satisfied? 
making  either  ar— ai=0,  xssa,,  or  by  making /t (a:) :=0.  But/,(x)=0'"^ 
have  a  root,  as  a,  (see  Prop.  III.,  large  edition)  •'•/t(x)  must  be  diriiiU^^ 
r-a„  .•./,(x)«s(a:-a,)/a(x). 

Substituting  this  value  of/|(7)  in  (1),  it  becomes 

{x-^a,){x^a,)Mx)^f{x)^0. 

Proeaeding  m  this  manner,  if  a,,  a^,  a,, a,  are  roots  of  dw  mxxe^ 
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fnctOTS  f2(x)=tO^  f^{z)z=iQ ....  ./„(x)=rO,  the  degree  of  the  quotient  reducing 
by  one  each  timey  the  equation  will  assume  the  form 

(x— a,)(x-.a3)(a:— ag) (x— a„)=:0;  • 

and,  consequently,  there  are  as  many  roots  as  factors,  that  is,  as  units  in  the 
highest  power  of  x,  the  unknown  quantity ;  for  the  last  equation  will  be  veri- 
fied by  any  one  of  the  n  conditions, 

x=a|,  x=aa,  x=:a3,  xsza^^ ....  x=a0; 
and  since  the  equation,  being  of  the  n^  degree,  contains  n  of  these  factors  of 
the  Ist  degree,  (x— aj),  6cc.^  there  are  n  roots. 

Corollary  1.  When  one  root  of  an  equation  is  known,  the  depressed  equa- 
t*on  containing  the  remaining  roots  is  readily  found  by  synthetic  division. 

Corollary  2.  The  number  of  factors  of  the  2°  degree  in  an  equation  is  n(n— ] ) 
-1-1  . 2 ;  of  the  3°,  n(»— l)(n--2)-i-l .  2 .  3,  and  so  on  (see  Avt.  203). 

EXAMPLES. 

(1)  One  root  of  the  equation  x* — 25x'-}-60x— 36=0  is  3;  find  the  equation 
:ontainlng  the  remaining  roots. 

1  +0    —25  +60—36  (3 

3+9  —48-1-36 
1+3    —16  +12. 
Hence  x^-j-Sx"- 16x+12=0 

IB  the  equation  containing  the  remaining  roots. 

(2)  Two  roots  of  the  equation  x«— 12x3+48x«— 68x+15r=0  aro  3  and  5; 
find  the  quadratic  containing  the  remaining  roots. 

1  —12  +48—68+15  (3 

3   ^27+63—15 
1—9  +21—  5  (5 

5  —20--  5 
1—4+1 
.-.  x«—  4x-|-l=0 
<s  the  equation  containing  the  two  remaining  roots. 

(3)  One  root  of  the  cubic  equation  x'— 6x^+1  Ix— 6=0  is  1;  find  the 
ifuadratic  containing  the  other  roots.  Ans.  x^— 5x+6^0. 

(4)  Two  roots  of  the  biquadratic  equation  4x*— 14x'^5x'+31x+6=0  are 
2  and  3 ;  find  the  reduced  equation.  Ans.  4x°+6x+l=0. 

(5)  One  root  of  the  cubic  equation  xB+3x^^16x+12=0  is  1 ;  find  the  re- 
iTiaining  roots.  Ans.  2  and  — 6. 

(6)  Two  roots  of  the  biquadratic  equation  x* — 6x«+24x — 16=0  are  2  and 
—2;  find  the  other  two  roots.  Ans.  3^=  V^- 

PROPOSITION  ▼• 

245.   To  form  the  equation  whose  roots  are  aj,  a,,  a^,  04, a^- 

The  polynomial, /(x),  which  constitutes  the  first  member  of  the  equation 
required,  being  equal  to  the  continued  product  of  x — a^  x — a^,  x— ^3, . . 

X — an,  by  the  last  proposition,  we  have 

^ • 

*  There  can  be  no  other  factor  of  the  form  {x — a)  which  will  divide  fx,  for,  if  thert 
^ere,  it  miut  divide  some  one  of  Ae  £BCton  {x — aj,  {x — Og),  doc    (See  note,  p.  83.) 
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(x-.a,)(x— a,)(x— a,) (x--tf.)=rO; 

tnd  by  performing  the  mnltiplieatioQ  here  indicatedt  we  -faaTe,  wiiet 

— a« 
As-3,  a:*— ai 


—a, 
— <i« 
iis4,  x«— tfi 
— 0, 
—a, 
—a* 


+0304 


X-)- 010903^4=0,  and  so  on. 


By  continaiDg  the  multiplication  to  the  last,  the  eqaataon  will  be  ix. 
whose  roots  are  those  proposed ;  and  from  what  has  been  dome  we  lesn ::: 

(1)  The  coefficient  of  the  second  term  in  the  resulting  polynomial  vi  i' 
the  sum  of  all  the  roots  with  their  signs  changed. 

(2)  The  coefficient  of  the  third  term  wiD  be  the  sum  of  |iie  prodoct; ; 
eTery  two  roots  with  their  signs  changed. 

(3)  The  coefficient  of  the  ^burt^  term  will  be  the  sum  of  the  prodoc&t 
every  three  roots  with  their  signs  changed. 

t  (4)  The  coefficient  of  the^fth  term  will  be  the  sum  of  the  prodoc^  d 
•Tory  four  roots  with  their  signs  changed,  and  so  on ;  the  last  or  ahu" 
term  being  the  product  of  all  the  roots  with  their  signs  changed.* 

*  L  The  generality  of  tfaii  law  may  be  prored  u  foUowi :  Let  nm  rappoee  it  to  L. 
good  for  the  product  of  11  binomial  facton,  we  ibiU  prore  that  it  will  far  the  pradaai 
•+1  d*  these.    Let 

«"-Ai«»-»+A^-«~.  Ac,  ±A. 
lepreaeat  the  prodact  of  n  binomial  factors,  in  which  A,  repreienfei  the  sora  a^-^.-H. 
4-* &C.,  -j-a^  of  the  n  second  termi  of  the  binomials.  A,  the  snm  of  their  prodocti  tmtri 
two.  A,  the  sum  of  their  products  three  and  three,  and  lo  oa,  and  A,  die  prodact  of  al  ::i 
a  second  terms  OiOgOy  ^te^  o^- 

Introdace  now  a  new  factor  (x — ^a-f  i)*  Peribrming  the  mnltiplioation  of  the  abore  ;(.> 
■omial  by  this  new  factor, 

a^-Aiar-»+A^-^-.  Ac,  ±A. 


TA-^g^ 


«^*— Ai«"+A^*-*— ,  &c.,  ±A.af 


x'+^-A, 


-|-^i«o+i  I 


— ,&c.,TA,a^, 


Here  the  ooelBcient  of  the  second  term  is  composed  of  A,,  die  ama  of  i3  ^ 

■eeond  tenas  of  the  a  bhiomials  (a^-^),  («— a,),  ftc,  and  o^^p  the  aeooBd  Cenn  of  de 
(a+l)^  binomial,  azid  is,  therefisre,  eqaal  to  the  smn  of  the  second  terms  of  the  «H~^  ^ 
ffllals.    The  ooe^cient  of  the  third  term   ,  ^  is  composed  of  A^  the  oom  of  tbe  in^ 

acts  of  the  n  second  tenns  two  and  two,  and  AiH^p  the  smn  of  die  n  secoad  tanna,  ^ 
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OoTiiUary  l.<^If  the  coefficient  of  the  second  term  in  any  equation  be  0, 
that  it,  if  the  second  tenn  be  absent,  the  snm  of  the  positive  roots  is  eqnal  to 
the  sum  of  the  negative  roots. 

Corollary  2. — If  the  signs  of  the  terms  of  the  equation  be  all  positive,  the 
roots  will  be  all  negative,  and  if  the  signs  be  alternately  positive  and  negative, 
the  roots  will  be  aU  positive. 

Corollary  3. — ^Every  root  of  an  equation  is  a  divisor  of  the  last  or  absolute 
term. 

mnltipUed  by  the  new  gecond  term  a„a.i ;  hence   ,  will  be  the  turn,  of  the  prodncte 

of  the  n^X  second  termi  two  and  two. 

The  last  term  A^a^^i  is  the  prodact  of  A^,  which  ia  the  product  of  aU  the  n  second  tenna 
multiplied  by  the  new  second  tenn  a„^j,  so  that  \a,ud  ^  ^®  product  of  all  the  n-fl  Beo> 
ond  terms. 

We  have  thos  proved  that  if  the  law  for  the  formation  of  the  coefficients  abore  stated 
hold  good  for  a  certain  nnmber  of  binomial  factors  n,  it  will  hold  good  for  one  more,  or  n-f-l. 
We  have  seen,  by  experiment,  that  it  holds  good  for  four*  it  therefore  holds  good  for  five  i 
if  for  five,  it  most  for  six,  and  so  on  a<2  infinitum. 

II.  One  might  imagine,  at  first  view,  that  the  above  relations  would  make  known  the 
roots.  They  give  at  once  equations  into  which  these  roots  enter,  and  which  are  equal  in 
number  to  tfie  eoefibaenta  of  the  equation  (excepting  the  coefficient  of  the  first  tenn,  which 
is  unity).  The  nnmber  of  these  coefficients  is  equal  to  the  number  of  the  roots  of  the  equa- 
tion. Unfortunately,  when  we  seek  to  resolve  these  secondary  equations,  we  are  led  to  the 
very  equation  proposed,  so  that  no  progress  is  made. 

For  simplicity,  I  will  take  the  equation  of  the  2P  degree. 

^4.P:t9-|.CU4.B=:0 (1) 

Designating  the  three  roots  by  Or  ^>  c^  we  have,  to  determine  the  roots,  the  three  le- 
latioM 

P=—a—h—c 

a=fl*-fac-Hc (2) 

To  deduce  ftom  them  an  equation  which  contains  but  the  unknown  a,  the  most  simple 
mode  of  proceeding  is,  to  multiply  the  1°  by  <^,  the  SP  by  a,  and  add  them  to  the  SP. 
There  results 

Pa^aa+A=— i^— <^fr— dte 

+M+cfi€+abe 

Eedncing,  and  transposing  the  term  — cfl,  we  have 

a?+Pa»4-aa+IL=0. 

The  unknown  quantities  b  and  c  are  thus  eliminated,  but  the  equation  resulting  is  of  the 
same  degree  with  the  proposed.  From  the  symmetrical  form  of  the  relations  (8)  we  per* 
oeive  that  the  elimination  of  a  and  6,  or  a  and  c,  would  have  been  attended  with  sinilai 


IIL  To  find  the  sum  of  the  squares  of  the  roots  of  any  equation. 
-A^=a+J-fc...-H; 

.-.  Ai«=aH-*»+<^  •  •  •  4-*»+2(«H-«+*<?+ . . . .) 
s=  sulh  of  the  squares  H-^A, : 
.'.  sum  of  squares  =A|S — 2A,. 
To  find  the  sum  of  tiie  reciprocals  of  the  roots. 

(— 1)— *  A^i=6c. . . /+«r . . . /+ad . . /+ . . 

'   a^b^e      ^l  A. 
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OoToUary  4. — ^In  any  equation,  when  the  roots  are  all  real,  and  the  tat « 
•fatolute  term  Tory  small  compared  with  the  coeflScientB  of  the  ocher  tei 
then  wiO  the  roots  of  such  an  equation  be  also  very  smalL   ' 

EXAMPLES. 

(1)  Form  the  equation  whose  roots  are  2,  3,  5,  and  — 6 

Here  we  hare  simply  to  perform  the  multiplication  indicated  in  the  e^ 
tion 

(x-2)(a:-3)(a:-6)(r+6)=0 , 
mA  this  is  best  done  by  detached  coefficients  in  the  foDowing 
1—  2  (—3 
—  3+6 
1—  6+  6  (—6 
^  5+25—30 
1—10+31—30  (6 

6.^60+186—180 
1—  4—29+156—180 
.•.x«— 42*— 292*+ 156x— 180=0  is  the  equation  aon^^ 

(2)  Form  the  equation  whose  roots  are  1,  2,  and  —3. 

(3)  Form  the  equation  whose  roots  are  3,  —4,  2+  V3t  ^nd  2 —  -/^ 

(4)  Form  the  equation  whose  roots  are  3+  -/^f  3 —  V^*  ^^  — ^ 

AlfSWEBS. 

(2)  a:»— 7r+6=0. 

(3)  X*— 3a*— 15x«+49jr— 12=0. 

(4)  x»— 32x+24=0. 

raoposiTioN  ti. 

246.  No  equation  whose  coefficients  are  all  integers,  and  that  of  the  hghal 
power  of  the  unknown  quantity  unity,  can  have  a  fractional  root. 

If  possible,  let  the  equation 

x-+A,^ia-->+...+A3i^+A^+Air+N=0, 

whose  coefficients  are  all  integral,  have  a  fractional  root,  expressed  in  its  low- 

a 
est  terms  by  v.    If  we  substitute  this  for  x,  and  multiply  the  resulting  eqoatisi 

by  6*~*,  we  shall  have 

^+^»-ifl^'H |-A,a»6-»+Aaft'»-«+N6T»=0. 

In  this  polynomial,  eveiy  term  after  the  first  is  integral ;  hence  the  first  tein 

a  ^"  i_> 

mast  be  integral  also.    But  -r  being  a  fraction  in  its  lowest  terms,  -r-  most  aw 

be  a  fraction  in  its  lowest  terms,  and  can  not  be  an  integraL     (See  Note  ti 
Art.  84.)    Therefore  the  propoeed  equation  can  not  have  a  fractional  root 

PROPOSITION    VII. 

247.  If  the  signs  of  the  alternate  terms  in  an  equation  he  changed,  the  sigm 
of  all  the  roots  will  he  changed. 

Let         a-+AiJ*->+Aaa-^+ A,»_,a:+A«=0    ....  (1) 

be  VL  equation ;  then,  changing  the  signs  of  the  alteniate  terms,  we  have 

a*— Aix— »+A,a*^— ±Ao_iar:f  A.=0  ...  (2) 

OT  -a:»+A,a*-»— A«x-^+ =FAo-ixdLA,==0  ...  (3) 
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But  equations  (3)  and  (3)  are  identical,  for  the  sdm  of  the  positive  terms  in 
each  is  equal*  to  the  sum  of  the  negative  terms,  and  therefore  they  are  identi- 
cal. Now  if  a  be  a  root  of  equation  (1),  and  if  a  be  substituted  for  x  in  eqna- 
lion  (1)  and  — a  in  equation  (2),  if  n  be  an  even  number,  or  in  equation  (3) 
if  n  be  an  odd  number,  the  results  will  be  the  very  same ;  and  since  the  for- 
trior  is  verified  by  such  substitution,  a  being  a  root,  the  latter,  viz.,  equation 
(2)  or  (3),  as  the  case  may  be,  is  also  verified,  and  therefore  ^a  is  a  root  of 
the  identical  equations  (2)  and  (3). 

Corollary, — If  the  signs  of  all  the  terms  are  changed,  the  signs  of  the  roots 
remain  unchanged. 

EXAMPLES. 

(]  )  The  roots  of  the  equation  x^— 6a:^-f  11x^6 r=0  are  1,  2,  3.    What  are 
the  roots  of  the  equation  x'+62*+llx+6=0? 

Ans.  —1,  —2,  —3. 
(2)  The  rooto  of  the  equation  i*— 62*4- 24x— 16=0  are  2,  —2,  3±  y/b, 
Kxprefc  the  equation  whose  roots  are  2,  --2,  — 34-  V^t  <uid  —3 —  y/b. 

Ans.  x*+6x»— 24x— 16=0. 

PROPOSITION  VIII. 

248.  Surds  and  impossible  roots  enter  equations  by  pairs, 
Letx"+AiX'»"*+Aar*"*+....AB_iX+An=0  be  an  equation  having  a  root 

of  the  form  a+b  -y/— 1,  then  wiU  a^by/ — 1  be  also  a  root  of  the  equation ; 

for,  let  a-^-by/  —  1  be  substituted  for  x  in  the  equation,  and  we  have 

(a+6  V^)»+ Ai(a+6 /=T)'^i+ . . . .  A„_i(a+&  V^)+ An==^^ 
Now,  by  expanding  the  several  terms  of  this  equation,  we  shall  have  a  series 
of  monomials,  all  of  which  will  be  real  except  the  odd  powers  of  5  V — 1» 
which  will  be  imaginary.    Let  P  repreeent  the  sum  of  the  real  and  Q  y/~^ 
the  sum  of  the  imaginary  terms  of  the  expanded  equation ;  then 

P+QV"3r=0, 
an  equation  which  can  exist  only  when  P=0  and  Q=0,  for  the  imaginary 
quantities  can  not  cancel  the  real  ones,  but  the  real  must  cancel  one  another, 
and  the  imaginary  one  another  separately. 

Again,  let  a — 6  V  — 1  be  substituted  for  x  in  the  proposed  equation ;  then 
the  only  difference  in  the  expanded  result  will  be  in  the  signs  of  the  odd  powers 
of  6  •/  »1,  and  the  coUected  monomials,  by  the  previous  notation,  will  assume 
the  form  P— QV— 1  but  we  have  seen  that  P=0  and  Q=0 ; 
.-.  P— Q/IIl=0, 

and  hence  a — b^  — 1  also  verifies  the  equation,  and  is  therefore  a  root 

Such  roots  are  called  conjugate. 

In  a  similar  manner,  it  is  proved  that  if  a-j-  V^  ho  one  root  of  an  equation^ 
a—y/h  will  also  be  a  root  of  that  equation. 

Corollary  1. — An  equation  which  has  impossible  roots  is  divisible  by 

|x-.(a+6  V"^)|}a:--(a— 2>/IIT)},  or  a^— 2ax+tf«+5», 

and,  therefore,  every  equation  may  be  resolved  into  rational  factors,  simple  or 
q  ladratic 
Corollary  2. — All  the  roots  of  an  equation  of  an  even  degree  may  be  impos- 
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•ible,  but  if  they  are  not  all  imposaible,  the  eqnatioq  mnst  bafe  at  fet^  rtc 
real  roots. 

Corollary  3. — The  product  of  every  pair  (^  impoaaiUe  roots  beiof  &i& 
form  a' 4-^  is  poeitWe;  and,  therefore,  the  absolute  term  of  an  eqas 
whose  roots  are  all  impossible  must  be  positive. 

Corollary  4. — Every  equation  of  an  odd  degree  has  at  least  one  Faim 
and  if  there  be  but  one,  that  root  must  necessarily  have  a  contrary  s^  a 
that  of  the  last  term. 

CoroUary  5. — Every  equation  of  an  even  degree  whose  last  term  b  iss- 
live  has  at  least  two  real  roots,  and  if  there  be  but  two,  the  one  is  posiss* 
and  the  other  negative. 

PRorosiTioir  ix. 

249.  The  mroot^  of  ike  equation  lL:^Qtix 

a:«+Px«-i+qr'"-«+,  &c  =0 [A] 

must  he  of  the  form  a-f  6  V  — 1«  of  which  foim  we  have  already  shown  (Ar. 
241)  that  it  must  have  one. 

For,  let  a-\-h^ — 1  be  the  root  whose  existence  is  demonstrated.  W{ 
know  (Prop.  II.)  that  the  polynomial  3^-\- ,  &c.,  is  divisible  by  j: — (a  -j-'J  -/-: 
but  when  we  effect  this  division,  the  quantities  a-\-hy/  —  1,  P,  Q,  &c..  c£ 
combine  only  by  addition,  by  subtraction,  and  by  multiplication ;  then  tbe  r> 
efficients  of  the  quotient  a:"^^-f-,  &c.,  will  still  be  of  the  form  a-f-W-- 
Consequently,  the  equation  x'*~*-|-«  ^*f  ^^  ^^  ha:9e  at  least  one  root  of  di' 
form  a'+h'  V^— i ;  divid'mg  a*»-^+,  &c.,  by  ar— (a'+  h'  yf — 1),  the  coeffid«?a 
of  the  quotient  x"'^4~t  ^*^  ^^  be  still  of  the  same  form.  QDotiouit^  u 
reason  thus,  it  is  evident  that  the  primitive  polynomial  X  will  be  divided  iis« 
m  factors  of  the  form  x — (a.^h'^J — 1),  and,  consequently,  the  roots  of  die 
equation  will  all  be  of  the  form  a-|-&  V  -— 1* 

PROPOSITION  X.  ^ 

250.  The  roots  of  the  two  conjugate  equations^ 

Y+Z,/^=0 (1) 

Y-ZV-1=0 (2) 

mU  be  conjugates  of  each  other.  , 

hetxs&a+b  yf^  bearoot  of  equation  (1),  and  Y'+Z'  '/^  the  qoodcit 

of  its  first  member,  by  x^a — 6-/  — l«we  have  the  identity 

(Y'+ZV'^)(a:--a— 6/^)=Y+Zv^iri (3) 

Effecting  the  multiplication  in  the  1°  member,  we  find 

(3r-a)Y'+6Z'+[(ar-a)Z'-5Y']  /^ 
Changing  now  in  the  two  factors  Z'  into  -^Z\  and  b  into  — 6,  we  9e«  tin: 

in  the  product  the  part  which  does  not  contain  V — 1  remains  the  same,  aod 

that  that  which  does  contain  V^-*!  only  changes  its  sign;  by  virtae of  (>)/< 

therefore,  we  have 

(Y'-.ZV'^)(*— fl+&V'^)==Y— Z-/^  •  •  •  .  (4) 
From  whence  we  conclude  that  a —5  y/ —l  is  a  root  of  (2) ;  that  is,  aDthe  ro(^ 
«f  (^)  are  obtained  by  changing  in  those  of  (1)  the  sign  of  V  — 1.    The  rai 
mots,  according  to  this,  must  be  the  same  in  the  two  equations* 
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We  may  now  ooDsider  the  following  beautiful  proposition  as  demonstrated 
firom  the  foregoing. 

PROPOSITIOir  XI. 

An  algebraic  equation  which  has  real  coefficients  is  always  composed  of  as 
many  realfaet&rs  of  the  l^  degree  as  it  has  real  roots,  and  of  as  many  real 
factors  of  ike  2®  degree  as  it  has  pairs  of  imaginary  roots. 

DEPRESSION  OR  ELEVATION  OF  ROOTS  OF  EaUATION& 

PROPOSITION. 

251.  To  transform  an  equation  into  another  whose  roots  shall  he  the  roots  oj 
the  proposed  equation  increased  or  diminished  by  any  given  quantity. 

Let  aa:°+Aia*-*+A9a*-«+ Ab--iX+A„=0,  be  an  equation,  and  let  it 

be  required  to  transform  it  into  an  equation  whose  roots  shall  be  the  roots  of 
this  equation  diminished  by  r. 

This  transformation  might  be  effected  by  substituting  y-^-r  for  x  in  the  pro- 
posed equation,  and  the  resulting  equation  in  y  would  be  that  required ;  but 
this  operation  is  generally  very  tedious,  and  we  must  therefore  have  recourse 
to  some  more  simple  mode  of  forming  the  transformed  equation.  If  we  write 
y+r  for  ai  in  the  proposed  equation,  it  will  obviously  be  an  equation  of  the 
veiy  same  dimensions,  and  its  form  will  evidently  be 

ar+Biy»-i+B,y-«+.....B„_iy+BB=0 (!)• 

In  which  Bi,  Ba,  &c.,  will  be  polynomials  involving  r.    But  y=r — r,  and  there- 
fore (1)  becomes 

a(x-r)»+Bi(ar-.r)«->+ B„^x(x-r)+B„=:0    .  .  (2) 

which,  when  developed,  must  be  identical  with  the  proposed  equation ;  for, 
since  y-\-r  was  substituted  for  x  in  the  proposed,  and  then  x— r  for  y  'm  (!) 
the  transformed  equation,  we  must  necessarily  have  reverted  to  the  original 
equation ;  hence  we  have 
a(ar-r)»+Bi(x— r)»-»+..B^i{x— r)+B.=ax»+A,x»-i+  ..  A«x+A». 

*  It  will  be  of  the  same  form  with  the  development  in  the  note  to  (Art  339).  We  give 
it  agun  below,  arranged  according  to  the  powers  of  r  instead  of  y.  After  snbatituting  y^^-r 
fiv  X,  we  write  the  development  of  each  term  of  the  proposed  equation  in  a  horizontal  line ; 
the  first  horizontd  line  is  the  derelopment  of  ox*,  the  second  of  Ai^->,  and  so  on. 


a^+an^'r  |  ""i'T^-'f^        +. 


1.2 


+A.. 
In  which  the  first  oolnxnn  is  of  the  same  form  as  the  proposed  equation ;  the  second 
oolomn,  or  coefficient  of  r,  is  derived  fiom  the  first  by  multiplying  the  coefficient  of  each 
term  by  its  exponent,  and  diminishing  the  exponent  by  nnity ;  the  third  column,  or  coeffi- 

dent  of  — zt  ia  derived  itom  the  second  in  a  similar  manner,  and  so  on. 

i.y 

If  we  designate  hyf{x)  the  first  member  of  the  given  equation,  and  hjf*(z)  the  fint  dO" 
lived  fiinctioo,  hyf(x)  the  second  derived,  and  so  on,  we  shall  have 

f  («+r)=/W4/'Wr+-'-j^f»H-^j75:5'*+.  *o. 
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Now,  if  we  diride  ifae  first  member  by  x—r,  every  term  will  endendy  be  Sis- 
ible,  except  the  last,  Bb*  which  will  be  the  remainder,  and  the  qoocieiitiiiK 

a(r-r)-'+B,(ar-.r)-^+ B_(r-r)+B.^, ; 

and  since  tne  second  member  is  identical  with  the  first,  the  very  same  tpam 
and  remainder  would  arise  by  dividing  this  second  member  also  by  j^r 
hence  it  appears  that  if  the  first  member  of  the  original  equation  be  divided  bf 
2— r,  the  remainder  will  be  the  last  or  absolute  term  of  the  songht  transfonofd 
equation. 
Again,  if  we  divide  the  quotient  thus  obtained,  vis., 

a(a:-.r)->+B,(r-.r)— +  ....  B.^(x-r)+B^ 
by  X— *r,  the  remainder  will  obviously  be  B..!*  the  coefficient  of  the  termW 
but  one  in  the  transformed  equation ;  and  thus,  by  successive  divisions  of  V» 
polynomial  in  the  first  member  of  the  proposed  equation  by  x — r,  we  sbil!  ob- 
tain the  whole  of  the  coefficients  of  the  required  equation. 

auLX. 

Let  the  polynomial  in  the  first  member  of  the  proposed  eqfuatioa  be  s  fi]Il^ 
tion  of  7,  and  r  the  quantity  by  which  the  roots  of  the  equation  are  to  be  (&- 
minished  or  increased ;  then  divide  the  proposed  polynomial  by  x — r,  or  j-|-r 
according  as  the  roots  of  the  proposed  equation  are  to  be  diminished  or  id- 
creased,  and  the  quotient  thus  obtained  by  the  same  divisor,  giving  a  second 
quotient,  which  divide  by  the  same  divisor,  and  so  on  tin  the  division  tenni- 
nates ;  then  will  the  coefficients  of  the  transformed  equation,  beginning  widi 
the  highest  power  of  the  unknown  quantity,  be  the  coefficient  of  the  higbest 
power  of  the  unknown  quantity  in  the  proposed  equation,  and  the  several  n- 
maindors  arising  from  the  successive  divisions  taken  in  a  reverse  order,  tbe 
first  remainder  being  the  last  or  absolute  term  in  the  req[nired  transformed 
equation. 

Note. — When  there  is  an  absent  term  in  the  equation,  its  place  roust  be 
supplied  with  a  cipher. 

EXAMPLES. 

(1)  Transform  the  equation  5j:*— 122*+ 32*-4-4x— 5=0  into  another  whm 
roots  shall  be  less  than  those  of  the  proposed  equation  by  2. 

r— 2)  to*— 12i»+3j«+4r— 6  (&j»— 2a«— x+2 

to*— 10x» 

— 2i:»+3z« 
— 2i;»+43* 


— a:«4.4x 
— j*+23r 

2x— 6 
2j— 4 
—1.    First  remainder. 
X— 2)  6a»— 2a*— ar+2  (5a*+8r+16 
5j*— 10j» 

8x«— 16.r 


15j+  2 
15x— 30 


32.    Second  remamdar. 
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«— 2)  6z«+&r+15  (&r+18 

iar+16 
18r—36 

51.    Third  remainder 
ar^2)5x+18(6 
6x— 10 


5- 

-12 

10 

-  2 

+  3 

—  4 

—  1 

10 

16 

8 

15 

10 

36 

18 

61 

28.    Fonrtfa  remainder. 
Tl  jerefore  the  tranaformed  equation  is 

6y«+28y*+6iy»+32y— 1=0. 
This  laborious  operation  can  be  avoided  by  Homer  $  Synthetic  Method  of 
division,  and  its  great  superiority  over  the  usual  method  will  be  at  once  ap- 
parent by  comparing  the  subsequent  elegant  process  with  the  work  above. 
Taking  the  same  example,  and  writing  the  modified  or  changed  term  of  the 
divisor  x — 2  on  the  right  hand  instead  of  the  left,  the  whole  of  the  work  wiO 
he  thus  arranged : 

+  4  -6  (2 
—  2       4 

2  —1  .•.  B4=— 1 
30 
32  .-.  B3=32 

...  .-.  B,=51 
10 

28  .-.  Bi=:28 
.*.  5^4~^^^+^^^+32y— 1=0  is  the  required  equation,  as  before. 

(2)  Transform  the  equation  5y-f-28y>-f5l2/^-f 32y— >1=0  into  anothei 
having  its  roots  greater  by  2  than  those  of  the  proposed  equation. 

6+28+     61  +32  —1  (—2 
—10     —36  —30  —4 

18         15        2  —5 

—10     —16 2 

8—14 
—10     4 

—  2  3 

—10 

—12 
.*.  So:*— 12r*+3a^+4x — 6=0  is  the  sought  equation,  which,  from  the  tnns- 
formations  we  have  made,  must  be  the  original  equation  in  Example  1. 

(3)  Find  the  equation  whose  roots  are  less  by  1*7  than  those  of  the  equation 

28— 22»+3z— 4=0. 
1_2  +3  —4(1 

1  —1  _2 

—1       2  —2 

1  0 

0       9 

I 
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Now  we  know  the  equatjoo  whose  roots  are  less  by  1  than  tluwefii 
giveo  equation  *  it  is  a:*4~^+^ — 3=0 ;  and  by  a  sinular  proceas  far -T^ii- 
iiiembering  the  localities  of  the  decimals,  we  have  the  re^iiirad  eqoaJB; 
thus: 

1+1      +2        —2  (-7 

.7       1-19       2-233 

1-7       3-19         -233 
7       1-68 


2-4       4-87 

7 


31 
•'*  ^+3*l^-t-4*87y+'233s=:0  is  die  rMjaired  eqnstioii. 
This  latter  operation  can  be  continued  from  the  former  'vridioiit 
the  coefficients  anew  in  a  horizontal  line,  recoarse  being  had  Co  Cfak  seeoa. 
operation  merely  to  show  the  several  steps  in  the  transformatioD,  and  to  poiA 
out  the  equations  at  each  step  of  the  successive  diminatioiis  of  the  ma 
Combining  these  two  operations,  then,  we  have  the  aubaeqiiaiit  mmBp- 


1-2 

X              1 

—1 

+3 

— 1 
2 

—4  (1-7 

2 
—2 

1 

0 

0 
2 

2-233 
•233 

1 
1-7 

1-19 
3-19 

•7 

1-68 

2-4 

4-87 

•7 
31 

1—2 

1-7 

+3 
-  -51 

-.4(1-7 
4-238 

—  -3 

2*49 

•233 

1-7 
1-4 

2-38 

4-87 

1-7 

31 

Wo  have  then  die  same  resulting  equation  as  before,  and  in  tlia  lattsr  i 
these  we  have  used  1^7  at  once.  It  is  always  better,  faowoTer,  lo  reda» 
continuously  as  in  the  former,  to  avoid  mistakes  incident  to  the  multiplier  1*7. 

(4)  Find  the  equation  whose  roots  shall  be  less  by  1  than  those  of  tk 
equation 

J*— 7.r+7=0. 

(5)  Find  the  equation  whose  roou  shall  be  less  by  3  than  the  roots  of  the 
equation 

ar«— 3x»— 15j«+49r— 12=0, 
and  transform  the  resulting  equation  into  another  whose  roots  shall  be  greatar 
by  4. 
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(6)  Give  the  equation  whose  roots  shall  be  less  by  10  than  the  roots  of  the 
equation 

x<+2a:8+3za+4x— 12340=0. 

(7)  Give  the  equation  whose  roots  shall  be  less  bj  2  than  those  of  the 
equation 

a:«+2a;'— 6j:«-.10ar+8=0. 

(8)  Give  the  equation  whose  roots  shall  each  be  less  by  ^  than  the  roots  M 
che  equation 

2x*— 6a:»+4z«— 2x+l=0. 

ANSWE&S. 

(4)  y»+3y«-.4y+l=0 whence  zs=y+  1 

(5)  y*+9y'+12y»— 14y=0 whence  a: =y+  3 

andz*— 7r»+66z— 72=0 whence  x=z—  1 

(^)  y^+42y3+663y«+4664y=0 whence  x=y+10 

(7)  y»+10y*+42y»+862/«+70y+12=0 whence  a:=y+  2 

(8)  23^-2y»-2y«-fy+J=0 whence  a:=y+  j 

PROPOSITION 

252.  J^lhe  real  roots  of  an  equatUm,  taken  in  ike  order  of  their  magnitttdes,  he 

«i>  «a»  ^3»  fl4»  ^s» 

where  a|t5  the  greatest,  a^  the  next,  and  so  on ;  then  if  a  series  <f  numbers, 

ftp  hsf  63,  ^4,  ftj, 

m  which  bj  is  greater  than  81,  b^  a  number  between  a|  ane^  a^,  b,  a  numhet 
between  a^  an(f  83,  an<^  «o  on,  &e  substituted  for  xin  (he  proposed  equation, 
the  restdts  will  be  alternately  positive  and  negative. 

The  polynomial  in  the  first  member  of  the  proposed  equation  ii  the  product 
T)f  the  simple  factors 

(a:— a,){^— <»«)(^— «3)(^— «4) 

and  quadratic  factors,  involving  the  imaginary  roots ;  but  the  quadratic  factors 
have  always  a  positive  value  for  every  real  value  of  x  (Art.  248,  Cor.  3) ;  there- 
fore  we  may  omit  these  positive  factors ;  and  substituting  for  x  the  proposed 
series  of  values,  &i,  &2«  ^s*  ^<^*«  ^®  hja:9e  these  results : 

(ft,  -ai)(fti  -ao)(fti -«3)(fci -«4)  . . .  •  =+.+.+.+ =+ 

(6a— a,)(6s— aa)(6,— a3)(6a— a^) ....  =^.+.+.+ =.^ 

(*3— ^iK^'a— aa)(^3— flsM^a— ^4)  •  •  •  •  = 1-+ =  + 

(i4-^i)(fr4— flaK^— «3)(2'4-«4)  •  •  •  •  =— V =  — 

&c.  dec.  dec. 

Corollary  1. — If  two  numbers  be  successively  substituted  for  x  in  any  equa 
tion,  and  give  results  with  diflferent  signs,  then  between  these  numbers  there 
must  be  one,  three,  five,  or  some  odd  number  of  roots. 

Corollary  2. — If  the  results  of  the  substitution  in  corollary  1  are  affected 
with  like  signs,  then  between  these  numbers  there  must  be  two,  four,  or  some 
eren  number  of  roots,  or  no  root  between  these  numbers. 

Corollary  3. — If  any  quantity  q,  and  every  quantity  greater  than  q,  renders 
the  result  positive,  then  q  is  greater  than  the  greatest  root  of  the  equation. 

Corollary  4. — Hence^if  the  signs  of  the  alternate  terms  be  changed,  and  if 
p,  and  every  quantity  greater  than  p,  renders  the  result  positive,  tiien  -»p  is 
less  than  the  least  root. 
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EXAMPLK. 

Find  the  initial  figure  in  one  of  the  roots  of  the  equatkMi 

x3— 4:r«— 6x+8=0. 
Here  one  value  of  x  does  not  differ  greatly  from  unity,  for  the  vil»«& 
ipyen  polynomial,  when  xr=l,  is  —1,  and  when  x=-9,  it  is  found  timi: 
1—4—6      +8  (-9 
'9—279—7911 
— 31— 8-79+ MDi89. 
The  value,  therefore,  when  x=*9  is  (Art.  251)  '089.     Hence  die  kmr 
alne  being  negative,  and  the  latter  positive,  the  initial  figure  of  one  roock- 

PROPOSITION. 

253.  CHven  an  equation  of  the  n*^  degree  to  determine  another  of  the  (d-1^ 
legree,  such  that  the  real  roots  of  the  former  shall  separate  those  of  ike.  ls£c- 
Let  a,,  <i3,  ag,  04, ....  An  be  the  roots  taken  in  order  of  the  eqnatioo 

a-+A,x— >+Aaa— »-1 A^x+A„=0 ; 

then  diminishing  the  roots  of  this  equation  by  r  (Art  251),  wa  have  t]»^ 
lowing  process,  viz. : 

1+A,+  Aa+ A^+  A.^,+  Ao  (r 

rB^    rB^     tB^ 


r 

rB. 

57 

1; 

Whence 

r 

CiH-i— A.-I+ 

rB._, 

.+  .»• 

B^ 


B^ 


B. 


=AiH-i+  r(A^+  r  B^)+  r{\^  +r  B^+rC^) 
r=A^i+2r  A^+2i*  B.,,  +  1*  C^^-, 

=A,-i+2r  A^+2i*(A^  +  r  B^^)+f*(A^+TB^+rC^) 
=A.-i+2r  A^+3i*  A^  +3r»  B.-4  +1*  C,^ 


=A.-,+2r  Ai»-,+3r«  Ai,-^  + (n— l)r^Ai+ii;^. 


C^i=:nr-»+(n— l)A,r«»^+(n— 2)A,r-»+  . .  .  2A._^r+A^i.  .  (If 
Again,  the  roots  of  the  trensformed  equation  will  evidently  be 
tfi— r,  Oj— r,  Oa— r,  04— »"»  ....  Oa— r,  , 
and  as  we  have  found  the  coefficient,  Cb~i«  of  the  last  term  but  one  in  tbf 
transformed  equation,  by  one  process,  we  shall  now  find  the  same  coefficia& 
C^i,  by  another  process  (Prop.  V.,  p.  309) ;  it  is  the  product  of  eveiy  («-l) 
roots  of  the  equation  (1)  with  thebr  signs  changed ;  hence  we  have 

Cn-i=(r— ai)(r— a9)(r— fls) to  (n—l)  factors  ' 

+(r— ai)(r— a3)(r— 04) to  (n— 1)  factors 

4-(r— ai)(r— a3)(r— 04) to  (n— 1)  fiictora  ^^  (jj 


+(»■— ««)(»• — a9)(»*— a4) to  (n— l)^ictors 

Now  these  two  expressions  which  we  have  obtained  for  C..i  are  equal  to 
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one  another,  aud,  therefore,  whatever  changes  arise  by  substitutiuu  in  the 
one,  the  same  changes  will  be  produced,  by  a  like  substitution,  in  the  other; 
nence,  substituting  ai,  o^,  as,  &c.,  successively  for  r  in  the  second  member  of 
equation  (2),  we  have  these  results : 

(fli— a2)(ai— flaXdi— a^) =  +  .+.-(. =.+ 

(a,— ai)(aa— a3)(a8— ^4) = h.+ =  — 

(aj— ai)(as— OajCas— ^4) = .+ =5+ 

&e.  &c.  dec. 

But  when  a  series  of  quantities,  ai,  as,  03,  o^,  &c.,  are  substituted  for  the 
unknown  quantity  in  any  equation,  an^  give  results  which  are  idtemately  4- 
and  ^,  then,  by  Art.  252,  these  quantities,  taken  in  order,  are  situated  in  the 
anccessive  intervals  of  the  real  roots  of  the  proposed  equation ;  hence,  making 
Cb-.i=0,  and  changing  r  into  x,  we  have  from  equation  (1) 

nar»-»+(n»-l)Aia*-^+(n— 2)A»2--«4.....2A.^,r+A|,-i=0  •  .  .  (3) 
an  equation  whose  roots,  therefore,  separate  those  of  the  original  equation 
a-+Aia*-i+ A»i--»H .  A»_iar+A.=0, 

and  the  manner  of  deriving  it  from  the  proposed  equation  is  to  multiply  each 
term  of  the  proposed  equation  by  the  exponent  of  x,  and  to  diminish  the  ex- 
ponent one.  It  is  identical  with  the  second  column  of  the  development  in 
the  note  to  Article  251.  It  is  known  by  the  name  of  the  derived  equa- 
tion. 

Let  Ai,  Os,  Oa,  04,  dec,  be  the  roots  of  the  proposed  equation,  and  5i,  5s,  b^, 
&:c.,  those  of  the  derived  equation  (3),  ranged  in  the  order  of  magnitude ;  then 
the  roots  of  both  the  given,  and  the  derived  equation  will  be  represented  id 
order  of  magnitude  by  the  following  arrangement,  viz. : 

flu  5n  Oil  ^ai  ^3*  ^»  ^41  ^4,  a^t  ^6,  &c.  ."  . 

CoroUary  1. — If  (is=<iiy  then  r^ai  will  be  found  as  a  factor  in  each  of  the 
groups  of  fectors  in  equation  (2),  which  has  been  shown  to  be  the  separating 
equation  (3),  and,  therefore,  the  separating  equation  and  the  original  equation 
win  obviously  have  a  common  measure  of  the  form  x— ai. 

CoroUary  2. — ^If  at^=(hs=:au  then  (r — ai)(r— ai)  will  occur  as  a  common 
factor  in  each  group  of  factors  in  (2) ;  that  is,  the  separating  equation  (3)  is  divis- 
ible by  (x — ai)*i  and,  therefore,  the  proposed  equation  and  the  separating  equa« 
lion  have  a  common  measure  of  the  form  (x — Oi)** 

Corollan^3. — If  the  proposed  equation  have  also  afssos,  then  it  will  have  a 
common  measure  with  the  separating  equation  of  the  form  (x^ai)'  (x— -^), 
and  10  on. 

Sfholium, — When,  therefore,  we  wish  to  ascertain  whether  a  proposed 
equation  has  eqtud  roots^  we  must  first  find  the  separating  equation,  and  then  find 
the  greatest  common  measure  of  the  polynomials  constituting  the  first  mem- 
berB  of  these  tvvo  equations.    If  the  greatest  common  measure  be  of  the  form 

(x-ai)P  (x-fls)''  (x^(hY 

then  the  proposed  equation  will  have  (p+l)  roots  sstfi,  (q+l)  roots  asos 
(f-f  1)  roots  sszOi,  ice.  The  equation  may  then  be  depressed  to  another  of 
lower  dimensions,  by  dividmg  it  by  the  difiference  between  x  and  the  repeated 
root  raised  to  a  power  of  the  degree  expressed  by  the  number  of  times  it  is 
repeated. 

X 
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EXAMTLBS. 
Find  the  equal  roots  of  the  equ&tion 

x»+5a«+6x»— 6x*— 15i»— 3j*+8r+4s=:0 (1) 

The  derived  polynomial  is 

7i»+30a*+30x*— 24a:»— 45x«— 6x+8 (S 

and  the  common  divisor  of  (1)  and  (2) 

ar«+3x»+a^— 3ar— 2 (3j 

The  values  of  r,  found  by  putting  this  equal  to  zero,  would  be  the  nptm 
roots  of  the  proposed  equation.  This  itself  will  be  foond  to  have  eqosl  vm 
for  its  derived  is 

4i»+9x«if.2i— 3, 
and  their  common  divisor 

x+l. 


Hence,  by  the  rule, 
is  a  factor  of  (3),  and 


(^+ir w 


a  frctor  of  the  proposed. 
Dividing  (3)  by  (4),  the  quotient  is 

which,  put  equal  to  zero,  gives 

ar=l,  or  —2. 
Hence  (3)  may  be  put  under  the  form 

.     (r+l)«(*-l)(x+2), 
and  by  the  rule  in  the  above  scholium  the  given  equation  nmj  b«  pA  oKis 
the  form 

(x+l)»(x-l)«(x+2)*. 
so  that  in  the  proposed  equation  there  are  three  roots  equal  to  — 1,  tm  s 
-^1,  and  two  to  — 2. 

(2)  a*— 3a«x— 2a»=:0. 
By  tke  process  above  it  may  be  transformed  into 

{x+ay  (x-2fl)=0, 
so  that  the  three  roots  are  two  equal  to  —a,  and  the  third  2a. 

(3)  x«-.12x'+63x«— 922»—9x<+212x»— 153a*— lOSr+lOSssO 
decomposes  into 

(x— 1)  (a^2)»  (x+l)«  (x-.3)»s=0. 
254.  The  mqfit  satisfactoiy  and  unfailing  criterion  for  the  detenmostiflBt^ 
the  number  of  imaginary  roots  in  any  equation  is  furnished  by  the  ndaanik 
theorem  of  Sturm,  which  gives  the  precise  number  of  real  roots,  and,  eooi»' 
quently,  the  exact  number  of  imaginaiy  ones,  since  both  the  real  and  iaap* 
nary  roots  are  together  equal  to  the  number  denoted  by  tiia  degree  of  tbp 
proposed  equation. 

PROPOSITION. 

To  find  the  number  of  real  and  imaginary  roots  in  any  proposed  eqmattfm. 

The  acknowledged  difficulty  which  has  hitherto  been  experienced  in  die 
important  problem  of  the  separation  of  the  real  and  imaginaiy  rwAcftoj 
proposed  equation  is  now  completely  removed  by  the  recent  vahishls  iv- 
searches  of  the  celebrated  Sturm ;  and  we  shall  now  give  die  demaostniiii 
of  the  theorem  by  which  this  desirable  object  has  been  so  fnHy  acconqifah 
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ed,  nearly  as  given  by  the  anther  himself,  deepaing  it  far  more  satisftctory  than 
any  other  version  which  we  have  seen. 

THEOKEM  OF  STUBM. 

I.  Let  Nx-+Pa«-»+Qx— •+ +Tx+U=0 

be  a  numerical  equation  of  any  degree  whatever,  of  which  it  is  proposed  to 
determine  all  the  real  roots. 

We  begin  by  performing  upon  this  equation  the  operation  which  serves  to  de- 
termine whether  or  not  it  has  equal  roots  (Art.  253,  Sch.),  in  a  manner  which 
we  proceed  to  point  out  If  V  designate  the  entire  function  Naif +P*'*~*+» 
Scc^y  and  Vi  its  derived  function  (which  is  formed  by  multiplying  each  term 
of  V  by  the  exponent  of  x  in  this  term,  and  diminishing  that  exponent  by  uni- 
ty )f  we  must  seek  for  the  greatest  common  divisor  of  the  two  polynomials  V 
and  Vi.  Divide,  at  first,  V  by  Vi,  and  when  a  remainder  is  obtained  of  a 
degree  inferior  to  that  of  the  divisor  Vi,  change  the  signs  of  all  the  terms  *of 
this  remainder  (the  signs  -f-  into  —  and  —  into  -f-)*  Besignate  by  Vg  what 
this  remainder  becomes  after  the  change  of  signs.  Divide  in  the  same  man- 
ner y  1  by  Va,  and,  after  having  changed  the  signs  of  the  renuiinder,  it  becomes 
a  new  polynomial  V^,  of  a  degree  inferior  to  that  of  Vf  The  division  of 
^^ri  by  Vg  conducts,  in  the  same  manner,  to  a  function  /«,  which  will  be  the 
remainder  resulting  from  this  division  after  having  changed  the  signs.  This 
series  of  divisions  is  to  be  continued,  taking  care  to  change  the  signs  of  the 
terms  of  each  remainder.  This  change  of  aigns,  which  would  be  useless  if 
our  object  was  to  find  the  greatest  common  divisor  of  the  polynomials  V  and 
Vi,  is  necessary  in  the  theory  about  to  be  explained.  As  the  degrees  of  the 
successive  remainders  go  on  diminishing,  we  arrive  finally  either  at  a  numeri- 
cal remainder  independent  of  x,  and  differing  from  zero,  or  at  a  remainder  a 
function  of  x,  which  exactly  divides  the  preceding  remainder. 
We  shall  examine  these  two  cases  separately. 

II.  Suppose,  in  the  first  place,  that,  after  a  certain  number  of  divisions,  we 
arrive  at  a  numerical  remainder,  which  may  be  represented  by  Vf 

In  this  case  we  know  that  the  equation  V:=0  has  no  equal  roots,  since  the 
polynomials  V  and  V i  have  no  common  dbisor  function  of  x.  Representing  by 
Qi,  Q9....Qr_i,  the  quotients  given  by  the  successive  divisions,  which  leave 
for  remunders  —  V^,  ^V,. . .  .-^  Vr,  we  have  this  series  of  equalities : 

V,=V3Q3-V4 (1) 

rhus  much  being  premised,  the  consideration  of  this  system  of  functiom 

V,  Vi,  Vji . . .  JVr  furnishes  a  sure  and  easy  means  of  knowing  how  many  retd 

oots  the  equation  V=0  /uu  comprehended  between  two  numbers  A  and  B  of 

any  magnitude  or  signs  whateter^  B  being  greater  than  A.     The  following  is 

the  rule  which  attains  this  object : 

Substitute  in  place  of  x  the  number  A  in  all  the  functions  V,  Vi,  Vg . . . . 
V,^i,  Vn  then  write  in  order,  in  one  line,  the  signs  of  the  results,  and  count 
the  number  of  variations  which  are  found  in  this  succession  of  signs.  Write, 
in  the  same  manner,  the  succession  of  signs  which  these  same  functions  take 
by  the  substitution  of  the  other  nunobsr  B,  and  cciust  the  number  of  variation! 
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which  are  found  in  this  second  succession.  The  number  ofvaria.<su^^: 
htu  less  than  the  first  tnll  be  the  number  of  real  roots  of  the  efiotmX^' 
comprehended  between  the  numbers  A  and  B.  ffthe  second  sueeesMnki 
many  variations  as  the  firsts  the  equation  Y ssO  has  no  real  root  htbeu  l 
ofu/B. 

III.  We  shall  demonstrale  Uiis  theorem  by  eiamimng  how  the  mmlieri 
variations  formed  by  the  signs  of  the  functions  V ,  Vi,  V, . . .  V„  fitrur  -• 
value  whatever  of  x,  can  change,  when  x  passes  through  different  stale  r 
tnagnitude. 

Whatever  may  be  the  signs  of  these  functions  for  one  det^irminata  nk^ 
X,  when  x  increases  by  insensible  degrees  to  beyond  this  Talue,  there  can  :2v 
place  no  change  of  signs  in  this  succession  of  signs,  unless  one  of  the  fon^.^ 
V,  Vi . . .,  changes  sign,  and,  consequently  (155,  note  3°),  becomes zr. 
There  are  then  two  cases  to  examine,  according  as  the  function  wfakb  fin- 
ishes is  the  first,  V,  or  some  one  of  the  other  functions,  V,,  V^  • . .  Vr_...> 
termediate  between  V  and'Y,:  the  last,  Vn  can  not  change  sign,  since  tkt 
number  positive  or  negative. 

IV.  Let  us  see  first  what  alteration  the  succession  of  signs  expwienceswk 
X,  in  increasing  in  a  continuous  manner,  attains  and  passes  bj  a  valoe  wL;:: 
destroys  the  first  function  V.  Designate  this  value  by  c.  The  fonctioQ  V 
derived  from  V,  can  not  be  sero  at  the  same  time  with  V  for  x=c,  bean 
by  the  hypothesis  the  equation  V ssO  has  not  equal  roots.  We  see,  beaki 
by  the  equations  (1),  without  falling  back  upon  the  theoiy  of  equal  rools.  rj; 
if  the  functions  V  and  Vj  were  zero  for  x^c^  all  the  other  functioDs,  VJ 

. . .,  and,  finally,  Vn  would  be  zero  at  the  same  time ;  but,  on  the  coonnrJ 
is  by^  hypothesis  a  number  different  from  zero.  V|  has  then  for  x=:c  t  f^ 
different  from  zero,  positive  or  negative. 

Let  us  consider  values  of  x  very  little  different  from  c.  If  in  deagntio^  i? 
u  a  positive  quantity  as  snoall  as  we  please,  we  make  by  tuns  x=C't  ii:>^ 
xs=c-|-ii,  the  fhnction  V  i  will  have  for  these  two  values  of  x  the  aame  sir 
that  it  has  for  xssc ;  because  we  can  take  u  sufilciently  small,  to  insore  ditfV, 
shall  have  for  these  two  values  of  x  the  same  sign  that  it  has  for  xszc ;  ssa 
we  can  take  u  so  small  that  Vi  will  not  vanish,  and  not  change  s^  wiiiie' 
increases  from  the  value  c— « to  c-^tf-* 

We  must  now  determine  the  sign  of  Y  for  x=sc-|-v-  Designate  fan  ce- 
ment V  by  /(x),  V I  by  /'(x),  and  the  other  derived  functions  of  V  by / "(4 
/'"(x) . . .  .,/"(x),  which  are  not  to  be  confounded  with  V„  V„  to^,  ^ 
hXbdT  not  being  derived  functions.  When  we  make  xsc-j-Vf  ^  ^^^""^ 
/(c-|.tf),  and  we  have  (see  note  to  Prop.  III.,  Art  239,  or  Art  251) 

f{c+u)=.f(c)+f\c)u+\^u^+  i-Ai„>+.&c ; 
:    rmnp**,  observing  that /(c)  is  zero,  and  that/ '(c)  is  not, 

/(«+»)=«[/'(c)+-?gu+S^3t.^+ ..} 

We  see  from  th's  expression  of/(c-4-u)f  that  in  attributing  to  a  nrjs^ 

*  The  ddt  cats  point  on  whitfa  the  theorem  hinges  !■  the  one  stated  here.  Let  it  be  8» 
tfaictly  seen  that  sftic*!  V^  can  not  be  sero  at  the  same  time  with  V  when  s=A  d>erein> 
faowerer  little  e  may  dxCer  from  a  value  which  reduces  Vi  to  sero^  n  may  be  taken  tarn 
tiian  this  difference 
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positive  values, /(e-f-i«)  win  have  the  same  sign  Baf\  \*  and,  conseqnentlf, 
J  (c-l-tt)  will  have  also  the  same  sign  a8/'(c+tt),  since  '**(c+u)  has  the  sao^e 
sign  as /'(c).    Thus,  V  has  the  same  sign  as  V  i  for  x=c+ii. 
By  changing  u  into  ^u  in  the  preceding  formula,  we  have 

/(c-«)=_«[/'(c)--^^«+,  &c.] 

And  we  perceive,  in  the  same  manner,  that  f{c — u)  has  a  sign  contrary  to 
that  of /'(c),  fmm  whence  it  foUows  that  for  x=sc^u  the  sign  of  V  is  contraij 
to  that  of  Vj. 

Then,  iMie  sign  of /'(c)  or  of  Vi,  for  a:=sc,  is  +,  the  sign  of  V  wiD  be  + 
for  xs=e+u,  and  --  for  x=c— w.     If,  on  the  contrary,  the  sign  of  Vi  is  - 
for  arssc,  that  of  V  wW  be  —  for  arrsc+u,  and  +  for  a:=sc— u.    Besides,  V, 
has  for  rr=c-{-u  and  for  xz=c^u  the  same  sign  as  it  has  for  x=c. 

These  results  are  indicated  in  the  following  table : 

Cx=C'~u, 1-,         *     ^ , 

For  <:r=c,  0   -j-,  or  else  0    ^, 

(a:=c+tt,    +  -f ,  .        ' 

Thus,  when  the  function  V  vanishes,  the  sign  of  V  forms  with  the  sign  at 
V  ,  a.  variation,  before  x  attains  the  value  c,  which  reduces  V  to  zero,  and  this 
variation  is  changed  into  a  permanence  after  x  passes  this  value. 

As  to  the  other  function^,  V,,  V,,  ^.,  each  will  have,  as  V,,  either  for 
T^c^u  or  for  x:=c — u,  the  same  sign  that  it  has  for  rssc,  that  is,  if  none  of 
them  vanish  for  x=c  at  the  same  time  with  Y . 

The  succession  of  the  signs  of  the  functions  V*  V,,  V,  . . •  V,,  loses  then  a 
vfuriation,  when  x,  going  on  increasing,  passes  over  a  value  c,  which  reduces 
the  first  fimction  V  to  zero  without  destroying  any  of  the  other  functions,  V i, 
Va,  dec.  It  is  necessary  now  to  examine  what  happens  when  one  of  tliese 
functions  vanishes. 

V.  Let  there  be  a  function,  V.,  intermediate  between  V  and  Vr,  which  is 
lostroyed  when  x  becomes  equal  to  6.  This  value  of  r  can  not  reduce  to  zero 
either  the  function  Va^i,  which  precedes  immediately  V.,  or  the  function 
V»+4,  which  foUows  V,.  Indeed,  we  have  between  the  three  functions  V^i, 
v.,  Va+i,  the  following  equation,  which  is  one  of  the  equations  (1). 

It  proves  that  If  the  two  consecutive  f mictions,  V.-i,  V.,  were  zero  for  the 
same  value  of  x,  ¥.44  would  be  zero  at  the  same  time ;  and  as  we  havo  also 

we  should  have,  again,  y»^r=0,  and  so  on,  so  that  we  should  have  finally 
V,=0,  which  is  contrary  to  the  hypothesis. 

The  two  functions,  Va_,  and  V^i,  have  then  for  x=i  values  diirerent 
from  zero ;  moreover,  these  values  are  of  contrary  signs,  because  the  same 
equation, 

gives  V„«i=— V,4.i,  when  we  have  Vb=0. 

*  This  depends  npon  a  principle  demoostrtted  at  Art  23t,  Cor.,  that  if  a  fonction  of  11  be 
•Ranged  aooordtng  to  the  ascending  powers  of  «, «  may  be  taken  so  small  thut  the  sign 
af  the  wliole  fosctiou  sUaU  depexhd  upon  that  of  its  first  tenn. 
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This  being  established,  snbstitate  in  place  of  x  two  numbers,  b — u  and  6 +11, 
very  little  different  from  h ;  the  two  functions,  V»-i  and  V>ft«  will  have  fot 
these  two  values  of  x  the  same  8ig;ns  as  they  have  tor  x=6,  since  we  can  al- 
ways  take  u  sufficiently  small,  to  insure  that  neither  V^i  nor  V»^i  shall  change 
sign  when  x  enlarges  in  the  mterval  from  h—u  to  h-^-u.  Whatever  may  h« 
the  sign  of  Vg  fur  orssfr— u,  as  it  is  placed  in  the  succession  of  signs  between 
those  of  Vft_i  and  Vo+i,  which  are  contrary,  the  signs  of  these  three  consecu- 
tive functions,  Va_i,  V„  Vn+i,  for  a:=6 — w,  will  form  always  either  a  perma- 
nence followed  by  a  variation,  or  a  variation  followed  by  a  permanence,  as  ia 
seen  in  the  following  scheme  • 

For  arrsi— w      +     ±     —,  or  else,     —■     ±     +• 

Similai'ly,  the  signs  of  the  three  functions,  Vb_i,  Vb,  Vb+i,  for  x=6+tt, 
whatever  may  be  that  of  Vq,  will  form  pne  variation,  and  will  form  but  one. 

Besides,  each  of  the  other  functions  will  have  the  same  sign  for  x=r6 — u 
and  x=&4-v,  provided  no  one  of  them  is  found  to  be  zero  for  x=&  at  the 
same  time  as  V.. 

Consequently,  the  succession  of  the  signs  of  all  the  functions,  V,  V i . ..  V,, 
for  xs:&-f-u,  will  contain  precisely  as  many  variations  as  the  succession  of 
their  signs  for  x=fr.^i«.  Thus,  the  number  of  variations  in  the  succession  of 
signs  is  not  changed  when  any  intermediate  function  whatever  passes  thfY>ugfa 
aero. 

One  arrives  evidentiy  at  tiie  same  conclusion,  if  many  intermediate  functions, 
not  consecutive,  vanish  for  the  same  value  of  x.  But  if  this  value  should  de- 
sti*oy  also  the  first  function,  V ,  the  change  of  sign  of  tiiis  one  would  then  make 
one  variation  disappear  at  the  lefb  of  the  succession  of  signs,  as  has  been  shown 
in  IV. 

y  I.  It  is  then  demonstrated  that  each  time  that  the  variable  x,  in  increasing 
by  insensible  degrees,  attains  and  passes  a  value  which  renders  V  equd  to 
zero,  the  series  of  the  signs  of  the  functions  V,  V|,  V,  ...  V,  loses  a  varia 
tion  formed  on  its  left  by  the  signs  of  V  and  V i,  which  is  replaced  by  a  per- 
manence, while  the  changes  of  signs  of  the  intermediate  functions,  V^,  V^ 
. . . .  Vf^i,  can  never  either  augment  or  diminish  the  number  of  variations  which 
existed  already.  Consequently,  if  we  take  any  number  whatever.  A,  positive 
or  negative,  and  any  other  number  whatever,  B,  greater  than  A,  and  if  we 
make  x  increase  from  A  to  B,  as  many  values  of  x  as  are  comprised  between  A 
and  B,  which  render  V  equal  to  zero,  so  many  variations  will  the  succession 
of  signs  of  the  functions  V,  Vt  •••  V^  for  x=B  contain  less  than  the  suc- 
cession of  their  signs  for  x= A.     This  was  the  theorem  to  be  demonstrated. 

Remark. — In  the  successive  divisions  which  serve  to  form  the  functions  V 2« 
V3,  dec.,  we  cRti,  before  taking  a  polynomial  for  a  dividend  or  divisor,  multijdy 
or  divide  it  by  any  positive  number  at  pleasure.  The  functions  V,  V|,  Vj 
....  Vr,  obtained  by  this  operation,  will  differ  only  by  positive  numerical  fac- 
tors from  those  which  we  have  previously  considered,  and  which  appear  in 
equations  (1),  so  that  they  will  have  respectively  the  same  signs  as  these  for 
each  value  of  x. 

With  this  modification  we  can,  when  the  .coefficients  of  the  equation  V=:0 
are  whole  numbers,  form  p^nomials  V,,  V3,  &c.,  the  coefficients  of  which 
shall  be  also  entire.  But  it  is  necessary  to  take  good  care  that  the  numerical 
foctors  thus  introduced  or  suppressed  be  all  positive. 
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VII.  Thif  theorem  gives  the  means  of  kiummg  the  whole  number  of  real 
roots  of  the  equation  V  s^O. 

In  fiict,  an  entire  polynomial  function  of  x  being  given,  we  can  always  as- 
sign to  X  such  a  positive  value  as  that  for  this  and  every  greater  value  the 
polynomial  will  have  constantly  the  sign  of  its  first  term  (see  Art.  239).  It  is 
tile  same  with  all  negative  values  of  x  below  a  certain  limit.  All  the  real  roots 
of  the  equation  V=0  being  comprised  between  —  go  and  -)-go,  it  will  be  suffi- 
cient, in  order  to  know  theirnumber,  to  substitute  -^-co  and  4-00  instead  of  A 
and  B,  in  the  functions  V,  V,,  V,...  V,,  and  to  note  the  two  successions  of 
signs  for  —go  and  -f  go.  Wlien  we  make  x=-4~°°>  ^^^  function  is  of  the 
same  sign  as  its  first  term.  For  :r  =: «  od,  each  function  of  an  even  degree,  in- 
eluding  y  „  has  the  same  sign  that  it  has  for  or  s=  -f  oo ;  but  each  function  of  an  un- 
even degree  takes  for  x=  ^  od  a  contrary  sign  to  that  which  it  has  for  z^  -|-  oo 
rrhe  excess  of  the  number  of  variations  formed  by  the  signs  of  the  functions  V, 
V I . . .  y  „  for  2s=:  — *  GO ,  over  the  number  of  variations  for  z=  -|-  oo ,  will  express 
the  whole  number  of  real  roots  of  the  equation  y =0.* 

To  determine  the  initial  figures  of  the  roots,  we  may  substitute  the  sue 
cessive  numbers  of  the  series 

tin  we  have  as  many  variations  as  — oo  produced;  and  if  we  substitute  the  ^ 
nximbers  of  the  series 

*  One  Slight  be  corioiu  to  know  how  the  soccesrion  of  signs  of  the  fonctions  y,  y|,  y, 

.  yr  most  nndergo  change  so  as  that  a  variation  is  lost  every  time  that  y  vanishes. 

We  have  seen  (TV.)  that  if  6  is  a  root  of  the  equation  y^sO,  the  two  functions  V  and 
Vi  most  have  contrary  signs  for  a;=c — «,  and  the  same  sign  for  x^e-^-u.  So  that  if  we 
designate  by  d  the  root  of  the  equation  V=0,  which  is  next  greater  than  e,  so  that  be- 
tween c  and  d  there  is  no  other  root,  V]  win  have  for  :r=e^ — «  a  sign  contrary  to  that  of 
V.  Bat  y  has  constantly  the  same  sign  for  all  vahiea  of  x  comprised  between  e  and  <f  \ 
mod  as  yj  has  the  same  sign  as  V  for  x^se-^-Ut  and  a  oontraiy  sign  to  that  of  y  for  x=zd 
— u,  we  see  that  yi  has  two  values  with  contrary  signs  for  xs^-^-u  and  for  x=^ — « ; 
then,  while  x  increases  from  e-^u  to  d — v.  yi  most  change  sign  once,  or  an  uneven  num- 
ber of  times  (I.,  or  Prop,  of  Art  252,  Cor.  1). 

Let  y  be  the  only  value  of  «,  or  the  least  value  of  x  between  c  and  d,  for  which  yj 
dianges  sign,  y  and  yj  wiU  have  for  x^s^y — tt  the  same  common  sign  that  they  have  for 
a:=«-}-i*.  Por  x=y'\^  V  will  have  this  same  sign ;  hut  Vi  will  have  the  oontraiy  sign. 
yg  wU]  have  a  sign  contraiy  to  that  of  Y  for  the  three  values  for  7 — «,  y,  and  y-^u  (y.).  li^ 
for  example,  y  is  positive  for  x==€'^u,  we  have  the  following  taUe : 

y  yi  ys 

For  x==y^u  +-f-- 
xs=y  -|-  0  — 
^=7+^    -\ 

Thus,  before  x  attained  the  value  c,  which  destroys  y,  the  signs  of  y  and  Vi  formed  a 
variation  which  is  changed  into  a  permanence  after  x  has  overpassed  this  value  e ;  this 
permanence  subsists  until  Yi  changes  sign,  then  it  is  anew  replaced  by  a  variation  after 
the  change  of  sign  of  Vi ;  but,  at  the  same  time,  there  is  a  variation  fonned  by  the  signs 
of  Vi  and  y^  which  changes  into  a  permanence,  so  that  the  number  of  variations  in  the 
total  succession  of  signs  is  neither  increased  nor  diminished. 

If  Vi  changes  sign  a  second  time  for  a  new  value  of  x  comprehended  between  e.  and  d, 
the  variation  which  the  signs  of  y  and  Yi  fonn  before  x  attains  this  value  will  be  again 
replaced  by  a  permanence ;  and  still,  on  account  of  V^  the  number  of  variations  will  re- 
main the  same  in  the  succession  of  signs.  As  Yi  can  thus  change  sign  only  an  uneven 
nnmber  of  times,  after  its  last  change  the  signs  of  y  and  Yi  will  form  a  variation  which 
will  Mibsist  until  x  attains  the  value  tf,  which  destroys  Y.  We  have  not  to  consider  hero 
tiiu  case  whe.re  V  vanishes  without  changing  sign. 
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0,  1,  2,  3.  4 

tin  we  aiTive  at  a  number  which  produces  as  many  TariatiDiis  as  ')*®  ^ 
the  Qumben  thus  obtained  wiU  be  the  limits  of  the  roots  of  the  wptunwi 
the  sitoation  of  the  roots  will  be  indicated  by  the  signs  ariving  finn  Hm  m 
stitntion  of  the  iotermediate  numbers. 
We  shall  now  apply  the  theorem  to  a  few 

XXAMFI.E8. 

(1)  Find  the  number  and  situa^n  of  the  roots  of  the  eqoatioii 

1*— 4x«— 6r+8=:0.» 
Here  we  have  V  si  a*— 4j*— 6x+8 

Vi=:3j:«— 8x  —6 ; 
then,  multiplying  the  polynomial  V  by  3,  in  order  to  avoid  Iractiona, 
3x«— 8x— 6)  3z»— 12a*— 18X+24  (x— 1 
32»—  ar»->  6x 

—  42«— 12x4.24,  multiply  bj  }  ; 
or  —  3j:«-.  9r+18 

—  Zi*+  Sx+  6 

— 17X+12  .-.  V,=:17ar— 12 
3xt—  8x— 6 
17 


17x— 12)  61x«— 136x— 102  (3x 
51x«—  36x 

— lOOx— 102. 
It  is  now  unnecessary  to  continue  the  division  further,  since  it  is  veiy  ob- 
vious that  the  sign  of  the  remainder,  which  is  independent  of  x,  is  — ;  isi 
dierefore,  the  series  of  functions  are 

V  s     x»—  4x«— 6x+8 
Vi=  3x»-.  8x— 6 
V,==17x  —12 
V,=+. 
Put  -|-  ®  A°^  — ^  for  X  in  the  leading  terms  of  these  functions,  and  tki 
signs  of  the  results  are 

*  The  process  applied  to  the  general  cabic  eqaation  **'{'ajfi-\'bx-\~c=zO,  gives  die  B 
lowing  fanctioDs,  vis. : 


'(1) 


IViihout  the  second  term,  or  i 

V  =  «a-fAx-fc 

Vi=3j:t-f6 

Vt=— 2Aa?— 3c 

V3=— 4^T— a7<j« 


WiihtktteeondUrm, 

Y  =  afl+  tufi+bx-^ 

Vi=3a!8+2a»  +* 

V,=2(aa— 36)«+a*— »c 

V,=— ioSc+o'ia— ISoic— 46S— 27c»  J 

These  fiinctions  in  (1)  and  (2)  will  frequently  be  foond  nsefol  in  the  application  of  StsmV 
theorem  to  equations  of  the  third  degree,  since  the  derived  fonctions  in  any  particalcr  ex- 
ample may  be  foand  by  sabstitntion  only.  In  order  that  aU  the  roots  of  the  equtioi 
afl^bx-\-c=0  may  be  real,  the  first  terms  of  the  fonctions  most  be  positive  ;t  benoe  —^ 
and  — \6^ — 37e>  must  be  positiv« ;  and  as  — S7e>  is  always  negatire,  b  most  be  nesatrrai 
in  order  thai  — 4^  and  — 9b  may  be  positive ;  therefore,  when  aU  the  roots  are  r^  ^ 

must  be  greater  than  27c«,  or  M  greater  than  y-j  .    When,  therefore,  b  is  negitive  td 

(-)>(-)  f  all  the  roots  are  real,  a  criterion  which  has  been  long  known,  and  as  simpfe  « 

san  be  given. 

r  See  Art.  25? 
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For     z:=  4*  QOf  +  +  +  +  ^^  variation, 

a:=«— oD,  — -(-  —  -(-  three  variatioDs,  / 

.*.  3— 0=3,  the  number  of  real  roots  in  the  proposed  cubic  equadcn. 
Next,  to  find  the  situation  of  the  roots  we  must  employ  narrower  Umits 
than  4- 00  and  —  oo.  .  Commencing  at  zero,  let  us  extend  the  limits  both  waya. 

VViVsVa    Var.  VViV.Va    Var. 

For  x=i     0  signs  + -|- 

x=-l....+  +  -.+ 
x=-2 +-  + 


x=l +  + 

:r=2. 4-  + 

x=3.. +  + 

a:=4..    .-  +  +  + 
x=5....+  +  +  + 

We  perceive,  then,  by  the  columns  of  variations,  that  the  roots  are  between 
0  and  1,  4  and  5,  — I  and  ^2 ;  hence  the  initial  figures  of  the  roots  are  — 1, 
0,  and  4 ;  and,  in  order  to  narrow  still  further  the  limits  of  the  root  between 
0  and  1,  we  shall  resume  the  substitutions  for  x  in  the  series  of  functions  as 
before.  But  as  the  substitution  of  1  for  x,  in  the  function  V,  gives  a  value 
nearly  a&ero,  we  shall  commence  with  1,  and  descend  in  the  scale  of  tenths, 
until  we  arrive  at  the  first  decimal  figure  of  the  root. 

Let  x=  1  signs 1-  +  one  variation, 

xs='9 .  .  .  .  -^ 1-  +  two  variations ; 

hence  the  initial  figures  are  -^1,  *9,  and  4. 

(2)  Find  the  number  and  situation  of  the  real  roots  of  the  equation 

x*+x»— x»— 2x+4=0. 
Here  the  several  functions  are 

V  =^      r*+  r»_  a:s_2x+4 
Vi=     4x'4-3x«-.2x  — 2 
V8=       x«+2x  —6 
V,=  -  x+1 
V.=+. 

Let    T=  +  00 ,  signs  of  leading  terms  +  +  H h  ^^  variations 

x=— 00 H 1- +  + two  variations  ; 

and  an  the  roots  of  the  equation  are  imaginary. 

When,  in  seeking  for  the  greatest  common  divisor  of  V  and  Vi,  we  arrive 
at  a  polynomial  V,  (for  example,  at  that  of  the  second  degree),  which,  put 
e^ual  to  zero,  will  only  give  imaginary  values  of  x,  it  is  not  necessaiy  to  carry 
the  divisions  further,  because  this  polynomial  V^  will  be  constantiy  of  the  same 
sign  as  its  first  term  for  all  real  values  of  x ;  for  if  it  gave  a  plus  sign  for  one 
vidue,  and  a  minus  for  another,  there  must  be  a  real  root  between.* 
(3)  Required  the  number  and  situation  of  the  real  roots  of  the  equation 

2x*— llx«+8x— 16=0. 
The  first  three  functions  are 

V  =  2x*— llx«+8x— 16 
V,=  4r»— llx+4 
Va=lla?«— 12X+32; 

*  Tbi«  convideration  is  >f  importance,  as  the  calcalationa  lor  determining  the  ftinctions 
Vt,  Vs  are  long,  especially  toward  the  last,  on  account  of  the  maguitade  of  their  numerical 
coeflScicuts. 
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and  the  roots  of  the  quadratic  ll3^ — 12x-|-32=0  are  imaginarj,  for  11X32 
X4  is  greater  than  12';  hence  Va  must  preserve  the  same  signfzr  evei^ 
value  of  X,  and  the  subsequent  functions  can  not  change  the  number  of  varia- 
tions, for  a  variation  is  only  lost  by  the  change  of  the  sign  of  V.    Honce, 
For  x=  -4-  °°  signs  4-  -4~  +  ^^  variation, 

xss — CO  .  .  .  -f-  — +  ^o  variations ; 
and  the  proposed  equation  has  two  real  roots,  the  one  positive  and  the  other 
negative,  since  the  last  term  is  negative.     (Prop.  VIII.,  Cor.  5,  p.  314.) 
When  1=0  signs  —  +  +  ^=     0  signs — +  + 

x=l 1-  a:=— 1 1-  + 

a:=2 1-  +  x=  — 2 h 

a:=3 \-  +  +  a:=— 3 1 f-. 

Hence  the  initial  figures  of  the  real  roots  are  2  and  ^2. 

When  two  roots  art  nearly  equal  to  each  other, 
\i)  Find  the  roots  of  the  equation 

a«+lla:»-.102i+181=:0. 
The  functions  are 

Vr=       a?+llz8— 102a:+181 
Vi=     32^+22x  —102 
V,=122r  —393 

and  the  signs  of  the  leading  terms  are  all  -f-  *  hence  the  substitution  of  —  cc 
and  4-  33  must  give  three  real  roots. 

To  discover  the  situation  of  the  roots,  we  make, the  substitutions 

x=0  which  gives  -\ \-  two  variations, 

x=zl -] f- 

Xss2  .•••■••  ~f""^""™"f" 

xssi3 -| 1- two  variations, 

ar=:4 ^  ^  ^  ^  no  variation ;  -^ 

hence  the  two  positive  roots  are  between  3  and  4,  and  we  must,  therefore, 
transform  the  several  functions  into  others,  in  which  x  shall  be  diminished  by 
3.     This  is  effected  by  Art-  251,  p.  315 ;  and  we  get 
V  =      y3+20y«-9y+l 
V'i=     3y«+40y— 9 
V'9=122y  —27 
V'3=  +  . 
Make  the  following  substitutions  in  these  functions,  viz. : 

y  =  0  signs  -| 1-  two  variations, 

y=.l.  .  .+ + 

y='2  .  .  .  -| 1-  two  variations, 

y=*3  .  .  .  4.4-  +  -!-  no  variation; 
henco  the  two  positive  roots  are  between  3*2  and  3-3,  und  we  must,  again, 
transform  the  last  functions  into  others,  in  which  y  shall  be  diminished  by  -2. 
Rffecting  this  transformation,  we  have 

V"  =       23+20-6z«— 88Z4.-008 
V"i=     32;«4.41-2z  —-88 
,  V"8=122z  —  2-6 

V"3=  +  . 
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LtBt  2=0    then  signs  are  -I 1-  two  Tariatioiw, 

2=.01 -j f- two  variations, 

z=#02 1-  one  variation, 

z=-03 ^  .  . -|- +  +  +  °^  ^^^"^^i^°  t 

hence  we  have  3*21  and  3*22  for  the  positive  roots,  and  the  sum  of  the  roots 
is  — 11 ;  therefore,  —H— 3*21— 3*22=— 17*4  is  the  negative  root 

IVhen  the  equation  has  equal  roots. 

255.  When  the  equation  has  equal  roots,  one  of  the  divisors  will  divide  the 
preceding  without  a  remainder,  and  the  process  will  thus  terminate  without  a 
remainder,  independent  of  or.  In  this  case,  the  last  divisor  is  a  common  meas- 
ure of  V  and  Vi;  and  it  has  been  shown  (Art.  253,  Scholium,  p.  321)  that  if 
(j — ai)(x,— Oa)'  b©  the  greatest  common  measure  of  V  and  Vi,  then  V  b  di- 
visible by  {x — ai)^(x— as)^  &nd  the  depressed  equation  furnishes  the  distinct 
and  separate  roots  of  the  equation,  for  Sturm^s  theorem  takes  no  notice  of 
the  repetition  of  a  root.  The  several  functions  may  be  divided  by  the  great- 
est common  measure  so  found,  and  the  depressed  functions  employed  for  the 
determination  of  the  distinct  roots ;  but  it  is  obvious  that  the  original  functions 
will  furnish  the  separate  roots  just  as  well  as  the  depressed  ones,  for  the  for- 
mer differ  only  from  the  latter  in  being  multiplied  by  a  common  factor  (29) ;  and 
whether  the  sign  of  this  factor  be  -f  or  — »  the  number  of  variations  of  si^n 
must  obviously  remain  unchanged,  since  multiplying  or  dividing  by  a  positive 
quantity  does  not  affect  the  signs  of  the  functions ;  and  if  the  factor  or  divisor 
be  negative,  all  the  signs  of  the  functions  will  be  changed,  and  the  number  of 
variations  of  sign  will  remain  precisely  as  before. 
Find  the  number  and  situatio:i  of  the  real  roots  of  the  equation 

x6^7x*+  13r»-t.x«—16x+4s=0. 
By  the  usual  process,  we  find 

V=     z»—  7x*+13x»+  a<— 16X+4 
V»=:  5a:*-28r»+39x«+2a:— 16 
Vs=rllr»— 4ar«— 51x  +2 
V3=:  3x«—  8x+4 

V,=:      X— 2 

V5=0. 
Hence  x— 2  is  a  common  measure  of  V  and  Vi ;  and  if 

x=  —  00  the  signs  are  — | -f*  —  ^^^^  variations, 

xas— 2 — -1 J- —  four  variations, 

x=— 1 0  -I h  — 

xr=     0 H |-H three  variations, 

x=     1 — 1--| two  variations, 

x=:     2 00000 

x=     3 h  +  +  one  variation, 

^  xs=     4 +-|--f-t--|-no  variation. 

Therefore  we  infer  that  there  are  four  distinct  and  separate  roots ;  one  ia  — >1, 
for  y  vanishes  for  this  value  of  x ;  another  between  0  and  1 ;  a  third  is  2,  and 
a  fourth  is  between  3  and  4.  The  common  measure  x — 2  indicates  that  the 
polynomial  V  is  divisable  by  (x— 2)' ;  and  hence  there  are  two  roots  equal  to 
2  (Art  253,  Cor.  1) 


332  ALGEBBJL 

It  may  happen  that  one  of  the  functioos,  Vi,  V, . . .  Vr-i«  dicNiU  bein 
Eero  either  for  xss  A  or  x^B.  Id  this  case  it  is  snfficieat  to  coant  the  net- 
tions  which  are  found  in  the  succeuion  of  signs  of  the  fnoctioDS  V,  V„Y, 
. . .  Vr,  omittiDg  the  function  which  is  zero.  This  resolfis  from  the  demoBSo- 
tion  in  Art.  254,  V,  for  the  case  where  an  intermediate  function  Tai»h& 

When  the  number  of  the  auxiliary  functions,  V|,  y,«  &c.,  is  equal  totb 
degree  of  the  equation,  as  is  ordinarily  the  case,  in  consequence  of  eaeb  re- 
mainder in  seeking  for  the  common  divisor  being  one  degree  less  than  the|R 
ceding,  the  number  of  imaginaiy  roots  in  the  equation  may  be  found  by  tbeii- 
lowing  rule :  The  equation  V=0  tvill  have  as  many  pairs  of  imaginary  wv 
08  there  are  variations  of  sign  in  the  succession  of  the  signs  of  the  first  term  ^^ 
the  functions  Vj,  V^,  &c.,  to  the  sign  of  the  constant  Vm  inclusive. 

This  follows  from  the  fact  that  two  consecutive  functions,  V,-!,  V,,  g^ 
the  one  of  an  even,  the  oth^r  of  an  odd  degree.  Then,  if  the  two  facciiia 
have  the  same  sign  for  xrs-f-^^t  ^®7  ^^^  ^^^  contrary  for  xr= — x.  isd  r-" 
versa.  So  that  if  we  write  the  succession  of  signs  of  V,  V|,  V,  .-*.  V^^  ler 
r:=— -00  and  for  x=-|-qo,  each  variation  in  the  one  succession  will  carresfoti 
to  a  permanence  in  the  other.  Thus,  the  number  of  permanences  for  x=-s 
is  equal  to  the  number  of  variations  for  xsr:  4-00. 

Butfor  xs=Z'\-'ao  the  number  of  variations  will  be  that  of  the  first  term  d 
the  functions  V,  V|  ...Vn,  which  denote  by  t.  Then  there  will  be  t  per- 
manences for  x=z  —  (D  and  m — i  variatioos.  The  excess  of  the  Dumber  ci 
variations  m — i  for  xsz  —  ao  over  the  number  i  for  x=-|-ao,  is  m~2i,  wlM 
is  therefore  the  number  of  real  roots  of  the  equation,  and  therefore  2t  de 
number  of  imaginaiy  roots,  the  whole  number  of  roots  being  m. 

U0RNEa*8  METHOD  OF  RESOLVINO  NUMERICAL  E^UATIOITS  OF  ALL  ORDEBS. 

256.  The  method  of  approximating  to  the  roots  of  numerical  eqaatiinu  d 
all  orders,  discovered  by  W.  G.  Horner,  Esq.,  of  Bath,  England,  is  a  procea 
of  very  remarkable  simplicity  and  elegance,  consisting  simply  in  a  snccessoD 
of  transformations  of  one  equation  to  another,  each  transformed  equatioD  u  i 
arises  having  its  roots  less  or  greater  than  those  of  the  preceding  by  the  cor- 
responding figure  in  the  root  of  the  proposed  equation.  We  have  shown  bo«r 
to  discover  the  initial  figures  of  the  roots  by  the  theorem  of  Sturm;  aodl? 
making  the  penultimate  coefficieot  in  each  transformation  available  ss  c  tra/ 
divisor  of  the  absolute  term,  we  are  enabled  to  discover  the  succeediag  figon 
of  the  root ;  and  thus  proceeding  from  one  transformation  to  another,  we  tn 
enabled  to  evolve,  one  by  one,  the  figures  of  the  loot  of  the  given  eqoatioB, 
and  push  it  to  any  degree  of  accuracy  requirod. 

eXllERAL  RULES. 

1.  Find  the  number  and  situation  of  the  roots  by  StumCs  theorem,  aod  let 
the  root  required  to  be  found  be  positive. 

2.  Transform  the  equation  into  another  whose  roots  shall  be  leas  than  t2vK 
of  the  proposed  equation  by  the  initial  figure  of  the  root 

3.  Divide  the  absolute  term  of  the  transformed  equation  by  the  trial  (tidtir, 
or  penultimate  coefficient,  and  the  next  figure  of  the  root  will  be  obtaioedi  bj 
which  diminish  the  root  of  the  transformed  equation  as  before,  and  proceed  io 
this  manner  till  the  root  be  found  to  the  required  accuracy. 
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M>te  1. — ^When  a  Degative  root  is  to  be  found,  change  the  signs  of  the  alter- 
i&te  terms  of  the  equation,  and  proceed  as  for  a  positiTe  root. 

iVbt«  52. — When  three  of  four  decimal  places  in  the  root  are  obtained,  the 
operation  may  be  contracted,  and  much  labor  sared,  as  will  be  seen  in.  the 
bllow^ing  examples : 

EXAMPLES.  ^ 

(1)  Find  all  the  roots  of  the  cubic  equation 

a:»— 7a:+7=0. 
By  Starm*8  theorem,  the  several  functions  are  (Note,  p.  328), 
V  ss  q:»— 7a:+7 
Vi=3z«— 7 
V,=r2a:  —3 
V,=  + 
Hence,  for  x=s  -\-  op  the  signs  are  -|-  4.  -|-  -|-  no  variation, 

a:=— 00 — -| -f"  three  variations ; 

therefore  the  equation  has  three  real  roots. 

To  determine  the  initial  figures  of  these  roots,  we  have 

for  r=0  signs  + 1-  for  x=:     0  signs  -| 1- 

a:=l  .  .  .  + +       :r=:-l  .  .  .  + + 

z=2-.  .  .  +  +  +  +       ^=-2  .  .  .  +  +  -  + 
x=-3.  .  .+  +  -  + 
a:=~4  .  .  .  -  +  -+ 
aence  there  are  two  roots  between  ]  and  2,  and  one  between  — 3  and  -^4 

But  in  order  to  ascertain  the  first  figures  in  the  decimal  parts  of  the  two 
roots  situated  between  1  and  2,  we  shall  transform  the  preceding  functions  into 
others,  in  which  the  value  of  x  is  diminished  by  unity.  Thus,  for  the  fur  ction 
V  we  have  this  operation : 

1+0  —7  +7  (1 
1       1  —6 
1  —6+1 
1       2 

1 
3 
And  transforming  the  others  in  the  same  way,  we  obtain  the  functions 
V=y»+3y«-4y+l;  V\=3y«+6y-4 ;.V'a=2y-.l;  V'3=:+. 

Let  ^='1  then  the  signs  are  + 1-  two  variations, 

y=s-2 -I h  do. 

y=-3 -} h  do. 

yssz'i —  — . — +  one  variation, 

y=-5 =f  +  ^o. 

y=-6 -+++  do. 

ys'7 +  +  +  +  no  variation. 

Therefore,  the  initial  figures  of  the  three  roots  are  1*3,  1*6,  and  —3. 

The  rest  of  the  process,  with  a  repetition  of  the  above,  is  exhibited  and 
•il'ierward  explained  below. 
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1+0 

1 

—  7 

1 

—  6 

4.7  (1-3568950(7 
—6 
•1... 

1 

2 

2 
—•4.. 

—903 
•97  .  •  . 

1 
•33 

.          99 
—  301 

—86623 
•10375  . . 

3 

36 

108 
—•19  3 

—9048984 
•1326016 

3 

1975 

—1184430 

•395 

—  17325 

141586 

5 

2000 

—132923 

40  0 

—•15326  .. 

8663 

5 

24336 

—7382 

•40  66 

—  16081 64 

1281 

6 

24372 

—1181 

40  62 

— •14  837  £ 

12 

100 

6 

32£ 

»4 

—89 

•140168 

—  14805: 
32! 

(8 
>4 

.»    11 
—  10 

—   14772e 

J 

1 

3( 

5 
2 

—  147691 

3( 

5 

-  1|417|6|5 

The  process  here  is  similar  to  that  on  p.  318.  The  nambers  msriied  wia 
Stan  are  the  coefficients  of  the  equation  having  the  reduced  roots.  Thus,  * 
•4,  and  •I  are  the  coefficients  of  the  equation  whose  roots  are  1  less  tk 
those  of  the  proposed  equation.  The  right-hand  3  of  •33  ir  the  3  tenthi  id^ 
ed  in  the  next  step  of  the  process,  which  has  for  its  object  to  reduce  tfae  nta 
by  •3.  The  coefficients  of  the  resulting  equation  are  ^39,  — "193,  and  •^r 
Now,  instead  of  going  on  in  this  manner  to  obtain  the  following  figures,  3o^ 
&e.,  of  the  root,  the  method  of  proceeding  changes ;  the  193,  which  is  ^ 
penultimate  coefficient,  becomes  a  trial  dirisor,  bj  which  dividing  the  abtolB& 
term  97,  which  is  .097,  the  divisor  being  1-93,  llie  quotient  is  5,  the  next  fig- 
ure of  the  root,  which  is  .05.  This  5  is  annexed  to  the  •SO,  and  we  proceed 
as  before  ;  that  is,  multiply  th^  •396  in  the  first  column  bj  this  5,  prMfocio; 
'1975  in  the  second  column,  and  by  addition,  1-7325,  and  so  on.  To  show  tte 
the  quotient  figure  5  is  obtained  by  means  of  the  trial  divisor,  observe  tlitttitf 
1*7325  is  neariy  equal  to  the  •l^S  above,  and  that  the  -086625  in  the  tfainl 
column,  which  is  the  product  of  1*7325  by  the  -05,  is  nearly  equal  to  the  **097 
above ;  hence  the  quotient  of  •-097  by  1-93  is  nearly  this  same  *05. 

The  further  we  proceed,  the  more  accurate  this  process  becomes,  for  the 
first  figure  of  each  number  in  the  first  column  being  units,  this,  multiplied  by 
the  decimal  figure  found  in  the  root,  which  is  thousandths,  tens  of  thonssoddB. 
and  so  on,  that  is,  soon  a  very  small  fraction,  gives  thousandths,  tens  of  theo- 
sandths,  and  so  on,  or  a  very  small  fraction,  for  the  product ;  and.  the  hi^ 
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figure  in  the  tnunbers  of  the  second  column  being  also  units,  these  numben 
are  not  much  affected  by  the  addition  of  the  above-named  products.* 

When  the  number  of  decimal  places  in  the  numbers  of  the  third  column 
becomes  equal  to  the  number  of  decimal  places  required  in  the  root,  it  will 
not  be  necessary  to  obtain  any  more  in  the  third  column ;  and  as  each  new 
decimal  figure  in  the  root,  multiplied  by  the  number  in  the  second  column, 
would  make  one  more  place  in  the  third,  it  will  be  necessary  to  cut  off  one 
figure  in  the  second  column,  and,  for  a  similar  Veaaon,  two  figures  in  the  first 
column.  As  soon  as  the  figures  are  all  cut  oif  in  the  first  column,  the  process 
becomes  simply  one  of  division,  the  divisor  and  dividend  rapidly  diminishing. 

We  have  thus  found  one  root  x=:  1*356895867 ,  and  the  coefiScients 

of  the  successive  transformed  equations  are  indicated  by  the  asterisks  in  each 
colimm.    To  find  another,  we  have  the  following : 

1+0  —7  +7  (1-692021471 

11  —6 


—6 
2 

1... 
—1104 

—4  .  . 

216 

—  104... 
100809 

36 
6 

—184 
252 

—3191... 
3156888 

42 
6 

68  .  . 
4401 

—34112 
31774 

48  9 
9 

11201 
4482 

—2338 
1589 

49  8 
9 

15683  . 
1014 

4 

4 
8 

—749 
636 

60  72 
2 

15  7  8  4  4 
1014 

—114 
111 

60  74 
2 

15885 

1 

9 

2 

3 

|60|76 

AnntliAr  mot  n  X^ 

1|5|8|8|7| 

-1*AQ9noil71    .... 

For  the  negative  root,  change  the  signs  of  the  second  and  fourth  terms. 

^  To  show  this  in  a  more  general  way,  let 

oe  one  of  the  depressed  eqoationa  which  is  to  famish  the  next  decimal  place  of  the  root  of 
^he  proposed  equation ;  the  valae  of  x  in  this  depressed  equation  will  of  course  be  a  veiy 
imaU  fraction ;  henoe  t^e  higher  powers  of  it  may,  witfaoot  moch  error,  be  neglected.  The 
depressed  eqaation  thos  redaces  to  .^ 

B„_i:r+B„=0. 

Hence  the  valne  of «,  wi^oat  regard  to  its  sign,  is 
neaily  i  tiiat  Is,  it  may  he  obtained  by  dividing  Uie  ultimate  by  the  penultimate  coefBcieni 
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i— 0 
3 

3 
3 

—  7 
9 

2 

18 

—7  (3-0489W33V 
+6 

—1.... 
814464 

6 
3 

20.  .  .  . 
3616 

—185536... 
166382592 

90  4 
4 

203616 
3632 

—19153408 
18791228 

90  8 
4 

207248. 
7302 

4 

4 
8 

—362180     . 
208875 

9128 
8 

2079782 
'       7308 

—153306 
146212 

9136 
8 

2087091 
823 

2 

0 

2 

0 

—7093 
6266 

|..|91|44 

2087914 
823 

—827 
626 

208873 

7 
9 

—201 
188 

208874 

6 
9 

—13 
12 

2|0|818|7|5  1 

Henee  the  three  roots  of  Ihe  proposed  cubic  eqnatbn  are 

xs=     1-356896867 

2;=s     1*692021471 

a:=— 3-048917339 

(•2)  Find  die  roots  of  the  equation  x'4-ll2*—102x-|- 181=0. 

We  have  already  found  the  roots  to  be  nearly  3-21,  3-22,  and  -^17.  (Sa 
Pxarnnle  4,  p.  330.) 


1+11 

3 

-102 
42 

P«ge. 

+  181  (3-21312775 
—180 

14 
3 

—  60 
51 

1... 
-992 

1  7 
3 

—     9.  . 
404 

8... 
—6739 

2  02 
2    . 

—     496 
408 

1261... 
—1217403 

2  04 
2 

—        88.  . 
2061 

43597 
—34183 

2  061 

1 

—       6739 
2062 

9414 
^6787 

206  2 

—       4677.. 
Carried  to  next 

3637 
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2  06  2 

i 

—       4677.. 
61899 

2627 
—2372 

2  06  33 
3 

—       406801 
61908 

256 
—237 

2  06  36 
3 

—       34389 
206 

3 

4 

9 
4 

18 
—16 

h2|06|39 

—       34182 
206 

9 

—       3397 
4 

6 

1 

—       3393 

4 

6 

1 

—       3|3|8|9 
In  a  similar  manner,  the  two  remaining  roots  vill  be  found  to  be 

r=3-22952121 
and 

ar=— 17-44264896. 

(3)  Gi?en  ar*+28+j*+3r— 100=0,  to  find  the  number  and  situation  .^f 
the  real  roots. 
Here  we  have 

V  =  x*+  ar»+  a«+ar— 100 
Vi=4z»+3a:*+2a:+3 
Vj=:— 5j«— 34X+1603 
V^3=— 1132a:+6059 
V,=  -. 

Let        >  xr=  —00  then  signs  are  -| 1 three  variations, 

a:=+Qo +H one  variation; 

hoDce  two  roots  are  real  and  two  imaginary ;  and  the  real  roots  must  have 
contrary  signs,  for  the  last  term  of  the  equation  is  negative.  To  find  thj  sit- 
uation of  the  roots 

inVViV,V,V4 

TiOt  arsr:  0  signs  — |-  +  -4 

x=l.   .  .-+  +  +  -. 

x=2. +  +  +  - 

r=3.   .  .+  +  +  +  - 

inVViV^VaV, 

Also,  xss     0  signs — h  +  H 

x=— 1.   .  .  — 0  +  +  — 

x=-2 +  +  - 

T=-3.   . +  +  - 

x=-4.   .  .+-  +  +  - 

in  this  example  the  function  Vi  vanishes  for  x= — 1,  and  for  the  same 
Falue  of  X  the  functions  V  and  V,  have  contrary  signs,  agreeably  to  Y.,  p 
325,  and  writing  +  or  —  for  0  gives  the  same  number  of  variations.  T1m> 
initial  figures  of  the  root  are,  therefore,  2  and  —3. 

Y 
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Tu  find  the  negative  root,  we  have  the  following  openitioD : 


l—l 

+  1 

3 

6 

2 

7 

^  3 

16 

5 

32 

3 

24 

8 

46  .  . 

3 

4  56 

114 
4 

118 
4 

12  2 
4^ 

12  63 
3 

12  66 
3 

12  69 
3^ 

12  723 
3 

12  726 
3 

12  729 

*     3 

|-12|732 


50  56 
4  72 

69 

65  28 

4  88 

60  16  . . 
37  89 

60  63  89 
37  98 

60  91  87 
38  07 

61  29  94 
3  81 

61  33  75  69 

3  8178 

61  37  67  47 
3  8187 

61  41  39 
63 

34 
6 

61  42  02 
63 

9 
6 

61  42  66 
63 

5 
6 

—  3 
21 
18 
66 

84.  .  . 

20224 

10  4  2  2  4 

22112 

126336 

1816167 
12  815  2  16  7 
1827561 
1299797  2  8... 

18401 2707 

1*30163740707 
184127241 
8 
5 
3 
5 


|61|43|30 


13034786794 
3071014 


13037857809 
.   3071332 


1304092914 
43003 


1304135917 
43003 


13  0  4  17  8  9  2 
430 


13  0  4  18  3  2  2 
430 


1  3  0  4  1  d  7  5|2 

4|s 

1 

30  4 

1 

1 

8 

80 
4 

-100  (3-4335778€335i^. 
54 


—46.    .. 
416896 
—43104... 
384456501 
—46583499.. 
390491 221>1-31 

—  753437b7s79 
65189289046 

—  1015447r-^.i3 

9126951421 

—  102552741:.' 

91292S254 


— 1125991  j«5 

104335040 

-6264118 

7825130 


—438958 

391256 

-4773-J 

39126 


— euo6 

782.3 

—7.-1 

65-3 

— i-jy 

117 

— 1-2 

11 

I 


For  the  positive  root  we  have  a  similar  operation, 

1  +1  +1  +3  —100  (2-8028512181682; 
but  this  we  shall  leave  for  the  student  to  perform,  and  the  two  roots  inC  ^ 
found  to  be 

ors:     2*8028512181582  .  .  . 

a:=— 3-4335778633659  .  .  . 

(4)  Find  the  roots  of  the  equation  a*'\-2x*+2i^'\-i3^+6r — 20=:0 
Hens  we  have  V  r=  ar»+  2x^+  3r»+4z«+5r— 20 
Vi=:5x*+  8r»-f  9*«+8x+5 
V,=  — 7x»— 21r«— 42a:+255 
V,=— 13jr+14 
V,=-. 
For              Ts= — Qo  we  have  signs  —  4* + *4"*  ^^^  ▼anations ; 
xas-f-oo 4"H ^lae  variatioa. 
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Hence  the  diiTerence  of  variations  of  sign  indicates  the  existence  of  one  real 
'^nd  four  ini*iginary  roots,  the  real  root  being  situated  between  1  and  2. 


I..75 


.4|31 


44|8 


1+12 

+  3 

+   4 

+  5 

—  20  (1-125790 

1 

3 

6 

10 

15 

3 

6 

10 

15 

-5.... 

1 

4 

1  0 

20 

387171 

4 

10 

2  0 

35  ...  . 

—  112829 

1 

6 

15 

37171 

87005 

5 

15 

3  5... 

38  7  1  7  1 

—  25824 

1 

6 

2171 

394  14 

22285 

6 

•    21.. 

3T1  71 

42  6  5  8  5 

—3539 

1 

71 

22  43 

844 

3136 

71 

2  171 

"^3  9414 

435  02  5 

—403 

1 

72 

23  16 

8534 

403 

72 

2  243 

417 

30 

44  3  5|6 

1 

73 
2  316 

4 

7 

6 

2  1 

5 

73 

4  22 

44  5  7 

1 

1 

74 

•* 

7 

2  1 

:> 

74 

|..  21390 

4  26 

7 

44  7  H 

1 

4 

7 

2 

Hence  the  real  root  is  nearly  1*125790 ;  and  by  using  aoothe.  period  of  ciphen 
we  should  have  the  root  correct  to  ten  places  ot  decimals,  w.Lh  very  little  ad- 
ditional labor. 


ADDITIONAL  EXAMPLES  FOR  PRACTICE. 

(1)  Find  all  the  roots  of  the  equ^on  z*— 3x— 1=0. 

(2)  Find  all  the  rooto  of  the  equation  a:»— 22r— 24=0. 

(3)  Find  the  roots  of  the  equation  ai^-l-x^— 500=0. 

(4)  Find  the  roots  of  the  equation  r^+x'+x— 100=0.  • 

(5)  Find  the  roots  of  the  equation  2jt'+3j:«— 4x— 10=0. 

(6)  Find  the  roots  of  the  equation  x*— 12ar«+12.r— 3=0. 

(7)  Find  the  roots  of  the  equation  x^^Qx^+Ux^+ixSszO. 

(8)  Find  the  roots  of  the  equation  x*— r'4-*^^'+"^-"4=0« 

(9)  Find  the  roots  of  the  equation  x*— 10r»+6x+l=0. 

(10)  Find  the  roots  of  the  equation  x*+3x*+2x^— 3x»— 2x— 2=0 

(11)  Find  all  the  roots  of  the  equation 

3fi^  4x«— 3x<— 16r^+ll.t^+12x— 9=0. 


ANSWERS. 


rx=+3-< 

1)  jx=-l.J 

ix=-  .; 

rx=+5-16S 

2)  J  x=  — 1-16:^ 
lx=-4 


879385242 
-532088886 
347296355 

162277660166 
162277660166 


(3)  x=7-61727975593e 

(4)  x=  4-264429973158 

(5)  x=l-6248190834?4 


(6) 


(7) 


rx=+ 2-858083308178 
|x=+  -606018306969 
I  x=+  -443276939592 
^a:=— 3-907379554730 
^x= +5-236067977600 
I  x=+  -763932022500 
I  x=+ 2-732050807669 
[x=—  -732050807669 
ix=-f  1*146994592039 
fx=— 1-090693686696 
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(10)  xr=:10591090034618804 
fa:=— 1;  x=— 3;  a:=l 

(11)  i  r=-3;  x=l 

a-=l 


'ar=— 3-065315791298304 

x=—  -691576280490080 

(9)   •larsr—  -175674799288474 

0:=+  -879508708414460 

^  ar= + 3-053058162662302 

257.  The  theorem  of  Sturm  gives  a  simple  means  of  establishing  the  coo 
ditions  of  the  reality  of  the  roots.  As  the  real  roots  are  comprised  betwew 
two  Umits,  — L'  and  ^-L,  the  one  negative  and  the  other  positive,  which  may 
be  chosen  as  large  as  we  please,  the  question  reduces  to  seeking  the  conditioiv 
necessary,  in  order  that  from  x=: — L'  to  a:=+L  the  series  V,  Vi,  Vg,  dec., 
should  lose  a  number  of  variations  equal  to  the  degree  of  the  equation. 

Supposing  this  degree  to  be  m,  it  must  then  lose  m  variations.  *But  in  order 
that  it  may  have  m  variations,  it  is  necessaxy  that  it  should  have  at  least  m-fl 
terms ;  and  as  it  can  not  have  more,  we  are  sure  that  the  quantities  V ,  Vi,  Vg, 
&c.,  exist  to  the  number  m-|-lt  (uid  that  they  are  respectively  of  the  degree 
m,  m— 1,  m— 2,  dec.  The  last,  which  does  not  contain  x,  will  then  be  repre- 
aented  by  V„. 

When  in  the  polynomial  functions  of  x  we  substitute  very  large  numbers, 
positive  or  negative,  for  x,  we  know  that  tiie  results  are  of  the  same  sign  as  if 
each  polynomial  were  reduced  to  its  first  term ;  therefore,  in  the  present  in 
vestigation,  we  need  occupy  ourselves  only  with  the  first  term.  Let  us  take 
the  equation  V =0  under  the  ordinary  form 

a:"+jpx"*"»+7J*»-*+,  dec.,  =0. 

The  first  term  of  V  is  x™;  that  of  the  derived  polynomial,  Vi,  will  be  mx""'. 
With  regard  to  those  of  the  polynomials  Vs*  V3,  dec.,  they  are  functions  com- 
posed of  Ihe  coefficients^,  9,  dec,  determined  by  the  successive  divisions  in 
accordance  with  the  rule.  Let  us  represent  these  functions  by  Gj,  G3 . . .  G» 
and  write  in  order  the  m-fl  quantities, 

X",  mafK\  Gax"-*,  GaX*""^  ...  Go,. 
The  question  will  be  reduced  to  finding  the  conditions  which  will  catise  the 
loss  of  m  variations  from  this  series  when  we  pass  from  x= — L'  to  x=-4-L. 
In  order  that  this  may  be  the  case,  it  must  have  m  variations  upon  the  substi- 
tution of  —  L',  and  m  permanences  upon  the  substitution  of  -f-L.  But  in  this 
series  the  powers  of  x  go  on  decreasing  by  unity ;  consequentiy,  if  it  has  noth- 
ing but  permanences  when  x=s-fLt  it  will  have  nothing  but  variations  when 
x=:— L'.  Thus,  the  conditions  are  reduced  simply  to  such  as  require  this 
series  to  have  only  positive  coefficients,  that  is  to  say,  to  tiie  following, 
G8>0,  G3>0....G„>0. 

These  conditions  will  never  be  greater  in  number  than  m— 1,  but  they  may 
be  less  in  number,  inasmuch  as  some  of  the  above  inequalities  may  involve  thf> 
others. 

EXAMPLE. 

258.  Find  the  conditions  necessary  for  the  reality  of  the  roots  of  the  equa- 
tion x*+5X+r=0. 

Here  we  have  ms3,  and  tiie  conditions  are  only  two  in  number,  G8>0  and 
G,>0. 

To  find  Gi  and  1„  we  calculate  Vg  and  V9  by  successive  divisions,  as  fol- 
lows: 
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First  Divisum.  Second  Division, 

jfi^  qx+  r|3j»+7  3j:«+     q     I—  2<yJ—  3r 

3r»+3^a:+3r|"lc  127«j«+  47»    |—  6ya:+  9r 

3j°+  qz  12y».r°+18yrj 

2^ar+3r  — 18^"r?+  4y» 

.  .  Va  =  — 29r-.3r.  —  ISttj  — 27r« 

493+277* 
.•.Vj=—  49'— 27r^. 
Consequently,  the  inequalities  G8>0,  G3>0,  become 
— 29>0,  — 4g3— 27r«>0; 
observing,  however,  that  the  first  inequality  is  embi'aced  in  the  second,  since 
r*  is  always  positive ;  and  cliauging  the  signs  of  the  second,  we  have  for  the 
<»ole  condition  of  the  roots  of  an  equation  of  the  third  degree,  being  real, 

4^+27r3<0. 


We  have  now  given  so  much  of  tlie  general  properties  of  equations  of  all 
degrees,  aud  such  modes  of  proceeding,  as  will  insure  their  numerical  solution 
in  a  manner  the  most  certain  and  infallible,  and  ordinarily  the  best. 

There  are,  however,  many  tmosformations  of  equations,  which,  by  reducing 
their  degree,  or  by  giving  theui  a  particular  form,  serve  to  facilitate  their  solu- 
tion in  certain  cases.  There  are  also  many  general  principles  applicable  to 
the  resolution  of  equations  of  tlie  higher  'brders  by  the  methods  in  use  previ- 
ous to  the  discovery  of  Sturm,  which, Vith  these  methods  themselves,  it  is  de- 
sirable to  know  for  many  purposes  in  the  application  of  algebraic  analysis  to 
the  higher  branches  of  both  pure  and  mixed  mathematics,  for  ulterior  improve- 
ineuts  in  the  general  theory  of  equations  itself,  and  even  for  use  in  the  sohi- 
tion  of  equations,  in  some  cases,  to  which  they  are  more  conveniently  adapted 
than  the  method  of  Sturm.  A  treatise  on  algebra  could  scarcely  be  regards  si 
us  complete  without  some  notice  of  these.  We  shall  therefore  give  as  exHin- 
sive  an  exhibition  of  them  as  can  in  any  way  be  useful  in  an  elementary  work 
like  the  present,  commencing  with  the  well  known 

RULE  OF  DES  CARTES- 
259.  An  equation  can  not  have  a  greatet  number  of  positive  roots  than  there 
are  variations  of  sign  in  the  successive  terms  from  +  ^  — »  or  from  —  to  +, 
nor  can  it  have  a  greater  number  of  negative  roots  than  Oiere  are  permanences^ 
or  successive  repetitions  of  the  same  sign  in  the  successive  terms. 

Let  an  equation  have  the  following  signs  in  the  successive  terms,  viz. : 

+  -+ +  +  +  -/or+ +  -  +  +  +  . 

Now  if  we^introduce  another  positive  root,  we  must  multiply  the  equation  by 
r— (2,  and  the  signs  in  the  partial  and  final  products  will  be 

+  -+ +  +  +  -  + +  -  +  +  + 

-+-+++ +  -+++-+ 

+-+-±±+±±-+  +-±±+-+±±- 

where  the  ambiguous  si^i  db  indicates  that  the  sign  may  be  -f-  or  —  accord- 
ing to  the  relative  magnitudes  of  the  terms  with  contrary  signs  in  the  partial 
(iroducts,  and  vhere  it  will  be  observed  the  permanences  in  tlio  propoaed 
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equation  are  changed  into  signs  of  ambiguity;  hence  the  permaneDces. ^< 
tho  ainblguous  sign  as  you  will,  are  not  increased  in  the  final  product  hjtzfr^' 
troduction  of  the  positive  root  +a;  but  the  number  of  signs  is  incna^-.  .7 
onf,  and,  therefore,  the  number  of  variations  must  be  increased  by  <me.  \L^^^  r 
it  is  obvious  that  the  introduction  of  every  positive  root  also  intanodoces 
additional  variation  of  sign,  and,  therefore,  the  vrhole  number  of  postire  r^^ • 
can  not  exceed  tlie  Dunib(^r  of  variations  of  signs  in  the  successive  tenns  9:1^ 
|>;oposed  equation. 

Again,  by  changing  the  signs  of  the  alternate  terms,  the  roots  will  be  cbcr- 
Worn  positive  to  negative,  and  vice  versa  (see  Prop.  VII.).  Moreover, brt 
clian^e  the  permanences  in  the  proposed  equation  will  be  replaced  by  nr. 
tions  in  the  changed  equation,  and  the  variations  in  the  former  by  permfiL<-.>  - 
ill  the  latter ;  and  since  the  changed  equation  can  not  have  a  greater  uiizii- 
of  positive  roots  than  there  are  variations  of  sign,  the  proposed  e<|uati4>& :. 
not  have  a  greater  number  of  negative  roots  than  there  are  permanences  .* 
sign. 

Let  V  be  the  number  of  variatidns,  t;'  the  number  of  variations  of  the  tn<i- 
formed  equation  obtained  by  changing  x  into  — x.  The  number  of  real  n - 
of  the  equation  can  not  sur|)ass  v-\-v'.  Then,  if  this  sum  is  less  than  the  i- 
gree  m,  the  equation  will  have  imaginary  roots. 

The  sum  v-^v'  is  never  greater  than  the  degree,  and  when  it  is  less  (i.* 
difference  is  an  even  number.     (See  Art.  248.) 

EXAMPLES. 

(1)  Theequation.r<'+3.r»—41r«—872:»+400j^+444j— 720=0 hassis^* 
roots.     How  many  are  positive  ? 

(1?)  The  equation  x<— 3r»— 15i«+49x— 12=0  has  four  real  roots.  Hi?w 
many  of  these  are  negative  ? 

260.  We  give  next  the  repetition  of  a  principle  already  presented,  but  vrb* 
may  bo  derived  as  n  direct  consequence  of  the  theorem  of  Sturm. 

THEOREM  OP  ROLLB. 

Let  F(.r)=0  bo  an  equation  which  has  no  equal  roots,  F'(x)  its  denT.< 
polynomial.  Wc  have  seen  that  as  x  increases,  the  series  of  Sturm  k»«?>  • 
variation  every  time  that  x  passes  over  a  root  of  the  equation  F(t)=0,  az 
that  it  can  not  lose  one  in  any  other  way.  Moreover,  we  have  seen  that  in-» 
variation  b  lost  at  the  commencement  of  the  series  of  functions,  in  con^r* 
quence  of  F(.r)  changing  sign,  while  F'{x)  does  not;  so  that  F{x)  is  al^iar^ 
of  a  sign  contrary  to  that  of  F'(x)  for  a  value  of  ar  a  little  less  dian  the  mi 
and  always  of  the  same  sign  for  a  value  a  little  greater. 

Thus,  wh'Mi  we  ascend  from  a  root  r  to  a  root  r',  which  is  immedatolr 
above  r,  V(j)  must  be  of  the  same  sign  as  F'(j:)  for  a  value  of  x  a  little  greiiw 
than  r,  and  of  a  sign  contrary  toF'(r)  for  a  value  of  z  a  httle  less  than  r'.  Bm 
in  the  interval  F{x)  does  not  change  sign ;  then  F'{x)  must  change  sign  »r 
least  once;  therefore  the  equation  F'(r)=0  has  at  least  one  root  between  «- 
and  r'. 

Let  a,  &,  c,  (f . . .  ^  be  the  real  roots  of  F(x)=0,  arranged  in  order  of  nia*r^- 
tude,  beginning  with  the  largest;  and  let  a,,  &,,  c,  . . .  ^,  be  the  real  roots  <il' 
F'^j:)=0,  disposed  in  the  same  manner.  We  have  just  seen  that  these  h< 
are  comprised,  some  between  a  and  i,  some  between  b  and  c,  &c. ;  but  as  ib« 
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degree  of  V(x),  and,  conseqnently,  the  number  of  its  roots,  is  one  less  than 
the  degree  and  number  of  roots  of  F(a:)=0,  it  follows  that  the  equation 
F(2r)=sO  can  have  but  one  root  above  ati  but  one  between  at  and  61  . . .»  and» 
finally,  but  one  below  ^|.  This  property,  which  has  been  long  known,  and  of 
-which  we  have  given  an  independent  demonstration  at  (Art.  253),  is  identical 
Mrith  the  theorem  of  Kolle. 

261.  The  considerations  which  lead  to  the  theorem  of  RoHe  furnish  also 
the  means  of  determining  whether  the  m  roots  of  the  equation  F(x)=0  are 
real  and  unequal. 

Since  Oi  is  between  a  and  6,  hi  between  b  and  c,  &c.,  it  is  easy  to  see  (Art. 
252)  that  if  we  substitute  successively  at,  61,  &c.,  in  place  of  a;  in  F(x),  the 
results  will  be  alternately  negative  and  positive ;  so  that 

For  .^ F(aO,  F(6i),  F(cO»  &c.,      ■ 

we  have    ....      — ,      +»      ""*    ^• 
But  we  may  apply  to  the  function  F*{x)  and  its  derived  function  F"{x)  all 
that  has  been  said  Iq  the  preceding  article  of  F{x)  and  F'{x)  *,  then, 

For F"(aO.  F"{6i).  F"(rO,  &c., 

we  have.  .       +,         — ,       +,      &c. 
Then  the  products  F(ai)xF"(ai),  F(J,)xF"(&i)»  &c-»  of  which  there  are 
tn — 1,  will  be  all  negative. 

But  if  we  make  F(a:)xF"(a:)c=y,  and  eliminate  ^as  at  p.  157)  x  between 
the  two  equations,  ^ 

F'(x)==0,  F(x)xF"(ar)=y (2) 

the  m— 1  roots  of  the  final  equation  in  y  will  be  precisely  the  products  above ; 
but  since  aU  these  products  are  negative,  the  equation  in  y  will  have  only 
negative  roots,  and,  consequently,  all  its  terms  will  have  the  sign  4-*  Thus, 
when  the  equation  F(:r)c=0  has  none  but  real  and  uneqiuU  roots,  the  theorem 
of  Rolle  shows  that  the  roots  of  F'(:)  )=H)  must  be  real  and  unequal  also ;  and 
from  what  has  just  been  said  above,  it  appears  that  besides  this,  the  signs  are 
all  plus  in  the  equation  in  y,  resulting  from  the  eumination  of  x  between  the 
equations  (2). 

262.  Conversely,  tliese  conditions  being  fulfilled,  we  can  demonstrate  that 
all  the  roots  of  F(j:)^0  will  be  real  and  unequal.  And  first,  the  m — 1  roots 
of  F'(.t)=0  being  real,  from  what  has  just  been  said,  those  of  F"(ar)=rO  must 
be  real,  and  the  m— 1  values  of  y,  or  F(x)xF"(.i*)  real  also;  and  the  roots 
of  F'(a:)=0  being  by  hypothesis  unequal,  the  theorem  of  RoUe  proves  that  the 
quantities  F"(ai),  F"(&i),  &c.,  have  their  signs  alternately  +  and  — .  Again, 
since  the  equation  in  y  has  its  aigns  all  -4'f  ^®  conclude  that  it  has  no  positive 
roots ;  and  since  all  its  roots  are  real,  they  can  only  be  negative ;  then  the 
m— 1  products 

F(aOxF"(flx),  F(60XF"(&0.  &Cm 
are  negative.    But  the  second  factors  have  their  signs  alternately  +  ^^^  — 
then  the  quantities  F(ai),  F(6,),  dec.,  must  have  their  signs  alternately  —  and 
-|-.    Then  there  exists  above  ai  a  root  of  the  equation  F(x)=:0,  another  be- 
tween ai  and  h^  another  between  61  and  Ci,  &c.,  therefore  the  m  roots  of  this 
equation  are  real  and  unequal. 

The  conditions  drawn  from  the  equation  in  y  may  be  regarded  as  actually 
known,  because  this  equation  is  obtained  by  simple  elimination.    As  to  the 

V 
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other  conditioa  which  requires  that  the  roots  of  F'(:r)=0  be  real,  let  it  be  ob 
served  that  this  equation  is  of  the  degree  m— 1,  aod,  applying  to  it  the  same 
reasoning  as  to  F(x)=0,  we  reduce  the  question  to  determining  the  reality  of 
the  roots  of  F"(a:)=0,  which  is  only  of  the  degree  m — 2.  Continuing  diufl» 
we  descend  to  an  equation  of  the  second  degree,  the  derived  function  of  which 
jeing  of  the  first  degree,  can  not  have  an  imaginary  root.  Then  the  only  con 
dition  to  fulfill  will  be  that  the  equation  y,  which  is  also  of  the  first  degree 
have  its  two  terms  of  the  same  sign. 

Remark. — Bj  recurring  to  the  reasoning  which  led  to  the  use  of  the  equa 
tion  y=:F(2r)xF"(ar),  it  is  easily  perceived  that  this  may  be  replaced  by 
M  X  F(x)  X  F"(x),  M  being  any  positive  quantity  whatever.  We  can  then  in- 
troduce or  suppress  in  the  polynomials  F(r),  F'(x),  F''(x),  &c.,  such  positive 
factors  as  may  be  judged  suitable  to  simplify  the  calculation. 

263.  The  equation  in  y,  resulting  from  the  elimination  of  x  in  the  equations  (2), 
being  of  the  degree  m— 1,  will  have  m — 1  coefficients,  thus  presenting  m— 1 
conditions  to  be  fulfilled ;  the  second  equation  in  y,  obtained  by  eliminating  x 
between  the  two,  F"(ar)=0,  y=F'(x)xF'"(x),  vnll  be  of  the  degree  m— 2, 
and  present  m'^2  conditions  to  be  fulfilled,  and  so  on,  till  we  arrive  at  an  equa- 
tion of  the  first  degree  in  y,  which  will  give  but  a  single  condition ;  then, 
taking  all  the  conditions  in  an  inverse  order,  their  number  will  be  express 
ed  (Art.  228)  by 

1+2+3... +»i—l=-^-2 — -. 

264.  For  an  application  of  the  above,  let  us  take  the  general  equation  of  the 
second  degree, 

x"+|?x+g=0. 

Here  we  have  F(x)=sx*+|?x+g,  F'(x)=:2x+^,  F"(x)=r2,  and  wo  per 
ceive  at  once  that  F'(x)  has  no  imaginary  root,  since  it  is  of  the  first  degree. 

In  order  to  have  the  equation  in  y,  the  two  equations  between  which  wo 
must  eliminate  x  are 

2x+p=0,  y=(xa+j7x+^)x2. 

The  elimination  gives 

Then,  in  order  that  the  terms  of  this  equation  may  have  the  same  sign,  we 

must  have  Ti?'— ^>0 ;  and  this  is  the  only  condition  necessary  to  insure  the 

reality  of  the  roots  of  the  equation  of  the  second  degree.    It  accords  widi 
what  we  have  seen  at  (Art  191). 

265.  Let  us  consider  next  the  general  equation  of  the  third  degree.  The 
second  term,  it  wUl  be  seen  hereafter,  may  be  made  to  disappear  without 
changing  the  number  of  the  real  roots ;  we  may  therefore  take  it  under  the 
form 

x»+9X+r=0. 
In  this  case  F(x)=x»+9X+r,  F'(x)=3.ta+y,  F"(x)=6r.     It  is  necessary, 
Ifrst,  that  the  derived  equation,  3x«+9=0,  should  have  only  real  and  uneqiial 
roots;  and  for  this  the  condition  is  evidently  q<iO. 
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Secondly,  it  is  necesMuy  to  eliminate  x  between  the  two  equations 

31^+^=0 (1) 

y=(j»+^r+r)x6r, 


The  first  gives^ 
i.nd  (2)  becomes 


y=6jr*+6^a:»+6rar (2) 


1  1 


18r 
Substituting  this  In  (1),  we  have,  after  reducing, 

In  order  that  the  three  terms  of  this  equation  may  have  the  same  sign,  it  it 
uecessary,  and  it  is  sufficient,  that  the  known  term  should  be  positive.  We 
have  already  seen  that  q  must  be  negative,  but  (^  in  the  second  term  is  posi 
tive;  then  the  new  condition  is  ^(fJ^llj'^Kj!^'  FinaDy,  as  this  new  condition 
can  be  fulfilled  only  when  q  is  negative,  it  is  the  only  one  necessary,  in  order 
that  the  roots  of  the  equation  of  the  third  degree  should  be  real  and  unequal. 

FOURIER'S  METHOD  OF  SEPARATING  THE  ROOTS. 
266.  We  shall  now  give  anotlier  method  of  separating  the  roots,  proposed 
by  Fourier,  which  has  the  recommendation  that  the  auxiliary  functions  em- 
ployed in  it  are/(a:)  and  its  successive  derived  functions,  which  can  be  form- 
ed by  inspection  ;*  so  that  the  method  can  be  applied  nearly  with  equal  ease 
to  an  equation  of  any  degree ;  in  particular,  the  intervals  in  which  no  real  root 
can  be  situated  are,  by  Fourier's  method,  immediately  assigned.  The  objec- 
tion to  this  method  is,  that  by  its  immediate  application  we  only  find  a  limit 
which  the  number  of  real  roots  in  a  given  interval  can  not  exceed,  and  not  the 
absolute  numbiBr;  and  that  the  subsidiary  propositions  by  which  this  defect  is 
supplied  are  not  of  the  same  simple  character  as  the  origiivil  theorem.  The 
enimciatinn  and  proof  are  as  follows. 

THEOKElir. 

Tht  number  of  real  roots  q/"f(x)=0  which  lie  between  two  n^tmbers  a  and  b» 
can  not  exceed  Uie  difference  between  the  number  of  variations  ^f  signs  in  the 
results  of  the  substitutions  ofa  and  hfor  x,  in  the  series  formed  H  f(x)  and  its 
derived  functions:  viz.,/(x),/'(x),/"(r),  ..,f'{x). 

If  none  of  the  eqtHitioos  ^ 

/(x)=0,/'(x)x=0,  &c., 
have  a  root  between  a  and  6,  it  is  manifest  that  the  substitution  of  a  and  6,  and 
of  any  intermediate  quantity,  in/{x),  /'(a:),  &c.,  will  »?wnys  produce  exactly 

*  Tlie  method  of  Storm  employs  only  the  given  and  firat  derived  function /(j-)  apd  /"'(x), 
vrbich  aro  tlie  iame  as  V  and  Vj,  the  other  functions  in  his  method,  viz.,  Vg,  V-i,  &n.  be- 
}u^  obtained  by  the  method  of  the  common  divisor,  which,  in  practvv>,  is  tedious  for  fuuc* 
tions  of  the  higher  degrees,  especiaAy  if  they  have  large  coefficients.  For  methods  nf  sinv 
plii'j'ing  these  laborious  ope'Ti*;ions,  see  Young's  Thuory  and  Solution pf  the  hijjher  EtiuutioM 
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the  same  series  of  signs ;  but  if  any  of  these  eqnatioDS  haie  roots  betrec  i 
fuid  b,  then  changes  in  the  series  of  signs  will  occur  in  substitatiiig  gndii; 
ascending  quantities  from  ato  b  ;  our  object  is  to  abow  that  by  such  sibr. 
tions  the  number  of  variations  of  signs  can  never  increase,  and  that  oik;  v* 
tion  will  be  lost  every  time  the  substituted  quantity  passes  through  a  red  ?« 
f{x)s=zO;  this  we  shall  do  by  examining  separately  each  of  the  oaes: 
which  the  series  of  signs  can  be  affected ;  namely,  1,  when  /(j)  tL'i' 
vtmishes ;  2,  when  some  derived  function,  /^(^ )•  alone  vanishes ;  3  an-:  •. 
when  some  group  of  derived  functions,  of  which  y (-r)  either  is  not  or  -^ . 
part,  alone  vanishes;  and  lastly,  when  several  or  all  of  these  cases  of  raiy. 
iiig  happen  at  the  same  time. 

First,  suppose  that  x^c  (c  being  some  quantity  between  a  and  h)  mm 
f{x)  vanish,  without  making  any  of  the  derived  functions  vanish;  tiiettr 
resultiof  substituting  c^-^  for  x  in/(x)  and/'(x)  is  (supposing  h  so  small  ih 
the  signs  of  the  whole  of  the  two  series  which  express /(c-f-^)  and /'(Hi 
depend  upon  those  of  their  iirat  terms,  and  writing  down  only  the  first  ter^i 

A. /'(c)  and /'(c), 

which  have  different  or  the  same  signs  according  as  A  is  —  or  + ;  tkemV. 
in  passing  from  c~^  to  c-^-h  through  a  root  of  the  equation,  a  TariatiiKici 
signs  is  lost,  but  none  gained.* 

Secondly,  suppose  that  x=c  makes  one  of  the  derived  functJoos,/^''- 
vanish,  without  making  any  other  of  the  derived  functions,  or/(x),  vamsli: :» 
the  result  of  substituting  c-f-^  for  x  in  the  three  consecutive  functioos 

/»-'(:r)./»(x)./-+'(r), 
(these  being  the  qnly  terms  which  it  is  necessary  to  examine)*  is 
/-»(c).  fc./-+»(c),/»+i(c). 
If,  then,  the  first  and  third  terms  have  the  same  sign,  there  will  be  twonrs- 
tions  when  h  is  negative,  and  two  permanences  when  h  is  positive ;  if '«^ 
exrreme  terms  have  contrary  signs,  there  will  be  one  variation,  and  ooe  osir 
whether  h  be  negative  or  positive ;  therefore,  in  passing  from  c^h  to  ct' 
throiii;!!  a  value  which  makes  one  of  the  derived  functions  vanish,  either  tv; 
variii tions  or  none  will  be  lost,  but  none  ever  gained. 

Thirdly,  suppose  that  x=:c  makes  r  consecutive  derived  functioDS  Tafli*** 
without  making  any  other  derived  function,  or/(x),  vanish ;  then  the  resuti 
tlie  substitution  of  c-f-A  for  x  in  the  series 

f^(x),  /— '+•(*).  . . ./— (r),  fix),  /■+•{'). 
(these  being  the  only;  terms  necessaiy  to  be  examined)  is 

where  Ir  denotes  1 . 2 . 3 . . . .  r. 

If,  then,  the  extremes  of  this  series  have  the  same  sign,  there  will  be  rw 
r-f- 1  changes  (according  as  r  is  even  or  odd)  when  h  is  negative,  ao<i  ^ 
change  when  k-  is  positive ;  if  the  extreme  terms  have  contrary  8ign»,  ther* 

*  It  ifl  muiccessaiy  to  attet  d  to  the  other  fonctiona  of  the  series  of  derived  functioos.  » 
caoae  h  is  supposed  so  small  that  not  one  of  them  vanishes  by  tihe  sabstitatiaB  of «? 
Qaantity  botwcci  c — h  and  c-f  h^  and  therefore  each  has  4fae  same  sign  for  e—i  ^  ' 
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will  be  r  or  r^- 1  variatioas  (according  as  r  is  odd  or  even)  when  k  is  negative, 
nnd  one  change  when  h  ia  positive;  therefore,  in  passing  from  c — h  to  c-^-h 
til  rough  a  value  which  makes  r  consecutive  derived  functions  vanish,  r  or  r^t  1 
changes  are  lost  (according  as  r  is  even  or  odd)  but  none  ever  gained. 

Fourthly,  suppose  the  vanishing  group  to  consist  of  f{x)  and  the  first  r — 1 
derived  functions  (which  corresponds  to  r  roots  =c  in/(7)=!0)  ;*  then  the  r» 
suit  of  tlie  substitution  of  c-^-h  for  x  in/(i'),/'(T),  . . '  f'~^(x)n  f'{x),  is 
h'  h'-^  h 

in  which  there  are  r  variations  when  h  is  negative,  and  none  when  h  is  posl 
tive ;  thorefore,  in  passing  through  a  ruot  which  occurs  r  times  in  the  equation, 
r  changes  are  lost,  but  none  gained. 

Lastly,  suppose  the  substitution  of  x=c  to  produce  several,  or  all  of  the 
above  cases  at  the  same  time ;  then,  because  the  conclusions  respecting  the 
effect  of  the  passage  through  c  upon  the  series  of  signs  in  one  part  of  the 
series  of  derived  functions  are  not  at  all  influenced  by  what  happens,  in  con- 
sequence of  the  same  passage,  at  another  distinct  part  of  the  series,  by  what 
has  been  proved,  several  variations  will  be  lost,  but  none  ever  gained. 

Since  then,  in  substituting  gradually  ascending  values  from  a  to  by  variations 
of  signs  are  generally  lost  for  every  passage  through  a  quantity  which  makes 
one  or  more  of  the  derived  functions  vanish,  and  invariably  one  for  every  piiss- 
age  through  a  root  of/(x)^0,  but  none  under  anyjCircumstances  gained,  il 
follows  that  the  numler  of  roots  of/(j:)=0,  which  lie  between  a  and  6,  can 
not  be  greater  than  the  excess  of  the  number  of  variations  given  by  z=a,  above 
that  given  by  x=zb, 

267.  Hence,  if  the  limits,  a  and  6,  be  —  qd  and  +qd,  or  any  two  numbers 
the  first  of  which  gives  only  variations,  and  the  second  only  permanences ;  and 
if,  in  the  series  formed  by  f(x)  and  its  derived  functions, 

/(^)./(^)./'W.---/"(^)i 
c  be  substituted  for  x  and  be  then  made  to  assume  all  values  between  these 
limits,  the  series  of  signs  of  the  results  wiU  have  the  following  propeities ; 
tliore  will  at  first  be  n  variations  of  sign,  and  at  last  no  variation,  but  n  per- 
manences ;  these  variations  disappear  gi-adually  as  c  increases,  and  when  once 
lost,  can  never  be  recovered ;  one  variation  disappears  every  time  c  passes 
through  a  real  unequal  root  of /(.r)=0 ;  r  variations  disappear  every  time  c 
passes  through  a  root  which  occurs  r  times  in/(.r)=0 ;  either  two  or  none  of 
the  variations  disappear  every  time  one  only  of  the  derived  functions  vanishes, 
without /(x)  vanishing  at  the  same  time;  an  even  number  j7  of  variations  dis- 
appears every  time  an  even  group  of  p  functions  (not  including  the  first /(a:)) 
vanishes ;  and  an  even  number  qJtzl  of  variations  disappears  every  time  an 
odd  group  of  q  functions  (not  including  the  lirst/(x))  vanishes.  Also,  if  a  value 
causes /(x)  and  the  first  r—1  derived  functions  to  vanish,  and  an  even  group 
of  p  functions  in  one  part  of  the  series,  and  an  odd  group  of  q  functions  in  an- 
other part,  to  vanish  at  the  same  time,  the  number  of  variations  lost  in  pass 
ing  through  that  value  will  be  r+p+^±l. 

268.  Hence,  if /(x)=0  have  all  its  roots  real,  no  value  of  x  can  make  any 
of  the  derived  functions  vanish,  and  thereby  exterminate  variations  of  signs 

•  Bee  (Art.  253,  Schol). 
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•iiitie  or  coQtraiy  to  that  of  the  follow ing  derivative,  y"'"+'*(cV.  aoeopfii^»  •  ■ 
positive  or  negative,  or  according  as  we  substitute  a  quantity  a  littie  le*4  « i 
liule  greater  than  the  value  which  makes /"(x)  vanish.  Tbe  use  of  txd  '^ 
Qiark  will  be  seen  in  the  following  example. 

EXAMPLE  II. 

/    {x)=     X*—  4x>— 3j-+23=0 
/'  (t)=s  42»— 12i«— 8 
/"(x)=:12x«-.24a: 
/'"(x)=24x— 24 
f*  (x)=:24. 


/ 

/' 

/" 

/'" 

r 

Z=:0        . 

+ 

— 

0 

— 

+ 

x=0^h. 

+ 

— 

± 

— 

+ 

T=l 

+ 

r- 

— 

•0 

+ 

x=l^h. 

+ 

— 

— 

T 

4- 

T=10 

+ 

+ 

+ 

+ 

+ 

Kvery  value  loss  than  0  gives  results  alternately  +  and  — ,  therefore  tlirns 
IS  no  real  negative  root ;  for  .r=0,  we  have  a  result  zero  placed  between  x^' 
similar  signs,  and  therefore  corresponding  to  it  there  is  a  pair  of  imagicait 
roots.  There  is  no  root  between  0  and  1,  but  there  may  be  tiiro  roots  br- 
tween  1  and  10. 

EXAMPLE  Til. 

/(x)=:x«— 6r'»+40x'+60x«-.x— 1=0. 

Here  there  is  no  root  <— 1 ;  there  is  one,  and  there  nrmy  be  three,  be- 
tween —  1  and  0 ;  there  is  one  root  between  0  and  1,  and  there  may  be  tws 
roots  between  2  and  3. 

272.  The  above  process  will  determine  the  intervals  in  which  the  roots  sre 
to  be  sought,  but  not  always  their  natuie ;  when  an  even  number  of  roots  b 
indicated,  they  may  all  turn  out  to  be  impossible.    The  8eri<?s  of  magnitiidei 
between  — oo  and  4-<»»  ^  he  substituted  for  x  in  the  dei.ved  functions,  bas 
been  divided  into  intervals  of  two  sorts,  each  contained  by  assigned  limits,  fi 
and  6.     The  first  sort  of  interval  b  one  within  which  no  root  is  comprehended 
i.  «.,  the  limits  of  which  give  the  same  number  of  variations  of  signs  in  ^ 
series  of  derived  functions.     The  second  sort  is  one  within  which  roots  gmj 
lie,  t.  e.,  where  the  number  of  variatious  resulting  from  the  substitution  of  \ 
is  less  than  the  number  resulting  from  the  substitution  of  a,  in  the  series  of 
derived  functions.     This  second  sort  of  interval  has  two  subdivisions,  viz^ 
cases  where  the  indicated  roots  do  really  exist,  and  others  where  they  are 
imaginary.     When  we  have  ascertained  that  a  certain  number  of  roots  msT 
lie  between  A  and  6,  we  may  substitute  c  (a  quantity  between  a  and  h)  in  die 
series  of  derived  functions,  and  if  any  variations  disappear,  our  interval  is  brokeo 
into  two  others ;  if  no  variations  disappear,  we  may  increase  or  diminish  c,  sod 
make  a  second  substitution,  and  it  may  still  happen  that  no  variation  is  lost,  and 
so  on  continually ;  and  we  may  be  left,  after  all,  in  a  state  of  uncertainty, 
whether  the  separation  of  the  roots  is  impossible  because  they  are  imagimfy, 
or  only  retarded  because  their  difference  is  extremely  smafl.     This  uncer 
tatnty  is  relieved  by  taking  the  interval  so  smaD  as  to  be  sufe  to  inchide  tlw 
real  roots,  if  they  exist. 
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One  method  of  arriving  at  the  proper  interval  is  by  means  of  the  so-caDed 
equation  of  the  squares  of  the  differences  of  the  roots  of  the  given  equation, 
wliich  nve  shall  hereafter  have  occasion  to  deduce.  This  process  is  tedious  in 
pi*actice ;  and  as  our  object  in  unfolding  the  method  of  Fourier  was  to  pursue 
it  only  so  far  as  it  threw  light  upon  the  general  theory  of  equations,  we  shall 
biere  leave  it. 

^We, should  now  introduce  the  theorem  of  Budan,  but  it  requires  a  trans- 
formation which^we  have  not  yet  exhibited,  and  we  therefore  take  this  op 
portunity  to  complete  a  subject,  one  proposition  of  which  (Art.'^51)  we  have 
already  had  occasion  to  anticipate. 

TBANSFOaMATION  OF  EaUATIONS. 
PROPOSITION  I. 

273.  To  transform  an  equation  into  another  whose  second  term  shall  he  removed 

Let  the  proposed  equation  be 

X-+ Aia*-»+ AaX»-«+ A„_.ix+ A.=0 ; 

and  by  Art.  245  we  know  that  the  sum  of  the  roots  of  this  equation  is  — Ai , 
therefore,  the  sum  of  all  the  roots  must  be  increased  by  Ai  in  order  that  the 
transformed  equation  may  want  its  second  term ;  but  there  are  n  roots,  and 

lience  each  root  must  be  increased  by  — ,  and  then  the  changed  equation  will 

biave  its  second  term  absent.  If  the  sign  of  the  second  term  of  the  proposed 
equation  be  negative,  then  the  sum  of  *all  the  roots  is  +  At ;  and  in  this  case 

we  must  evidently  diminish  each  root  by  — ,  and  the  changed  equation  wiU 

then  have  its  second  term  removed.    Hence  this 

RULE. 

Find  the  quotient  of  the  coefficient  of  the  second  term  of  the  equation 
divided  by  the  highest  power  of  the  unknown  quantity,  and  decrease  or  in- 
crease the  roots  of  the  equation  by  this  quotient,  according  as  the  sign  of  the 
second  term  is  negative  or  positive. 

EXAMPLES. 

(i)  Transform  the  equation  x*— 60:^+^ — 2^=0  into  another  whose  second 
lefm  shall  be  absent.  ' 

Here  Ai=— 6,  and  n=3 ;  •*.  we  must  diminish  each  root  by  }  or  2 
1  _6  +8  -2  (2  , 

__2  --8  _0  ^  {>         ^>r    4^^*^'-    r  - 

—4        0  —2 

2  —4 
—2  —4 
2 

0  • 

•*•  ^—4y— 2=0  is  the  changed  equation. 
A.Dd  since  the  roots  are  diminished,  we  must  have  the  relation  x ^y-^2. 

(2)  Transform  the  equation  x* — IGa:^— 6x-|-15=0  into  another  whose 
Mcond  term  shall  be  removed. 

(3)  Transform  the  equation  a*-fl5x*+12j:»— 20a«+14r— 25=0  into  an- 
other whose  seond  term  shall  be  at)sent. 


rt^ 


'"  \:  . 
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^   (4)  Change  the  oqiiation  a*+ax+hs=0  Into  aootliar  deficient  of  theno^ 


(5)  Change  the  equation  z'4-<u*-|-&x-|-cs50  inio 
second  term. 

ANSWERS. 

(2)  y<— 96y«-.518y-.777:=0. 

(3)  y»— 78y+412y»— 757y+40Is=0. 

(4)  2«--+&=0. 

(5)  .._(-_6)z+--  -5-+c=0. 

PROFOSITIOK  II. 

2*^4.  To  transform  an  equation  into  another  vjhMe  roots  shall  he  the  rerp 
tols  of  the  roots  of  the  proposed  equation. 
Let  ax"+AiJ*-»+A»a*-''+ AD-iX+A,s=rO  be  the  proposed  e^ 

tion,  and  pat  y=- ;  then  x=s-,  and  by  writing  -  for  x  in  the  proposed  equ^ 

^  y  y 

tx)n,  multiplying  by  y*,  and  reversing  the  order  of  the  terms,  we  bare  tb 
equation 

A.y+A„_,y»-»+Ao^y-«+ A,y«+A,y+a=0. 

whose  roots  are  the  reciprocals  of  the  foots  of  the  proposed  equatioo. 

The  transformation  is  then  effected  by  simply  changing  the  order  of  the  ci- 
efficients  of  the  given  equation. 

Corollary  1. — Hence  an  equation  may  be  transformed  into  another  wiiisr 
roots  shall  be  greater  or  less  than  the  reciprocals  of  the  roots  of  the  propc«^ 
equation,  simply  by  reversing  the  order  of  the  coefficients,  and  then  pmef^ 
ing  as  in  the  Proposition  to  Art  223. 

Corollary  2. — If  the  coefficients  of  the  proposed  equation  be  the  sas^ 
whether  taken  in  reverse  or  direct  order,  then  it  is  evident  that  the  tzu"^ 
formed  equation  will  be  the  same  as  the  original  one ;  and,  therefore,  the  tws 
of  such  equations  must  be  of  the  form 

11  11. 

tu  -;  r.,  -;  rs,  -;  r*  ~,  &c. 
n  rg  ra  r^ 

Corollary  3. — If  the  coefficients  of  an  equation  of  an  odd  degree  be  tb 
same  whether  taken  in  direct  or  inverse  order,  but  have  contrary  signi,  ^ 
also,  the  roots  of  the  transformed  equation  will  be  the  same  as  the  roots  of  tlK 
proposed  equation ;  for,  changing  the  signs  of  aH  the  terms,  die  criffnil  td 
transformed  equations  will  be  identical,  and  the  roots  remun  nncbssged  wbe3 
the  signs  of  all  the  terms  are  changed.  And  this  will  likewise  be  Uie  ctf^s 
an  equation  of  an  even  degree,  provided  only  the  middle  term  be  absent,  i? 
order  that  the  transfoivied  equation,  with  all  its  signs  changed,  may  be  ideotici- 
with  the  original  equation. 

Equations  whose  coefficients  are  the  same  when  taken  either  in  direcKJi 
reverse  order,  are,  therefore,  called  recurring  equations,  or,  from  ehe/onD* 
the  roots,  reciprocal  equations. 

Corollary  4. — ^If  the  sign  of  the  last  term  oi*  a  recurring  equalJoo  otsnoA^ 
degree  be  +,  one  of  the  roots  of  such  equation  will  be  — i ;  and  if  tbe*P 
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of  the  last  term  be  — ,  one  root  will  be  -(-1.  For  the  proposed  equation  and 
the  reciprocal  hare  one  root,  the  same  in  each,  and  1  is  the  only  quantity 
^rhoee  reciprocal  is  the  same  quantily;  hence,  since  each  of  the  other  rooti 
has  the  same  sign  as  its  reciprocal,  the  product  of  each  root  and  its  reciprocal 
must  be  positive ;  and,  therefore,  the  last  term  of  the  equation,  being  the 
product  of  all  the  roots  with  their  signs  changed,  must  have  a  contrary  sign  to 
that  of  the  root  unity. 

Hence  a  recurring  equation  of  an  odd  degree  may  always  be  depressed  to 
an  equation  of  the  next  lower  degree  by  dividing  it  by  x-^lf  or  x— 1,  accord 
ing  as  the  sign  of  the  last  term  is  +  or  —  ."^ 

CbroUary  5. — A.  recurring  equation  of  an  even  degree  may  always  be  de- 
pressed  to  another  of  half  the  dimensions.    For  let  the  equation  be 

a*+Aia*^»+A9a*^+ Ajt^+Aiar+lssO; 

dividing  by  x",  and  placing  the  first  and  last,  the  second  and  last  but  one,  dec 
in  inxtaposition,  we  have 

'•+^+A.(«-'+^)+ A^(r+i)+A.=0  ....  [2] 

Assume  ^zsx+'i  then  we  have 


x+j=y 

.•.«+i=y 

(x+i).=x.+i+2 

«*+^=y-2 

(.+l>=.+i+s(.+i) 

**+^-y*-3y 

(*+i)«=x«+i+4(..+i)+6 

**+5=y-4(j*-8)-« 

&c.            &c        dec. 

=y«_4y+2; 

tfubititntiog  these  vahies  of 

'+?*•+?•• 

.^+iin[2] 

the  rendting  eqnation  is  of  the  finin 

«"+B,V^+B*«^+ 

B^rf/+B.=0; 

and  the  original  equation  is  reduced  to  an  equation  of  half  the  dimensions. 

XXAMFLES. 

(1)  Transform  the  equation  x'«7x4-7=s0  into  another  whose  roots  shall 
be  less  than  the  reciprocals  of  those  of  the  given  equation  by  unity. 
7  _7  +0  +1  (1 
7      0       0 
0       0       1 
7      7 
7       7. 
7 
14 

\  7z*-|-14z'4-7z4-ls0  is  the  equation  sought,  where  z-fls-,  or  xss-j-^ 

Z 
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(2)  Find  the  roots  of  the  recurring  equation 

aa_6x*+&E»+6j:«— 6x+l==0. 
By  Cor.  4,  this  equation  has  one  root  x= — 1,  and  the  depreaeod  e*  watktt 

z*— 7a:»+12j:«— 7x+l=0. 
Diride  by  2*,  and  arrange  the  terms  as  in  Cor.  5 ;  then 

i  ut  x+-=:2 ;  then  2«+i=z«— 2 ;  hence,  by  sabstitntioo,  (A)  beccwi 

z«— 2— 72+12=0; 
or                                            a«— 7z+10=0; 
and,  resolring  the  quadratic,  we  get       

^=2±V7-^^ 

7=fc3 
^    2 
s5,  or  zr=2. 

Hence  r+-=5,  and  ar+-=2,  and  the  resolution  of  these  two  q[Dad»s 

gives  

z=J(5±  V21)  and  x=+l,  or  +1, 
and  the  five  roots  are 

5+  ^21       ^  5—  V21 
-1.  +1,  +1.        2      »  and ^  ; 

2  2         5+V21     2(6+ V21)     5+^21 

6+V"2i 
reciprocal  of  the  root ^ . 

(3)  Give  the  equation  whose  roots  are  the  reciprocals  of  the  roots  of  ^ 
equation 

z»— 32*-.2x*+3z»+12z«+ lOr— 8s=0. 

(4)  Find  the  roots  of  the  recurring  equation 

6y5-4y«+3y»-.3y*+4y«-6=0. 
(6)  Find  the  roots  of  the  recurring  equation 

z»+z*+z«+a*+x+l=sO. 

ANSWERS. 

(3)  8x«— 10x»— 12x*— 3x«+22*+3x— 1=0. 

1+-/Z:3  1— V"^  —3+4 -/ITi  -.3^4V-IT 

(4)  1,  -^ , 2 . 5 .  and g . 

(6)  -1,   V— =^y^ — ^.   V — 2^ — .    -V — ^ — .  «J 
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PROPOSITION  III. 

275.  7b  transform  an  equation  into  another  whose  roots  shall  be  any  pro* 
posed  multiple  or  submuUiple  of  the  roots  of  the  given  equation. 

Let  a*+ AiX^*+ A»i*-^+. ..  Ao_iar+ Aar=0  bo  any  equation ;  then  pr^nf 

y 

y  =stiur,  we  have  x:=— ,  and  by  substituting  this  value  of  x  in  the  given  equa- 
tion, and  multiplying  each  term  by  m\  we  have 

y»+mA,y»->+m«A«y— 'H m— iA»,,y+m»A.=0 ; 

OQ  equation  whose  roots  are  m  times  those  of  the  proposed  equation.  Hence 
we  have  simply  to  multiply  the  second  term  of  the  given  equation  by  nt,  the 
third  by  m*,  the  fourth  by  m\  and  so  on,  and  the  transformation  is  effected. 

Corollary  1. — If  the  coefficient  of  the  first  term  be  m,  then,  suppressing  m 
in  the  first  term,  making  no  change  in  the  second,  multiplyuig  the  third  by  m, 
the  fourth  by  m',  and  so  on,  the  resulting  equation  wiU  have  its  roots  m  timet 
those  of  the  given  equation. 

Corollary  2, — Hence,  if  an  equation  have  fractional  coefficients,  it  may  be 
changed  into  another  having  integral  coefficients,  by  transforming  the  given 
equation  into  another  whose  roots  shall  be  those  of  the  proposed  equation 
multiplied  by  the  product  of  the  denominators  of  the  fractions. 

CoroUary  3. — If  the  coefficients  of  the  second,  third,  fourth,  &c.,  terms  of 
an  equation  be  divisible  by  m,  m*,  m\  and  so  on,  respectively,  then  m  is  a  com- 
mon measure  of  the  roots  of  the  equation. 

EXAMPLES. 

(1)  Transform  the  equation  22^— 42^-(-7x— 3=0  into  another  whose  roctv 
ihall  be  three  times  those  of  the  proposed  equation. 

(2)  Transform  the  equation  ix*—33^—123fi+5x—l=s0  into  another  whose 
roots  shall  be  four  times  those  of  the  given  equation. 

(3)  Transform  the  equation  3fl-\--s^'—-x-\-2s=0  into  another  whose  roots 
shall  be  12  times  those  of  the  given  equation. 

ANSWERS. 

(1)  2a?— 120*+ 63x— 81=0. 

(2)  a:<— 32»— 4ai«+80x— 64=0. 

(3)  a?+42«— 36a:+3466=0. 

PROPOSITION  IV. 

276.  To  transform  an  equalion  into  another  whose  roots  shall  he  the  squares 
of  the  roots  of  the  proposed  equation. 

Let  j"+AiX"-*+ Aa2*-^+ + A,^_ir+ Ab=0  be  any  equation ;  then 

r"— Aia^^-^+Ati**^— ±Ao-iX^An=0  is  the  equation  whose  roots  are 

the  roots  of  the  former,  with  contrary  signs  (Prop.  VII.,  Art  247). 

Let  ai,  at,  Ost  &^m  be  the  roots  of  the  former  equation,  anc  —  ai,  — Ot,  — Oa^ 
&c.,  those  of  the  latter ;  then  we  have 

(r»+A»i*-«+..-.)+(Aia*-»+A,a:-^+.  .)=(x-aO(x-a,)(x-a,).... 

(a-+ A,t^+ - . .  .)--(AiX-->+ A,i«+ . .  .)=(ar+fli)(a:+fl,)(x+as) . . 

Hence,  by  multiplying  these  two  equations,  we  have 
r-+A.i«+  ...)«-(Ai*^»+A,a*^+ ...  )•=(a«-a^«)ra«-l^•^fa^-.a/) ... 


/ 
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Or  a*— ( Ai»— 2Aa)x*»-^+(A«»— 2AiA,+2A4)x*-^ .  &c    s=(^-«' 

(3* — €i^)(2^ — Oa')  •  •  •  •  by  aetuaDy  squaring  and  arreogiiig  acoofifing  t»  c« 
powen  of  X,    Now,  for  afl  write  y,  and  we  have 

y-.(Ai»-2A,)y-»+{V-2AiA*+2A4)y-*-...  &c,  =(y— fl,«)(3f-*. 
(y— aj«) . . . 

•.  y— (Ai«— 2A8)y»->+(A,»— 2AiA,+2A4)y-^ =0  is  an  eqmi 

whose  roots  are  the  squares  of  the  roots  of  the  gpiven  equatioii. 

EXAMPLES. 

(1^  Transform  the  equation  x^-f-^x*— 6r— 8=0  into  another  w^wseiDf* 
an  the  squares  of  those  of  the  proposed  equation. 
Here  a^— 6xs — 32* -|- 8  by  transposition,  and  by  squaring  wa  faafe 
a<—  12a:*+  2ea^=9x*—i&x*+  64 
.-.  a:«— 21a:*+84a*— 64=0, 
or 

y3— 2iy«+84y— 64=0 
IS  the  required  equation. 

The  roots  of  the  given  equation  are  —1,  —4,  2 ;  and  liiose  of  the  tn» 
formed  equation  are  1,  4,  16. 

(2)  a*+a«+3a*+16r+15=0. 
The  transformed  equation  is 

x»+2a*+33a*+2at«+166x— 225=0, 
which  has  (Art.  259)  only  one  positive  root,  and  therefore  tlie  pmpamA  bi 
only  one  real  root 

(3)  Transform  the  equation  x* — 2*—- 7x4-15=0. 

4)  Transform  the  equation  x*— 62»+62«+2x— 10=0. 

(5)  Transform  the  equation  a:<-—4x"—8x+ 32=0. 

(6)  Transform  the  equation  z*— 3x*— 15z'+4dx--12=(r. 

ANSWKBS. 

(3)  y»—15y«+79y— 225=0. 

(4)  y«—26y»+29y»—104y+ 100=0. 

(5)  .y*— 16y»— 64y+1024=0. 

(6)  y*— 39y»4-495y«— 2041y4.144=0. 

PROPOSITION  ▼. 

277.  To  transform  an  equation  into  another  toaniing  any  given  term. 

By  recurring  to  the  transforibed  equation  in  Art.  251,  note,  in  which  ti» 
roots  of  the  proposed  are  increased  or  diminished  by  a  quantity  repressiilB^ 
by  r,  it  will  be  seen  that  in  order  to  know  what  value  r  must  have  to  make  tiv 
coefficient  of  any  power  of  x  disappear,  it  is  Only  necessary  to  place  the  cohms 
of  quantities  by  which  that  power  is  multiplied  equal  to  zero,  and  the  nsB^ 
ing  equation,  when  resolved,  will  furnish  the  proper  values  of  r.  This  eqai- 
tion  win  be  of  the  1^  degree  when  it  is  required  that  the  second  term  shall  & 
appear,  it  will  be  of  the  2°  degree  when  die  third' is  to  disappear,  and  so  gb. 
The  last  term  can  be  made  to  disappear  onJ^  by  means  of  an  eq[aatioQ  of  t» 
same  degree  as  the  proposed. 

By  removing  the  second  term  from  a  quadratic  equatioii,  we  afaall  oe  imms- 
diately  conducted  to  the  well-known  fennnh  for  its  solution.  Thoi,  tibe  eqaa* 
tion  being 
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a:t+Az+N=0, 
tne  taransformed  in  x^-^-r  will  be 

x^+^r  x'+r^ 
+A      +Ar\ 
+N 
and,  that  its  second  term  may  vanish,  we  must  have 

2r+A=0.-.r=— JA, 
which  condition  reduces  the  transformed  to 

j:'"— fA»+N=0 
.•.ar'=:±  ViA»— N 


.-.  r=:r'+r=— |A±  VJA»— N; 
which  b  the  common  formula  for  the  solution  of  a  quadratic  equation. 

FROPOSITIOM  VI. 

278.  To  transform  an  eqtuUion  into  one  whose  roots  are  (ke  squares  of  tne 
differences  of  the  roots  of  the  proposed  equation. 

If  in  the  given  equation, /(x)=0,  we  make  a:=ai4-yt  ai  being  one  of  the 
roots,  y  will  be  the  difference  between  ai  and  every  other  root.  If  we  make 
zz=a2+yt  y  will  be  the  difference  between  Os  and  every  other  root,  and  so  on. 

But  since  ai,  a»,  dec.,  ore  roots  of/(x)r=0,  they  must  satisfy  it ;  hence 
/(aO=0./(a«)=0,  &c (1) 

If  we  eliminate  ai  or  a^j  &Cm  between  either  of  these  equations  (1)  and  the 
corresponding  ones, /(ai4-y):=0,/(a44'y)=^t  ^*f  ^^  ^^  equation  in  y 
win  be  in  each  case  the  same,  and  is  therefore  the  equation  whose  roots  are 
the  differences  of  the  roots  of  the  proposed  equation.  It  is  evidently  the  same 
thing  to  eliminate  between/(r)  and/(r+y). 

The  form  of  the  equation /(x-^y)  is  (Art.  251), 

/(*)+/.(%+ y|^+ jr- 

The  first  term  is  identical  with  the  proposed  equation,  and  vanishes,  and  the 
whole  is  divisible  by  y ;  we  thus  deduce 

/iW+ OW  .••»-• (2) 

The  equation  (2)  is  of  the  m— 1  degree,  and  by  elunination  with  the  pro- 
posed equation  of  the  degree  m  will  produce  a  final  equation  of  the  degree 
m(m— 1),  as  will  be  hereafter  shown.  It  is  evident,  indeed,  that  the  roots 
being  of  die  form  ai — Og,  a^ — ^i,  ai— Os,  as — ai,  Oa— Oj,  6cc,<,  will  be  equal  in 
number  to  the  permutations  of  m  letters,  two  and  two,  which  is  m(m— 1) 
(Art  200).  The  factors  m  and  m— 1  wiU  the  one  be  even  and  the  other  odd, 
and  the  product  m(m-*l)  must  therefore  necessarily  be  even  f  moreover,  since 
if  one  root,  ai-^Os,  be  represented  by  /3,  another,  Os^tfif  wiU  be  represented 
by  — )3,  and  the  equation  (2)  will  be  composed  of  factors  of  the  form  (y—I^) 
(y-|-|9)=y*^j9';  and  hence  will  contain  only  even  powers  of  y.  It  may 
therefore  be  written  under  the  form 

i/^+py^-^+qr/*"^+,  &c.,  +«»=0 (3) 

ttod  if  we  make  y'sz,  we  have 

2"+jiz»-»+^2»-«+,  &c.  +<=0 (4) 
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as  the  equation  whose  roots  are  the  squares  o.'  the  differences  of  the  rvni 
the  proposed  equation. 

279.  Aa  an  application  of  the  foregoing  prioei|.les,  let  ns  find  the  equatk 
the  squares  of  the  differences  for  the  equation  of  the  third  degree,  k  -. 
first  place,  1  snail  make  the  general  remark,  that  equations  (3)  and  (4)  < :; 
not  to  change  when  we  augment,  or  when  we  diminish,  by  the  same  qouii 
all  the  roots  of  equation  (1).  Consequently,  if  the  second  term  of  a  r^ 
equation  be  not  wanting,  we  can  cause  it  to  disappear  (Art.  273),  and  'i< 
find  the  equation  of  the  differences  for  the  transformed  equation ;  we  4-. 
thus  find  the  same  equation  as  if  we  had  not  made  the  second  term  Taniifa,  so:- 
the  differences  of  the  roots  will  be  the  same  as  before,  ^vrhile  the  calcoki/j 
will  be  less  complicated.  This  being  premised,  I  will  sappose  that  the  tc^s■ 
tion  of  the  third  degree  wants  its  second  term,  and  has  the  form 

x»+^+r=0 , [AJ 

D^ignate  the  given  equation  by/(.r)=i),  and  the  derired  polynomiib  e 
f(x)  ^yfi{^)fA{')*ft(^)  •  -  •  • ;  the  rule  for  finding  the  equation  of  die  tqpsx 
of  the  differences  is  to  eliminate  between  the  two  equations 

/(x)=0,/,(x)+i/,(x)y+2^/,(x)y+  ...  =0 [BJ 

But  in  the  case  before  us  wo  have 

/(x)=r'+gx+r.  /.(z)=3i»+j,  /,(x)=6x,  /,(*)=6. 
Substituting,  therefore,  these  values  in  equations  [B] ,  we  shall  readily  yem'^ 
that  the  elimination  of  x  ought  to  be  performed  between  equation  [Ajmi^ 
foFiOwing  equation, 

3x«+9+3xy+y'=0 [C] 

We  shall,  therefore,  arrange  this  equation  with  reference  to  x,  and  dien  efisr 
nate  x  by  proceeding  as  if  we  had  to  find  the  greatest  common  divisor  of  ef» 
tions  'A]  and  [C]. 

First  Divisioiu 


32^+3qx  +3r 


3i*+3yx+f/^+q 


+  3z'+3y2«+(y4-  q)x 

-3yx--{y«— 2^)x+3r 
— 3yi«— 3y«r— ^  —qy 
*2(y'+^)x+y»  +qy+3r. 

Second  Division. 


3^+3(y'+gy-3r) 


3x»+  3qx-\-    y*+q 

+6(y»+?)2«+3(y»+7y    +3r)x 
^(f+qy  -3r)x+2(y«+^)« 
6(y'+7){y»+7y  -3r)x+4(y-+9)> 
_6{y+y)(y»+9y  -3r)x+3(y»+^+3r)(y»+gy-3r) 
4(y'+g)»-3(y»  +gy+3r)(y^+qy-^3r).    ~" 
In  the  last  division  we  have  multiplied  twice  by  y*+^  in  order  to  render  tV 
divisions  possible,  but  if  we  take  y*^qs=0,  the  divisor  reduces  to  3r,  a^oi' 
tity  in  general  differing  from  0. 
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0 
Making  the  last  remainder  eqaal  to  zero,  and  performing  the  aperationa  in- 
dicated, the  equation  of  the  differences  is 

y«4-6^+95«y»+4^+27r8=0 ; 
taking  ^'=z,  the  equation  of  the  squares  of  the  differences  becomes 

For  the  equation  a:»— 7ar+7r=0,  we  have  5=— 7,  r=4-7;  and  hence  the 
equation  in  z  becomes 

t3_42z"+441z— 49=0. 

BUDAITS  COITBEION 
Far  determining  the  number  of  imaginary  roots  in  any  equation, 
280.  If  the  real  positire  roots  of  an  equation,  taken  in  the  order  of  their 
magnitudes,  be  ai,  a«,  03,  €14 . . . .  a^,  ^here  ai  is  the  smaUest,  and  if  we  (Umin- 
ish  the  roots  of  the  equation  by  a  number  h  greater  than  a^  but  less  than  a„ 
then  the  roots  will  be  a^^h,  a^—h^  Os^k,  ...a^^h,  and  the  first  of  these 
will  now  be  negative.  But  the  number  of  positive  roots  is  exactly  equal  to 
the  number  of  variations  of  sign  in  the  terms  of  the  equation  when  the  roots 
are  all  real ;  and  as  we  have  changed  one  positive  root  into  a  negative  one, 
the  transformed  equation  must  have  one  variation  less  than  the  proposed 
equation. 

Again,  by  reducmg  all  the  roots  by  X:,  a  number  greater  than  at*  but  less 
than  a,,  we  shaO  have  two  negative  roots,  ai— A:,  Oa— X:,  in  the  transformed 
equation,  and,  therefore,  we  shall  have  two  variations  of  sign  less  than  in  the 
proposed  equation,  for  two  positive  roots  have  been  reduced  so  as  to  become 
negative  ones.  Hence  it  is  obvious,  that  if  we  reduce  the  roots  by  a  number 
greater  tl^n  Og,  all  the  positive  roots  will  become  negative,  and  the  transform- 
ed equation,  having  all  its  roots  negative,  will  have  the  signs  of  all  its  terms 
positive  (Art.  259),  and  all  the  variations  will  have  entirely  disappeared. 

We  see,  then,  that  if  the  roots  of  an  equation  be  reduced  until  the  signs  of^ 
all  the  terms  of  the  transformed  equation  be  4-t  we  have  employed  a  greater 
number  than  the  greatest  positive  root  of  that  equation ;  and,  therefore,  its 
reciprocal  must  be  less  than  the  smallest  real  root  of  the  reciprocal  equation. 
Now,  if  we  take  the  reciprocal  equation,  and  reduce  its  roots  by  the  reciprocal 
of  the  former  number,  we  should  have  as  many  positive  roots  left  in  this  trans- 
formed reciprocal  equation  as  there  were  positive  roots  in  the  proposed  equa- 
tion, unless  the  equation  has  imaginary  roots ;  hence  the  number  of  variations 
lost  in  the  former  case  should  be  exactly  equal  to  the  number  left  in  the  latter, 
when  the  roots  are  all  real ;  and,  consequenUy,  if  this,  condition  be  not  fulfill- 
ed, the  difference  of  these  numbers  indicates  the  number  of  imaginary  roots. 
To  explain  this  reasoning  more  clearly,  we  shall  suppose  that  an  equation  has 
threb  positive  roots,;  as,  for  instance,  1,  2*5,  and  3.  Now  if  the  roots  of  the 
proposed  equation  be  reduced  by  4,  a  number  greater  than  3,  the  greatest 
positive  root,  the  three  positive  roots  in  the  original  equation  will  evidently  be 
changed  into  three  negative  ones  in  the  transformed  one,  and  hence  three  va- 
riations must  be  lost.  Again,  the  equation  whose  roots  are  the  reciprocals  of 
the  proposed  equation  must  have  three  positive  roots,  1,  f,  and  | ;  and  it  la 
evident  that  if  we  reduce  the  roots  of  the  reciprocal  equation  by  },  the  recip- 
rocal of  the  former  reducing  number  4,  we  shall  not  change  the  character  of 
rhe  three  positive  roots,  because  i  is  less  than  the  least  of  them,  and  1— J^ 
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I  ..I,  1-1*}  an  an  positive ;  hence  the  three  TanatioDs  introduced  by  fir 
three  positiTe  roots  must  still  be  fonnd  in  the  transfonned  recipupcal  eqiasBL 
and,  therefore,  three  variations  are  left  in  the  latter  transibnnation,  in^aq 
no  imaginarjr  roots.    The  theorem  may,  therefore,  be  stated  tihve  : 

If,  in  transforming  an  equation  by  any  number  r,  thqre  be  n  VBriatiiiDs  Ist 
and  if,  in  transforming  the  reciprocal  equation  by  ^  (the  redprocal  of  r),  tiiin 
be  m  variations  leJU  then  there  will  be  at  least  n-^m  imaginary  roots  ia  tb 
interval  0,  r. 

For  there  are  as  many  positive  roots  in  the  interval  0,  r  of  the  dbrect  equa- 
tion as  there  are  between  ^  and  ^  of  the  reciprocal  equatioD ;  hence,  if  a,  tk 
number  of  variations  lost  in  the  transformation  of  the  direct  equation  by  r.  be 
greater  than  m,  the  number  of  variations  Left  in  the  transformation  of  the  re- 
ciprocal equation  by  p,  there  wiD  be  a  contradiction  with  respect  to  the  chu» 
ter  of  a  number  of  the  roots,  equal  to  the  difference  ft — m.  Hence  tibss^ 
rootB  are  imaginaiy. 

EXAMPLE. 

Fmd  the  number  of  imaginary  roots  of  tibe  equation 
a:*— aa+Sa^+r— 4=0. 

Direct,  RtciprocoL 

1  —1  +2  +1  —4  (1  —4  +  1  +  2—1+1  (1 

^  _0  _2  _J  --_4  --_3  ^   X   —2 

023—1  —3  —  1—2  — 1 

_i  — ][  — ?  ziJ  zi-Z  nJ 

13       6  —  7  —  8  —10 

1  2  —  4  —11 

2  6  —11   —19 
1  —  4 

3  —15 

Here  two  variations  are  loU  in  the  transformation  of  the  direct  equatioB, 
and  no  variations  are  Uft  in  the  Uransformation  of  the  reciprocal  eqaatsoa; 
tiierefore  this  equation  has  at  least  two  imaginaiy  roots ;  and  it  haa  cmly  tvn 
for  the  sign  of  tiie  absolute  term  is  negative,  implying  tbe  CEistenoe  of  two 
real  roots,  the  one  positive  and  the  other  negative.  (See  Art.  248,  Pr.  VUI^ 
Cor.  6.) 

EXAMPLE. 

To  find  the  number  and  situation  of  the  real  roots  of  the  equatian  x'+r' 
+z'+3r— 100=0  by  Budan*s  method. 

If  the  roots  of  this  equation  be  all  real,  the  permanences  and  variation  infi- 
eate  three  negati>e  roots  and  one  positive  root 

(1)  To  find  the  positive  root. 

1+1+1+  3—100  (2    I     1  +  1+  1+  3—100  (3 
3+7+17—  66  I  4+13+42+  26 

In  the  transformation  by  2,  one  variation  b  left,  and,  in  transfimnii^  by  3, 
there  is  no  variation  left ;  therefore  the  positive  root  is  between  2  and  3 

(2)  For  the  negative  roots. 
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Direct  EqucOwn. 
1—1+1—3—100  (1 
0+1—2—108 
1+2+0       '■ 
2+4 
3 

Here  two  variations  are  lost  in  the  direct  transformation,  and  no  variations 
ire  left  in  tie  reciprocal  transformation ;  therefore  the  two  roots  in  the  inter- 
nal 0  and  —1  are  imaginaiy. 


Eeeiproedl  Equtuum* 
—100—    3+     1—     1+     1  (1 
—103—102—103—102 

signs  an  — 


1—1+1—  3—100  (3 
2+7+18—  46 


1—1+  1—  3—100(4 
3+13+49+  96 


Hence  the  negative  root  is  obviously  situated  between  —3  and  — 4. 

DEOUA'S  CRITERION. 

281.  In  any  equation,  if  we  have  a  cipher-coefficient,  or  term  wanting,  and 
if  the  cipher-coefficient  be  situated  between  two  terms  having  the  same  sign, 
there  will  be  two  imaginaiy  roots  in  that  equation. 

Let  the  order  of  the  signs  be 

+  +  -0-+ ; 

and  for  0  writing  +  or  —  we  have  either 

+  +  -  +  -  + .or+  + + 

In  the  former  of  these  we  find  ttoo  permanences  and  five  variations,  and  in 
the  latter  we  have^bur  permanences  and  only  three  variations ;  hence,  if  the 
roots  are  all  real,  we  must,  in  the  former  case,  have  jSve  positive  and  ttoo  neg* 
ative  roots,  and  in  the  latter,  three  positive  and  four  negative  roots  (Art.  259) ; 
hence  we  have  two  roots,  botii  positive  and  negative,  at  the  same  time,  and, 
therefore,  these  two  roots  can  not  be  real  roots.  These  two  roots,  which  in- 
volve the  absurdity  of  being  both  positive  and  negative  at  the  same  time,  must, 
therefore,  be  imaginary  roots. 

In  nearly  the  same  manner  it  may  be  shown  that 

(1)  If  between  terms  having  like  signs,  2»  or  2n — 1  cipher-coefficients  in- 
tervene, there  will  be  2n  imaginary  roots  indicated  thereby. 

(2)  If  between  terms  having  different  signs,  2n+l  or  2n  cipher-coefficients 
intervene,  there  will  be  2n  imaginaiy  roots  indicated  thereby. 

EXAMPIiE. 

The  equation  x* — 23+6x^+24=0  has  two  imaginaiy  roots,  for  the  absent 
term  is  preceded  and  succeeded  by  terms  having  like  signs ;  and  the  equation 
r^ri:!,  having  the  coefficients  l±OdbO=bl«  has  also  two  imaginaiy  roots 

EXAMPLES  FOR  PRACTICE. 

(1)  How  many  imaginary  roots  are  in  the  equation 

a:5+34i_2a:»+2x— 1=0  ? 

(2)  Has  the  equation  a:«— 22^+6x+10=0  any  imaginary  roots  ? 

THE  LIMITS  OF  THB  ROOTS  OF  EUUATIONS 

282.  The  limits  of  any  group  of  roots  of  an  equation  are  two  quantities  be* 
tweep  which  the  whole  group  lies ;  thus,  +ao  and  0  are  limits  of  the  positive 
roots  of  every  equation,  and  0  and  -co  of  the  negative  roots.  But  in  practice 
we  are  required  to  assign  much  closer  limits  than  these,  usually  the  two  con- 
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secutive  whole  numben  between  which  each  root  lies,  so  iSbat  the  inferior 
limit  itf  the  integral  part  of  the  included  root.  This  may  be  effected  without 
knowing  any  of  the  roots  of  the  equation,  as  will  be  yeen  in  the  following  prop- 
ositions.   The  roots  spoken  of  in  this  section  are  the  teal  roots. 

SUPERIOR  AZYD  INFERIOR  LIMITS  OF  THE  ROOTS. 

283.  The  greatest  negative  coefficient  increased  by  unity  is  a  superior  limit 
of  the  positive  roots  of  an  equation. 

Let  ^p  be  the  greatest  liegative  coefficient ;  then  any  value  of  x  which 
makes 

a*— p(a*-»+a*-«+  . . .  +3^+x+l)  positive, 

or  ^>p(j^^+,^+  . . .  +^+^+l)>i'f5r'* 

will,  afortiarU  make 

or/(x)  positive,  because  in  the  latter,  all  the  terms  after  2"  will  not  generally 
be  negative,  and  of  the  negative  terms  not  one  is  greater  than  the  correspond- 
ing term  in  the  former  expression. 

a*— 1 
Now  the  inequality  3f>j?    is  satisfied,  if 

P 

3^=s  or  >j:"        ,  or  x— 1=  or  >j>,  or  r=  or  >p+l. 

Since,  therefore,  j'-f-^  ^^^  every  greater  number,  when  substituted  for  x, 
win  make/(x)  poative,  the  numerical  value  of  the  greatest  negative  coefficient 
increased  by  unity  is  a  superior  limit  of  the  positive  roots. f 

284.  In  any  equation,  \f  ptOf*-'  be  the  first  term  which  is  negative,  and  — p 
the  greatest  negative  coefficient,  1-|-  ^p  is  a  superior  limit  of  the  positive 
roots. 

Any  value  of  x  which  makes 

a->p(a*-'+x«-<-»+  . . .  +x+l)>j?    ^_^\ 
will  of  course  make  x"+|?ix'*""*-f-|?ar*^+  •  •  •  positive. 
Now  the  inequality  x»>jp ' ,  is  satisfied  if 

^>F^ZT'  or^H^-l)>i'.  orif  (x-l)'-»(x-l)=  or  >p,  or  (x— 1)  == 
or  >jp,  or  x=  or  >1+  Vp- 

Since,  therefore,  14-  Vp  ^^^  every  greater  number  gives  a  positive  result» 
1^  yp  is  a  superior  Umit. 

This  method  may  be  employed  when  the  first  term  is  followed  by  one  or 
more  positive  terms. 

.  EXAMPLE. 

x*+  llx«— 25X-.61  ^3- 
Here  r=3,  and  a  limit  of  the  positive  roots  is 

l+V^hOT5y  taking  the  next  higher  integer. 

285.  If  each  negative  coefficient,  taken  positively,  be  divided  by  the  sum  of 
*  8e«  (Alt.  83).  t  Thii  is  oomxaonly  known  u  Madamin's  limit 
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all  the  positive  coefficients  which  precede  it,  the  greatest  of  the  fractions  thiia 
forxied,  increased  by  unity,  is  a  superior  limit  of  the  positive  roots. 
Liet  the  equation  be 

rJien,  since  (Art  23), 

if  we  transform  every  positive  term  by  this  formula,  and  leave  the  negative 
rf^rms  in  their  original  form,  we  shall  have 

0={ar— l)a:»-'+(a:— l)x«-^+(a:— l)a*-«+...+x— 1  +  1 

+p,(x^l)^+p,{x^l)2^+...+p,(x^l)+p, 
+p,(x-^l)x-^+...+p,(x^l)+p, 
— P3X°-» 

+ 

Now  if  such  a  value  be  assigned  to  x  that  every  term  is  positive,  that  value 
will  be  the  superior  limit  required ;  in  the  terms  where  no  negative  coefficient 
enters,  it  is  sufficient  to  have  x^l ;  in  the  other  terms,  each  of  which  in- 
volves a  negative  coefficient,  we  must  have 

(i+i'i+i^K*-l)>l^» 
or 

If,  then,  X  be  taken  equal  to  the  greatest  of  these  fractions  increased  by 
unity,  this  value,  and  eveiy  greater  value,  will  make  f{x)  positive,  and  there- 
fore win  be  a  superior  limit  of  the  positive  roots.  This  method  gives  a  limit 
««sily  calculated,  and  generally  not  far  from  the  truth.* 

EXAMPLES. 

(1)  4a:»-.8x*+23a:»+105a*— 80x+3=0. 
8  80  6      80  8 

The  fractions  are  -  and  jq^^sXioS'  *°^  4^132 '  ^^^'^^^'^^  4+^=3  is  « 

superior  limit. 

(2)  4z»— fti:«— 7a:»+ar*+7z>— 23a^— 22ir— 5=0; 
here  3  is  a  superior  limit 

Observatioit. — The  form  of  the  equation  wiD  often  suggest  artifices,  by 
means  of  which  closer  limits  may  be  determined  than  by  any  of  the  preceding 
methods ;  thus,  writing  the  equation  of  Example  1  under  the  form 

4ar«(x— 2)+23x»4.105x(i— ^) +  3=0, 

we  see  that  xss  or  >2  gives  a  positive  result,  therefore  2  is  a  superior  limit 
Similariy,  by  writing  the  example  of  Art.  284  under  the  form 

a:(a:»-25)+ll(2*-^)=0. 

we  see  that  3  is  a  superior  limit. 

We  have  seen  (Art.  248)  that  an  equation  of  an  even  number  of  dimensions 
with  its  last  term  positive  may  have  no  real  root;  but  we  shall  now  show  that 
■  Thii  ii  the  method  of  Bret 
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Hi  any  equadon  wbaXewer,  if  the  abeoliite  tenn  be  sinan  comptnd  vtaiai 
•tfaer  terms,  there  wiU  be  at  least  one  real  root  abo  very  smaiL 
286.  In  the  equation 

Inhere  r  is  essentlaUy  positive,  and  which  may  represent  any  equasioD  i x- 

erer,  if  r  <   .  ,  where  p  is  nomericaUy  the  greatest  coefficient,  tiieD&-i» 

is  a  real  positive  root,  ^2r. 

By  dividing  by  the  coefficient  of  x,  and  changing  the  aigna  of  sll  die  toa 
and  of  all  the  roots,  if  necessary,  every  equation  may  be  reduced  to  tiie  k: 

— r+x4.,  &c.,  +pii^i+poi"=0  ....  (1) 
where  r  b  essentially  positive ;  let  j?  be  numerically  the  greatest  coe^te 
then  any  value  of  x<^l  which  makes 

will  make  the  first  member  of  (1)  positive ;  and  this  condition  is  fulfilled  bj 

-r+x=r  or  >y-j, 

because  1  >  1  — x^*,  or 

{l+p)2^-[l+r)x+r^, 
or 


2(l+p)x=(l+r)-  V(l+r)«-4r(l+^); 
if,  then,  Ar{l'\'p)  <1,  the  radical  will  have  a  real  value  >r,  and  tbsre  wSbe 

for  X  a  real  value  less  than  -77-7 — r  which  makes  the  first  member  of  (I)  j» 
2(1+1?)  ""^^ 

tive,  while  x=sO  makes  it  negative ;  therefore,  in  any  equation  reduced  to » 
above  form,  ifr<.,    .     >,  there  is  a  rerf  small  positive  root,  <2r. 

EXAMPLE. 

x«+18x»— 21x«— 12x+l=0 

has  a  real  root  between  0  and  ^, 

o 

287.  To  find  an  inferior  limit  of  the  positive  roots,  we  must  trsosfom  tk 
equation  into  one  whose  roots  are  the  reciprocals  of  the  roots  of  the  fonoa; 
and  the  reciprocal  of  the  superior  limit  of  the  roots  of  the  transformed  eipa- 
tion,  found  by  the  preceding  methods,  vrill  be  the  quantity  required. 

Hence,  if  pt  denote  the  greatest  coefficient  of  a  contrary  sign  to  the  itf 

term,  Po*  >n  inferior  limit  of  the  positive  roots  is  — r — •    For  the  trusfonae^ 

Pn+Pt 

equation  will  be  (Art  274) 

yn+^-l+  ...  +£!yr^.  ..,  ^1^0, 
^  ^  Pn^      '  ^Pm^  ^         ^Pu 

Pr  Pt 

of  which  —  is  the  greatest  negative  coefficient;  therefore  —  +1  iss  fuperw 

limit  of  its  roots ;  and,  consequently,  an  inferior  limit  of  the  positive  nK« 

of  the  proposed  equation. 
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XXAMPLX. 

x»— 42a*+441x— 49=0. 

49  1 

Here  jp^z=i9,  jv=441, .-.  j^jT^t  or  —  is  an  inferior  limit  of  the  positire 

roots.     By  patting  x=-,  we  may  discover  a  limit  Cioser  to  the  roots ;  for  the 

y 

transformed  equation  is 

^rhich  OTidentiy  has  9  for  the  superior  limit  of  its  pontive  roots,  and,  theie 
fore,  the  proposed  has  g  for  its  inferior  Innit. 

288.  To  find  superior  and  inferior  limits  of  the  negatave  roots,  we  mnst 
transform  the  equation  Into  one  whose  roots  are  those  of  the  former  with  con- 
trary signs  (Art.  247) ;  and  if  a,  /9  be  limits,  found  as  above,  of  die  positivB 
roots  of  this  equation,  then  —a  and  »/3  will  be  limits  of  the  negative  roots  of 
the  proposed  equation. 

EXAMPLE. 

a:»_7a:4.7=:0; 

putting  x=— y,  we  get  y»— 7y— 7s=0,  of  which  l-)-  V?  or  4  is  a  superior 

limit 

1  113 

Also,  putting  y=-,  we  get  z»+2»— -=0,  or  z»— ^+2»— — s=0,  of  which 

r  is  a  superior  limit;  therefore  the  negative  root  of  the  proposed  lies  between 
-«4  and  —3. 

NEWT0N*8  METHOD  OF  rilYDING  LIMITS  Or  THE  ROOTS. 

289.  The  limits,  however,  deduced  by  any  of  the  preceding  methods  sel- 
dom approach  veiy  near  to  the  roots ;  the  tentative  method,  depending  upon 
the  following  proposition,  will  furnish  us  with  limits  which  lie  much  nearer  to 
them. 

Every  number  which,  written  for  r,  makes /(x)  and  aU  its  derived  functions 
positive,  is  a  superior  limit  of  the  positive  roots. 

For,  if  we  diminish  the  roots  a,  6,  c,  &c.,  of/(x)=0  by  ^  that  is  (Art  251), 
substitute  y-|-A  for  r,  the  result  is/(y-f  A)==:0,  or 

/W+/'(*)l+/"(*)^+  -  +/-'(A)j^+3r=o. 

Now,  if  we  give  such  a  value  to  h  that  aU  the  coefficients  of  this  equation 
are  positive,  then  every  value  of  y  is  negative ;  that  is,  all  the  quantities,  a—h, 
h-^ht  c—hf  &c.,  are  negative,  and  therefore  h  is  greater  than  the  greatest  of 
the  quantities  a;  6,  e,  &c.,  or  is  a  superior  limit  of  the  roots  of  the  proposed 
eqnatioD.  Similarly,  h  will  be  an  inferior  limit  to  al  the  roots,  if  the  coefficients 
be  alternately  positive  and  negative. 

^EXAMPLE. 

To  find  a  superior  limit  of  the  roots  of 

a*— 5a:«+7x— 1=0. 
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The  transformed  equation,  putting  y+h  for  x,  is 

(A»— 6A«+7A— 1)  +  (3A«— 10*+7)y+(6fc^.l0)^+y=0: 

in  which,  if  3  be  put  for  A,  all  die  coefficients  are  posithre ;  therefore  3  i:i 
perior  limit  of  the  positive  roots. 

Observatioit. — This  method  of  finding  a  superior  limit  of  the  roots  tt)^ 
termining  bjr  trial  what  value  of  x  will  make/(x)  and  all  its  derired  :>.  - 
pusitive,  was  proposed  by  Newton. 

WARIMe*S  OR  LAO&ANOE's  MSTHOD  of  SSPAaATIire  THE  100T5.     I 

290.  If  a  series  of  quantities  be  substituted  for  x  in/(x),  then  betweec?^ 
two  which  give  results  with  different  signs  an  odd  number  of  roots  of/.: =, 
is  situated ;  and  between  every  two  which  give  results  with  the  same  spg 
even  number  is  situated,  or  none  at  all ;  but  we  can  not  assure  onrselrc^z 
in  the  former  case  the  number  does  not  exceed  unity,  or  that  in  the  kr^; 
is  zero,  and  that,  consequently,  the  number  and  situation  of  all  the  real  n; 
is  ascertained,  unless  the  difference  between  the  quantities  sQccessirely!-. 
stituted  be  less  than  the  least  difference  between  the  roots  of  the  prrf-l 
equation ;  since,  if  it  were  greater,  it  is  evident  that  more  than  ooeroot  rj 
be  intercepted  by  two  of  the  quantities  giving  results  with  differetts@&d 
that  two  roots  instead  of  none  might  be  intercepted  by  two  of  the  (fss^i 
giving  results  with  the  same  sign,  and  in  both  cases  roots  would  pas  :::■■ 
covered.  We  must,  therefore,  first  find  a  limit  less  than  the  least  di^:-.^ 
of  the  roots;  this  may  be  done  by  transforming  the  equation  into  0De«:^ 
roots  are  the  squares  of  the  differences  of  the  roots  of  the  proposed  ec\u 
Then,  if  we  find  a  limit  Jc  less  than  the  least  positive  root  of  the  traosfod 
•equation,  ^k  will  be  less  than  the  least  dififerenoe  of  the  roots  of  the  prt^^l 
equation;  and  if  we  substitute 'successively  for  x  the  numbers  <,  i-v; 
s— 2 -/^f  ^c*  ('  being  a  superior  limit  of  the  roots  of  the  proposed),  tin 
come  to  a  superior  limit  of  the  negative  roots,  we  are  sure  that  do  hrc  u 
roots  lying  between  the  numbers  substituted  have  escape  J  us,  and  tbate-^'^ 
change  of  signs  in  the  results  of  the  substitutions  indicates  only  one  reair^ 
Hence  the  number  of  real  roots  will  be  known  (for  it  will  exactly  equiJ:' 
number  of  changes),  as  well  as  the  interval  in  which  each  of  them  is  coob>s 

Observation. — This  method  of  determining  the  number  and  sitoati : 
the  real  rootb  of  an  equation  was  first  proposed  by  Waring ;  it  is,  howerfr 
no  practical  use  for  equations  of  a  degree  exceeding  the  fourth,  on  accoasis 
the  great  labor  of  forming  the  equation  of  dififerences  for  equations  of  a  hi:^ 
order. 

EXAMPLE. 

X^— 7x+7=0. 
The  numbers  1  and  2  give  each  a  positive  result,  but  yet  two  roots  ^i>- 
tween  them.    The  equation  whose  roots  are  the  squares  of  the  difiereota' 
(Art.  279)  y»— 42y«+441y— 49=0,  an  inferior  limit  of  the  positive  zwt 

which  is  r  (Art  287);  therefore,  -  is  less  than  the  least  difference  of:* 

6  4 

roots  of  2*^7x+7zs0,  and,  substituting  8,  ^,  z,  the  results  are  -|-t  —'' 
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5  5  4 

ence  one  value  of  x  lies  between  2  and  -,  and  one  between  «  and  - ;  and, 

V  3  o 

ixailarly«  we  find  the  negative  root,  which  necessarily  exists,  to  lie  between  — 3 
ad  -33. 

METHOD  OF  DIVISORS. 

291-  The  commensurable  roots  of /(a:)=0,  which  are  necessarily  whole 
lumbers,  may  be  always  found  by  the  following  process,  called  the  method  of 
livisors,  proposed  by  Newton. 

Suppose  a  to  be  an  integral  root;  then,  substituting  a  for  x^  and  reversing 
iie  order  of  the  terms,  we  have 

Pu+i'n-i^+Po-aa'H hpia»~i+a°=0 ; 

Hence,  ^  is  an  integer  which  we  may  denote  by  qi ;  substituting  and  di- 
riding  again  by  a,  we  get 

Similarly, --^  is  an  integer  =99  suppose ;  and  proceeding  in  this  man- 
ner, we  shall  at  last  arrive  at 

a      ^ 

Hence,  that  a  may  be  a  root  of  the  equation,  the  last  term,  j^^,  must  be  di- 
visible by  it,  so  must  the  sum  of  the  quotient  and  next  coefficient,  ^i-hPn-i » 
and  continuing  the  uniform  operation,  *the  sum  of  each  coefficient  and  the  pre- 
ceding quotient  must  be  divisible  by  a,  the  final  result  being  always  ^1. 

If,  therefore,  we  take  the  quotients  of  the  division  of  the  last  term  by  each 
of  the  divisors  of  the  last  term  which  are  comprised  within  the  limits  of  the 
roots,  and  add  these  quotients  to  the  coefficient  of  the  last  term  but  one ;  di- 
vide these  sums,  some  of  which  may  be  equal  to  zero,  by  the  respective 
divisors,  add  the  new  quotients  which  are  integers  or  zero  (neglecting  the 
others)  to  the  next  coefficient  and  divide  by  the  respective  divisors,  and  so  on 
throu^  all  the  coefficients  (dropping  every  divisor  as  soon  as  it  gives  a  frac- 
tional quotient),  those  divisors  of  the  last  term  which  give  —1  for  a  final  re- 
sult are  the  integral  roots  of  the  equation ;  and  we  shall  thus  obtain  all  the  in- 
tegral roots,  unless  the  equation  have  equal  roots,  the  test  of  which  will  be  that 
some  of  the  roots  abready  found  satisfy /'(x)r=0,  and  the  number  of  times  that 
any  one  is  repeated  will  be  expressed  by  the  degree  of  derivation  of  the  first 
of  the  derived  functions  which  that  root  does  not  reduce  to  zero,  when  written 
in  it  for  x  (Art  253).  It  is  best  to  ascertain  by  direct  substitution  whether 
-fl  and  — 1  are  roots,  and  so  to  exclude  them  from  the  divisors  to  be  tried. 
^  I 

EXAMPLE  I. 

•  a:»+3x«-.8r-^10=0. 

8 
Here  the  roots  lie  between  --^1  and  ~11  (Arts.  285,  288),  and  the  divi- 
sors of  the  last  term  are  J:  {2,  6,  lO}, 
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.-.  a  =       2     —  2     —  6     —10 

qi=z       6     —  6     —  2     —   X 

5i+(_8)=  —3     —13     —10     —  9 

g%=  2 

^.+3=  5 

j,=  —1. 

Therefore  —5,  being  the  only  one  of  the  dirisors  which  ksadsto  tbis 
tient  —1,  is  the  only  commensurable  root,  and  it  is  not  repeated,  matia 
not  satisfy  the  eqnation/'(x)=3a«+6a;— 8=0. 

EXAMPLE  II. 

a*— 6ar«+a*+16a*— 2ar+16=0. 
Here  Mmits  of  the  root^  are  6  and  —4 ;  and  the  commeiisiinfaid  nabe 
4,  2,  —2. 

BXAXFLE  III. 

a4+&t>— 2i«— 6r+20=0;  x=— 2,  or  —5. 
292.  The  nnmber  of  divisors  to  be  tried  may  be  leseened  by  obs0mB|& 
if  the  roots  of /(x)s=0  were  diminished  by  any  whole  nnmber,  «,  tb  k 
term  of  the  transformed  equation, /(y-|-m)=0,  woold  be/(m) ;  A  d»^=r 
a  were  an  integral  value  of  r,  a-^-m  would  be  an  integnd  Talne  of  y,  udm. 
be,  therefore,  a  divisor  of/(m).    Hence,  any  divisor,  a,  of  the  IsBttnif 

f{x)  is  to  be  rejected  which  does  not  satisfy  the  condition  — ——  =  sn  te 

when  for  m  any  integer,  such  as  :tlf  ±10,  &&,  is  substitated. 

EXAMPLE  I. 

a«— 5a«— 18r+72=0. 
Changing  the  signs  of  the  alternate  terms,  we  have 

x*+6a!t-.iar— 72=0,  or  a:»— 72+6r(x— g-)  ==0i 

tiierefore  the  roots  lie  between  19  and  — 5. 

But  /(l)=:50,/(-l)=84,/{-3)=54; 

and  the  only  admissible  divisors  of  72,  which,  when  diminished  by  1,  ^ 
50,  are 

6,3,2,-4; 
also,  all  these  divisors,  when  increased  by  1,  divide  84 ;  bat  only  6, 3,  -^ 
when  increased  by  3,  divide  54 ; 

.*.  6,  3,  —4, 
are  the  only  divisors  which  need  to  be  tried ;  and  they  wifl  aD  be  firanili*^ 
roots. 

EXAMPLE  II. 

a:8-.6a«+169x— (42)*=0.  x=9. 
y  293.  If  a  proposed  equation  have  fractional  coefficients,  or  if  its  fint  ti^ 
be  affected  with  a  coefficient,  since  (275,  Cor.  2)  it  can  be  transformed  into  c- 
other  equation  with  first  term  unity  and  every  coefficient  R^wfaole  oim^ 
this  method  will  enable  us  to  find  the  commensurable  roots  of  every  eepsti^ 
under  a  rational  form.  If  the  coefficients  be  whole  numbers  and  the  first  tRS 
be|iez*f  and  we  only  wish  to  find  the  roots  which  ate  mlegsn,  oo  Xxmidcat 
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tion  win  be  necessary,  only  every  divisor  of  the  last  term  which  is  a  root  will 
lead  to  a  result  —po  instead  of  —1. 

EXAMPLE. 

6r*— 25z^+26a:«+4r— 8=0. 
It  is  the  same  as 

(X— 2)»(3a:— 2)(2z+l)=0. 

flEWTON'S  METHOD  OF  APPROXIMATION. 

294.  When  we  know  an  approximate  value  of  a  root,  we  may  easily  obtain 
other  values  of  it,  more  and  more  exact,  by  a  method  Invented  by  Newton, 
^vhich  rapidly  attains  its  object.  We  shall  give  this  method,  first  in  the  form 
in  which  it  was  proposed  by  its  author,  and  afterward  with  the  conditions 
which  Fourier  has  shown  to  be  necessary  for  its  complete  success. 

Let/(x)=0  be  an  equation  having  a  root  c  between  a  and  b,  the  differeneo 
of  these  limits,  h — a,  being  a  small  fraction  whose  square  may  be  neglected  in 
the  process  of  approximation. 

Let  Ci,  a  quantity  between  a  and  5,  be  assumed  as  the  first  approximation 
to  c,  then  r=:Ci4-^i  where  h  is  very  small; 

.../(c,+A)=0, 
oi 

Act)+r{c,)k+r(e,^+ . . .  +^-=0. 

Now,  since  h  is  very  small,  h\  k\  &c.,  are  very  small  compared  with  h ; 
also,  none  of  the  quantities/^'(ci),/'''(C|),  &c.,  can  become  very  great,  since  they 
result  from  substituting  a  finite  value  in  integral  functions  of  x ;  therefore,  pro- 
vided/'(ci)  be  not  very  small  (that  is,  provided /'(x)=0  have  no  root  nearly 
equal  to  q  or  to  c,  and,  consequently,  /(x)r=0  no  other  root  nearly  equal  to  e 
besides  the  one  we  are  approximating  to),  all  the  terms  in  the  series  liter  the 
first  two  may  be  neglected  id  comparison  with  them ;  and  we  have,  to  deter- 
mine h,  the  resulting  approximate  value  of  A,  the  equation 

/(c.)+A./'(c.)=Oi 

and  the  second  approximation  is 

Similarly,  starting  from  d  instead  of  Cx,  the  third  approximate  value  will  be 

and  80  on ;  and  if  we  can  be  certain  that  each  new  value  is  nearer  to  the  truth 
than  the  preceding,  there  is  no  limit  to  the  accuracy  which  may  be  obtained. 

EXAMPLE  I. 

x3— 2r— 5=0. 
Here  one  root  lies  between  2  and  3,  and  the  equation  can  have  only  ona 

*  This  notation  lignifieB,  that  after  the  diyuiion  indicated  Li  performed,  the  paitioaltr 
valoe,  C],  ii  tobatitoted  for  z, 

A  A 
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potitiTe  root;  abo,  upon  narrowing  the  limits,  we  find  that  xss2  givas  a z*^ 
tive,  and  x=2'2  a  positive  result ;  liherefore,  2*1  differs  from  the  root ;« . 
quantity  leta  than  0*1,  and  we  ihaj  assume  Cir=  2*1.     Hence 


0061 
■11-23' 


eis21~00054ss2*0946. 
Simiholj, 

i%ss2-09455149. 

EXAMPLE  II. 

J*— 7X— 7  =  0. 

,  There  is  only  one  positive  root  lyiog  between  3  and  3*1,  and  it  eqsu 
3-048917339. 

Obsekvation. — V(f  guard  against  over  correction,  that  is,  against  sp;  > 
such  a  correction  to  an  approximate  value  as  shall  make  the  new  vaiae  : 
more  from  the  root  bj  excess  than  the  original  approximate  Talue  did  ly  : 
feet,  or  vice  versd^  we  must  be  certain  that  each  new  value  is  nearer  t.>  -  - 
truth  than  the  preceding ;  this  gives  rise  to  the  following  cooditiMis,  fii^  - 
ticed  by  Fourier. 

295.  For  the  complete  success  of  Newton*s  method  of  approximatioiL :: 
following  conditions  are  necessary. 

1.  The  limits  between  which  the  recjuired  root  is  knoi^m  to  lie  must  be « 
ck>se  that  no  other  root  of/{a:)=sO,  and  no  root  of/'(x)=0,  or/"(x)=D.i« 
Wtween  them.  ^ 

2*  The  approximation  must  be  begun  and  continued  from  that  limit  vks 
makes /(x)  and/"(x)  have  the  same  sign. 

'  Let  c  be  a  root  of/(r)=0  which  lies  between  a  and  h,a^h^  Ci  the  firsts* 
proximate  value,  and  h  the  whole  correction,  so  that  c=rci-f-^  ;  then 

f(e,+h)=zO,  or/(cO+V'W=0, 
X  being  some  quantity  between  Ci  and  c  (Art.  239,  Note). 

Therefore,  supposing  A:=C],  which  amounts  to  neglecting  all  powenc^'^ 
above  the  first,  and  requires  that/(x)=0  have  no  root  beudes  c  in  that  iot«ta 
and  caOing  the  resulting  approximate  value  of  h^  hu  we  have 
/(Ci)+^i/'(c.)=0. 

Now  the  true  value  is  c=:Ci+k ; 

The  first  approximate  value  is  ^i  with  error  h  ; 

The  second  approximate  value  is  Ct=zci+hi  with  error  k — hu  which  (ari 
lecting  signs)  must  be  less  than  h, 

1.  «.,  A«— (A— Ai)«  must  be  positive,  or  2&Ai— V=+. 

which  condition  (since  A  is  an  indeterminate  quantity  between  C|  and  c,  or  b^ 
tween  a  and  b)  can  not  in  all  cases  be  secured  unless  f'{x)  be  incapsfale  d 
changing  iti  sign  between  a  and  6,  t.  e.,  im]ess/'(x)=:0  have  no  root  betwe«9 
a  and  b. 

Moreover,  we  must  have  jq^  >-,  or  >!,  the  latter  insuring  the  former. 
Now,  if /"(f)  preserve  an  invariable  sign  between  a  and  &,  t.  c,  if/'(j}s=l 
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have  no  root  id  that  interval,  then  /'(t)  will  increase  or  diminish  contin  ^ly 
from  alob ;  therefore  Ci  must  be  taken  equal  to  that  limit  which  gives  /'(r) 
its  greatest  numerical  value  without  regard  to  sign. 

First,  let/'(.T),/"(x),  have  the  same  sign  from  a  to  6  ;  then/'(r)  increases 
continually  in  that  interval;  therefore  we  must  have  Ciz=h,  or  we  must  begin 
from  the  greater  limit.  But/(6)  has  the  same  sign  a8/(c4-fe)=/(c)4- V(c) 
=:A/'(c),  or  BBf{c) ;  therefore  we  must  have  Ci  equal  to  that  limit  which  makes 
f{x)  9Lndf^'(x)  have  the  same  sign. 

Secondly,  let/'(x),/"(ar),  have  contrary  signs  from  a  to  6 ;  then /'(a:)  di- 
minishes continually  in  that  interval;  therefore  we  must  have  r^ss^  or  we 
must  begin  from  the  lesser  limit.  But  f{a)  has  the  same  sign  as  f(c — h) 
=f(e)^hf^(c)ss-^hf^{c),  or  as  —/'(c) ;  therefore,  in  this  case,  equally  as  in 
the  formei;,  we  must  have  «i  equal  to  that  limit  which  makes  f(x)  BxiAf^x) 
have  the  same  sign. 

These  conditions  being  fulfilled,  we  have 

-^-l=+,or-jj--=+, 

or  =+; 

Ca— ci      ^ 
tiierefore  Cj  lies  between  c  and  Ci ;  hence,  the  new  limit,  Ci  fulfills  the  requi* 
site  conditions,  and  we  may  with  certainty  from  it  continue  the  approxima* 
tion. 

296.  To  estimate  the  rapidity  of  the  approximation,  we  have 

error  in    first    approximate  value  Ci,  ssh, 
error  in  second  approxiomte  value  Cs,  ssh — hi ; 
But  /(ci)+A/'(^i)+i^T'0')=O, 

/(Ci)+^i/'(ci)=0; 
.-.  (A-M/'(Ci)+lA«/'»=0, 

Let  the  greatest  value  which /''(x)  can  assume  between  a  and  b  (whicH 
win  be  either /"(a)  or /"(J),  if /'"(x)=0  have  no  root  in  the  interval)  be  di- 
vided by  the  least  value  of  2f'{x)  in  that  interval  which  wiU  be  either  2Jf'{a)  or 
2/''(6),  and  let  the  quotient  be  denoted  by  C ;  then,  neglecting  signs, 

A-4i<A«C; 
hence,  if  the  first  error  A  in  Ci  be  a  smail  decimal,  the  error  h^^hi  with  which 
e^  is  affected  (since  C  wiD  not,  except  in  particular  cases,  be  very  large)  will 
be  very  small  compared  with  h ;  and  if  the  quantity  C  be  less  than  unity,  the 
number  of  exact  decimals  in  the  result  will  be  doubled  by  each  successive 
operation.  The  quantity  G,  when  thus  computed  for  a  given  interval,  pre- 
serves the  same  value  throughout  the  operations  which  it  may  be  necessaiy  to 
make  in  order  to  approximate  to  the  value  of  the  root  lying  in  that  interval ; 
nnd  as  we  thus  know  a  limit  to  the  difference  between  the  approximate  value 
already  foimd  and  the  true  value,  we  may  always  avoid  calculating  decimals 
which  are  inexact,  and  only  obtain  those  which  are  necessarily  correct 

EXAMPLE. 

6a:»-.141a: -1-263=0. 
This  equation  has  two  positive  roots,  one  between  2*7  and  2*8«  and  the 
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other  between  2-8  and  2«9.    Now /'(x)=s18j:*— 141=0  has  a  reot=/ 

^2-798,  between  2*7  and  2*8,  therefbre  these  limits  are  sot  sofficieothr  ^^. 

but  this  root  is  greater  than  2*79  ;  also,  2-7  and  2-79,  substituted  in/!: . . 

results  with  different  signs;  and  2*7,  substituted  in/(f)  andy^'(x). gh^^ 

suits  with  the  same  sign ;  therefore,  Ci==2*7. 

With  regard  to  the  other  interval,  2-8,  2-9./'(x)=rO,/"{r)=0haTeBc.3i 

between  these  limiti,  and  2*9  makes  f(x)  and  f"(x)  have  the  tame  u; 

therefore,  Ci=2'9;  and  starting  from  tiiese  values,  we  are  certBrnb?. 

case  to  get  a  value  nearer  to  the  truth. 

/"(x) 
Again,  the  greatest  value  which  ^,.      .  can  assume  in  the  inteni]:' 

2*79,  is  neariy  equal  to  10 ;  hence,  if  Ai,  ^  be  consecutive  eiron,  we  Li- 
Aa<i(^i)«.10. 

The  same  formula  will  be  found  to  be  true  for  coDsecotive  eiron  intb: 
terval  2  8,  2*9. 

LAGRANGE'S  METHOD  OF  APrEOXIMATIOlf  BT  COITTINUED  FBACTIO^!. 

297.  To  approximate  to  the  roots  of  an  equation  bj  the  method  of  ooo&l!? 
fractions* 
Let  the  equation  /(x)s=0  have  only  one  root  between  the  integen  «i^ 

a-|-l  ;*  then,  writing  a-f-'  for  x,  the  first  transformed  equation  wiB  be 

/(«)+/'(«)J+/"(«)r:^+-+^=o  (1)5 

and,  since  only  one  value  of-  lies  between  0  and  1,  y  has  only  one  valoe  gre« 

than  1 ;  if,  therefore,  we  substitute  successively  2,  3,  4,  &c.,  for  y,  stop^r 
at  the  first  which  gives  a  positive  result,  the  mteger  preceding  that  is  the  c 

tegral  part  of  the  value  of  y.    Let  this  be  6,  and  in  (1)  write  &+~  for  3f ;  tbd 

the  second  transformed  equation  will  have  only  one  root  greater  tbao  ^: 
the  integral  part  of  which,  as  before,  will  be  the  whole  number  next  less  ts. 
the  one  in  the  series  2,  3,  4,  dec.,  which  first  gives  a  positive  result  whi 
written  for  z ;  let  this  be  c,  and  in  the  second  transformed  equatioo  vi? 

c4- "  for  z,  then  the  third  transformed  equation  will  have  only  one  root  ^^^ 

dian  unity,  the  integral  part  of  which  may  be  found  as  before,  sod  so  js 
We  thus  obtahi  successively  the  terms  of  a- continued  fraction 

which  expresses  the  required  value  of  x.  The  method  of  redocog  0°^ ' 
fraction,  called  a  continued  fraction,  will  be  hereafter  given. 

*  The  rooti  of  the  eqoatioa  may  be  msde  to  differ  by  at  leait  unity,  if  we  f  (ui  ^1  b^ 
of  the  eqaation  of  the  iqaarea  of  the  differences  the  least  limit  to  the  difibrencei  of »! 
roots  of  the  proposed  eqaation,  and  then  find  a  trana&nned  eqaation  whose  roots  sb-u  ^ 
that  multiple  of  those  of  tlie  proposed,  which  is  expressed  hy  Uie  denomxQStor  d^^ 
limit  of  the  difforences. 
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If  aoy  of  the  nnmbers  5,  e,  d,  &c.,  w  mi  exact  root  of  the  toi  responding 
cransformod  equation,  the  process  terminates,  and  we  find  the  exact  value  of  a 
A.lso,  if  one  of  the  transformed  equations  be  identical  with  a  preceding  one, 
the  continued  ^j^tion  expressing  the  root  is  periodical ;  for,  after  that,  the 
same  quotients  will  recur  in  the  same  order;  in  this  case  a  finite  value,  in  the 
form  of  a  surd,  maybe  obtained  for  the  root  (see  Continued  Fractions)  by  solv- 
ing a  qisadratic  whose  coefficients  are  rational,  both  of  whose  roots  will  be  roots 
of  the  proposed,  since  the  coefficients  of  the  latter  are  supposed  rational ;  con- 
sequently, the  first  member  of  this  quadratic  will  be  a  factor  of  the  first  mem- 
ber of  the  proposed  equation,  which  may,  therefore,  be  depressed  two  di- 
mensions. 

EXAMPLE. 

To  find  the  positive  root  of  x'— 2ar— 5=0  under  the  form  of  a  continueu 
fi-action. 

Comparing  this  with  a?— ^x-|-r=0,  we  find  that 
r«     o»     26      8  . 
4— 27=T"'27  ^  *  P»»**v®  quantity ; 

therefore  (Art.  258)  the  equation  has  two  impossible  roots ;  and  since  its  last 
term  is  negative,  its  third  root  is  positive.    Substituting  2  and  ?,  the  results  are 

— 1  and  -|-16;  therefore  the  root  lies  between  2  and  3.    Assume  2r=24--i 
and  the  transformed  equation  is 

ys_ioy«— 6y— 1=0, 
in  which  10  and  11  bemg  substituted,  give  —61,  -|-54.    Assume  ys:10«{ — 1 
snd  we  obtain 

61r»— 94z»--20z— 1  =0, 
whose  root  lies  between  1  and  2.     Proceeding  in  this  manner,  we  find 

'  the  value  of  the  root  in  a  continued  fraction ;  the  method  of  reducing  wl^ch 
.,     to  a  common  fraction  wiU  be  hereafter  given. 

This  method  may  be  combmed  with  Sturm's  theorem. 

Here  finishes  our  recapitulation  of  the  older  methods.  WhatfoUows  be- 
longs to  the  present  more  improved  state  of  algebraic  science.* 

'^  We  shall  here  point  out  a  method  of  finding  the  equal  roota  of  an  equation,  which 
avoids  the  laborioos  procesa  of  seeking  the  common  diviaor,  and  which  may  be  empbyed 
when  any  other  than  Stonn's  process  for  diacovering  the  roots  of  an  equation  is  used. . 

1.  If  an  equation  whose  coefficients  are  commensurable  have  a  pair  of  equal  roots  and  no 
greater  DTunber,  these  roots  must  be  commensurable ;  for  the  common  measure  of  the  first 
member  of  this  equation,  and  the  function  derived  from  it,  will  be  a  binomial  ezpreision  of 
the  first  degree  with  finite  coefficients,  and  which,  when  equated  to  zero,  will  furnish  one 
of  the  equal  roots ;  these  roots,  therefore,  must  be  commensurable,  that  is,  either  integers 
or  fractiooa. 

>:  2.  If  the  lea^og  coefficient  in  the  supposed  equation  bo  unity,  and  the  others  integral, 

the  eqaal  roots  mast  be  integral,  because  no  fractional  root  can  exiat  under  these  oondi- 

^       tioni  (Art  246). 

3.  If  an  equation  with  commensurable  coefficijnts  have  three  equal  roots,  and  no  more, 
theie  also  must  be  commensurable ;  for,  in  this  case,  the  common  measure  will  be  of  the 
iecond  degree,  and,  when  equated  to  zero,  will  give  two  of  the  equal  rorts  :  these  nKirs,  rs 

^        just  remarked,  must  be  commepsurablc  ;  hence  all  the  three  roots  mast  be  comiucu&arRbJp 
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BINOMIAL  EaUATIOKa 
298.  Binomial  equations  are  those  which  can  be  reduced  to  the  ( rs 

x-zsA  ora-— A=0 (1) 

A  being  any  known  quantity  whatsoever. 

And,  at  bflfiire,  if  the  leading  ooeiBcient  be  unity,  and  the  others  integral,  the  equ!  - : 
win  be  integral 

4.  By  the  aame  reaioning,  if  an  eqaaticm  with  commensorable  ooefficientB  bare  n..  j 
rooti,  and  no  other  grcmpa  of  eqnal  roots,  these  m  roots  most  be  cxnxunexisarable  -,  ts^i] 
will  be  integral  if  the  leading  coefficient  be  unity  and  the  other  ooefficienU  intesot 

5.  When  die  leading  coefficient  ia  unity,  and  the  other  coefficients  wrbole  irambe*>  j 
m  equal  integral  roots  enter,  we  may  infer,  from  the  formation  of  the  ooelBcieQti  'iV  -j 
Uie  absolnte  nomber,  and  the  coefficient  of  the  immediately  preceding  term,  thu  j  1 
coefficient  of  x,  will  admit  of  a  common  measare  involving  m — 1  of  tiieae  rocU;  \kx  i 
coefficients  of  x  and  afi  will  have  a  conmion  measure  involving  m — 2  of  tfaem ;  adI  •  i 
tUl  we  come  to  the  coefficients  of  s^-^  and  ae^—^,  which  will  have  a  onffuwww  mta- 
volving  the  moltiple  root  once.  For,  if  the  depressed  equation  oontainiTig  only  the  :=  vi 
roots  be  considered,  it  wiU  involve  none  bat  integral  coefficients,  since  its  last  terta  i>  i 
ed  from  the  penult  coefficient  of  the  proposed  divided  by  one  root ;  so  tiiat  if  the  eq..  - 1 
be  DOW  introduced,  they  can  combine  with  none  but  integral  factors.  Hence,  if  the  ku  i 
twice,  it  will  be  (bund  among  the  integral  factors  of  the  common  measare  of  the  cctfH  • 
Aa  (the  final  coefficient)  and  A»>i ;  if  it  occur  tiiree  times,  it  will  be  firand  amoor  ti: 
tors  of  the  common  measure  of  An,  Aa— i,  and  Am-*,  and  so  on.  And,  tfaerefbie,  b.  q 
several  factors  of  the  common  measure  in  question,  by  actuaDy  substitatxng  tfaem  tatzij 
proposed  equation,  when  from  any  circumstance  multiple  roots  are  suspected  to  exi-% 
may  remove  all  doubt  on  the  subject.  In  analyzing  an  equation,  the  doubts  that  buj  i 
as  to  the  entrance  of  equal  roots  are  confined  to  certain  definite  intenrals,  or  within  j 
minate  numerical  limits  ;  so  that,  of  the  factors  adverted  to  above,  only  tbose  fidiinj  «i 
these  limits  need  be  regarded. 

And  further,  if  the  repeated  root  occur  but  twice,  the  square  of  it  mnst  be  a  iactT 
or  A« ;  if  it  occur  three  times,  the  cube  of  it  must  be  a  factor  of  As.  and  tbe  aquare  .i 
factor  of  A».i ;  if  it  oocor  four  times,  the  fourth  power  of  it  must  be  a  factor  of  A%  tl. 
of  it  a  factor  of  Ad-i,  and  the  square  of  it  a  factor  of  An-s,  and  so  on.  And  thus.  ] 
ftctors  of  Ad  to  be  tested,  those  only  need  be  used  whose  powers  also  are  fkcton,  er.ti 
as  here  deicribcd,  according  to  the  multiplicity  of  the  roots. 

6.  These  inferences  may  be  easily  generalized :  they  apply,  whatever  be  tbe  ii\ 
valise  of  the  leading  coefficient,  and  whether  the  repeated  root  be  integral  or  fr^l 

Thus,  let  the  repeated  root  be  d;=p  a  and  b  having  no  oommoo  factor ;  theo^  if  the  ra 
o 

ter  m  times,  the  originttl  polynomial  will  be  divisible  by  {bx — a)^,  giving^  a  qoot- 1 

volving  the  remaining  roots,  and  into  which  none  but  integral  ooefficienta  enter  (^^^3 

as  now  return  to  the  original  polynomial  by  multiplying  this  quotient  by  bx — a  at  1 

the  first  multiplication  by  bx — a  will  evidently  give  a  product,  into  die  first  term  of 

b  must  enter  as  a  factor,  and  into  the  last  of  which  a  must  enter ;  the  next  mnltip  ^j 

mustntherefore.  give  a  product,  into  the  first  term  of  which  6^  must  enter,  into  tbe  i 

b,  into  the  last  o^,  and  into  the  last  but  one  a;  the  tiiird  multiplication,  then^lbr.., 

give  a  product  whoso  first  three  terms  involve  i^,  b*,  b  respectively,  and  la^t  thri  c 

a,  reckoning  these  last  in  reverse  order,  and  so  on.    Hence  the  coefficients  Ai,  A-.  A 

win  be  divisible  by  ft",  ft"-»,  ft"-*,  &c.,  respectively,  down  to  ft;  and  the  ooefficici 

An-i,  Aa-9,  Ac,  by  a",  a"*— ^  a»~>,  &c.,  down  to  a.    In  other  words,  the  ooefficienta. 

in  order,  reckoning  from  the  beginning,  will  be  divisible  by  the  corresponding  de^-^ 

powers  of  the  denominator  of  the  repeated  root ;  and  ^e  coefficients,  reckoning  x>4 

end,  will  be  divisible  by  the  like  powers  of  the  numerator. 

7.  The  inferences  still  have  place,  whatever  be  the  degree  of  the  multiple  £actL>r 
ing  the  proposed  polynomial,  so  long  as  this  factor,  as  well  as  the  original  polynozzi'i: 
none  but  integral  coefficients.  This  is  plain,  from  the  reasoning  in  the  precediiij 
which  remains  the  same,  as  respects  the  entrance  of  the  factors  ft,  a,  wbetheT*  tbe  re  { 
multiplier  be  hx — a  or  bx^-^- -f-a* 
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'We  percehre  immediatelj  that  the  m  roots  of  this  equation  are  different 
from  one  another ;  for  the  first  member  af^ — A  has  no  common  £ictor  with  its 
derived  fiinction  mx°*~S  and  hence  the  proposed  equation  (Art.  253,  SchoL) 
can  not  bave  equal  roots.  The  roots,  if  we  raise  them  to  the  power  m,  ought 
eacli  to  produce  A,  since  they  are  the  same  as  the  values  embraced  in  the  ex- 
pression xzs^yX,  We  know,  then,  that  this  radical  has  m  different  values  ; 
but  we  shall  recur  to  this  subject  again,  and  more  at  length. 

299.  When  m  is  any  composite  number,  the  solution  of  equation  (1)  re- 
duces itself  to  the  solution  of  several  binomial  equations,  the  degrees  of  which 
are  tlie  factors  of  m. 

Suppose  ms=pqr,  instead  of  the  equation  x^^^sslO^  we  can  take  the  equations 
iP^X",  Tf^^Tf',  x"'=A, 
.  in  \7hich  x',  if'  are  new  unknowns. 

It  is  evident  that,  after  we  have  solved  the  equation  a:^"=A,  the  precedmg 
.-equation  x^'^-ss.Tf^  will  make  known  the  values  of  x',  and  that  then  the  equa- 
tion 7^^=.ixf  will  give  all  the  roots  of  the  proposed  equation.    This  agrees  with 
'/tlie  formula  demonstrated  in  the  theory  of  radicals  (Art.  63),  viz.. 


vVvA=TA. 


^        300.  Designate  by  a  a  quantity  whose  m*^  power  is  A,  and  take  x^sza^. 
*  "The  equation  jc"= A  becomes  a^\f^^:ia^ ;  dividing  by  a", 

i^- hence  ^= Vli  and,  consequently,  x=a  Vl. 

^'^'     'We  conclude,  therefore,  that  the  roots  of  the  equation  2"= A  can  be  ob 

^  ,,^tained  by  multiplying  one  of  them  by  the  roots  of  the  equation  y'^ssl ;  or  in 

^ /^general,  that  the  different  m^  roots  of  a  quantity  can  be  obtained  by  multip^- 

■s  .'.ling  one  of  them  by  the  m*  roots  of  unity. 

--* ' '     301.  Let  us  consider  more  particularly  the  case  in  which  A  is  a  real  quan- 

^"^•^  tity ;  and,  to  distinguish  the  hypothesis  of  A  being  positive  or  negative,  write 

..  the  binomial  equation  in  this  form : 
^^V  a-=±A (2) 

These  concliuioDfl  will  greatly  limplify  the  research  after  equal  looiB,  and  will  either 
h-'^-''  enable  na  wholly  to  diapenae  with  the  Uborioafl  process  ibr  the  oommon  measure,  or  wilL 
I  :r3i'-'^'  at  least,  render  the  more  tedious  steps  of  it  umiecesaaiy 

, .  \.^^i.  XXAMPLU. 

rtu  tsS  2x4—12*3+19x9— 6»-f9=0 (1) 

::rJ5<^  xT+5*«-|-6x&— 8x4— 15x8— 3*«4-8x-|-4=0   ...  (2) 

:z-^^  The  fint  of  these  can  haye  no  fractional  repealed  roots,  because  the  leadingr  coefficient 
-'^V-^'s  has  DO  factor  a  perfect  power;  the  equal  roots,  if  any,  must,  therefore,  be  integral 
[Li •■<^'  Unity,  which  always  haa  claims  to  be  tried,  does  not  succeed ;  and  fixnn  the  factors  of  0 
^y.-^'  and  6,  it  is  plain  that  -|-3  and  — 3  are  the  only  other  numbers  to  be  tested ;  and  as  no 
:r«r^''  higher  power  of  3  than  the  square  enters  9,  we  infer  that  more  than  two  equal  roots  can 
^.^ec^  not  hate  place  In  the  equation.  By  testing  3,  we  find  this  to  be  one  of  a  pair  of  equal 
(i<^^^  roots.  Eqoal  quadratic  factors  could  not  possibly  enter  the  equation,  since,  as  ^e  first  co- 
efikient  shows,  the  polynomial  is  not  a  complete  square.  In  the^seoood  of  the  above  eqosF 
,:d^^  tioni  no  fractional  roots  cai.  enter.  Applying,  thereGore,  -{-l  and  —1,  we  discover  that 
^jj^tfic*  -1-1  is  iwice  a  root,  and  — 1  three  times.  The  remaining  equal  roots  —2  and  —2  are 
ifjn:-^'  fooaA  from  the  resulting  quadratic  obtained  by  suppressing  from  the  given  equation  the 
^  U^  fire  facton  of  the  first  degree. 
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We  can  detennme,  at  least  by  approximataon,  a  poatire  qnaatity  a  93 
that  we  hare  a"r=A.    Take,  again,  :r=:ay,  equation  (2)  will  beeome 

This  is  the  equation  to  which  I  shall  confine  myself  exclnsivelj. 

302.  The  following  remarks  may  be  made  with  regarcl  to  this  equatios: 

1.  When  m  is  an  odd  number,  and  tlie  equation  is  y'^srl  ory'^Irl] 
evidently  has  the  root  ^=1 ;  and  it  has  no  other  real  root,  for  emyci' 
positive  value  of  y  will  give  y">l  or  y*<l,  and  a  negative  value  wfflierv 
y°  negative.  To  obtain  the  equation  on  which  the  m^l  hnaginaTy  nwuce 
pend,  we  shall  divide  y^ — 1  by  y — 1,  and  thus  obtain  the  equatiKi 

which  belongs  to  the  class  of  equations  called  reciprocal* 

2.  When  m  is  an  odd  number,  and  the  equation  is  y=— 1,  ithee»i 
dently  for  a  root  y=-»l.  By  a  reasoning  analogous  to  ^  pneedi^ 
it  may  be  proved  that  the  other  roots  are  imaginaiy;  and  we  obtain  n* 
equation  on  which  they  depend  by  dividing  y"4-l£=0  by  y.fl.  Bcb 
obtain. an  the  roots  of  the  equation  y^z=z-~\^  it  is  weD  to  renurt  datiiii 
equation  can  be  derived  from  y^zs  -*1  by  changing  y  into  — y.  It  willsaia 
then,  to  take  all  the  roots  of  y'^sil  with  contrary  signs. 

3.  Suppose  m  is  an  even  number,  and  let  m^2A,  the  equalioD  y*r:U 
3f* — ls=0,  has  for  its  roots  y=:4-l  and  y s= — 1.  The  other  roots  ara im^ 
ary,  and  the  equation  which  contains  them  can  be  obtained  by  dividing  sr*-! 
s=0  by  (y— l)(y+l)*  or  y^— 1 ;  but  it  will  be  well  to  observe  dutf-: 
s=:(yB — l)(y"Hr^)f  *^^  t^^  consequently,  the  equation  y**—lssO  cube »> 
placed  by  two  others  more  simple, 

y«-l=0,  y-+l=0. 

4.  Finally,  when  the  equation  is  y*"=: — 1,  or  y*"-{-l=sO,  we  know  tfaittti 
even  powers  of  real  quantities  wiU  always  g^ve  positive  results;  weh«a 
conclude  that  all  the  roots  are  imaginaiy.  Takmg  y*^z,  the  eqnatioaredocei 
to  the  degree  n,  and  becomes  simply  z"=  —  1. 

303.  I  now  proceed  to  determine  the  solutions  of  the  equations  y"-I=» 
y*4'I=0f  ii^  some  particular  cases. 

Let  mi=2 ;  the  equations  to  be  resolved  are 

y* — 1=0,  whence  y^  ±1 ; 

y«+l=0,  whence  y=  ±  V— 1- 
Let  m=3 ;  to  resolve  the  equation  y* — 1=0,  observe  that  it  his  for  11^ 
y=:l ;  we  divide  it  by  y— 1,  and  it  becomes 

y«+y+l=0,  whence  yz^^ — ^  . 

Hence,  the  three  roots  are 

y=l,  y= ^ ,  y= ^ . 

If  we  take  the  equation  y^+lsO,  we  shall  observe  that  its  roots  are  ^ 
same,  except  as  regards  sign,  with  tliose  of  y«— 1=0;  consequent}/,  ^ 
win  be 

y=-l,  y= ~ ,  y=^-^  — . 
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Let  9n=4 ;  the  equation  y*^lssO  may  be  decompoaed  into  two  othera, 
y^  — 1^0,  ^+1  =:0 ;  and  from  these  equations  we  derive  the  four  roots 

The  equation  y*+l  will  be  resolved  diflferently;  by  adding  2^*  to  both 
inembeTs  of  the  equation,  we  can  write  it  thus: 

^w^e  can  then  decompose  it  into  two  others, 

and,  finally,  from  these  we  derive  the  four  values  of  y, 

"We  could  have  treated  the  equation  y«-4-l=0  as  a  reciprocal  equation. 
^W&  might  have  observed,  also,  that  it  gives  y*=::t  V— l-i  ^^^  that,  taking 
successively  +  ^— l,  —  V— li  we  have 

We  have  then  only  to  reduce  these  values  to  the  form  a4-/?V — 1-  ^7  the 
process  in  Art.  104. 

By  raising  the  equation  y°^^l=0  successively  to  the  10^  degree,  we 
shall  find  that  its  resolution  depends  on  that  of  the  preceding  cases,  or  on  the 
resolution  of  reciprocal  equations,  which  reduce  it  to  a  degree  less  than  the  5^. 
Let  us  examine,  first,  the  odd  degrees.  If  we  have  the  equation  ^^^1=0, 
having  observed  that  it  has  the  root  y=ih  we  divide  it  by  y — 1 ;  it  then  be- 
comes 

a  reciprocal  equation,  which  we  shall  reduce  to  the.  2^  degree.    To  do  this, 
we  fint  write  it  under  the  form 

(y+p)+(y+^)+i=o. 

Then  talie  y-\ — =2,  which  gives  y*+--5=2«— 2;  and*  consequently,  the 

equation  in  y  will  be  changed  to  the  following : 

— 1±V6 
2«4-2 — 1=0,  whence  zsz . 

These  values  being  known,  those  of  y  will  be  by  the  relation  y-{ — ssz,  for 
(his  relation  gives 


y= — 2 — ' 

and  we  have  only  to  substitute  instead  of  z  successively  each  of  its  two  values, 
in  orde^to  find  the  four  imaginaiy  values  of  y.  We  have  then  the  five  values 
ofy, 

y=l,     • 


V10+2V5  , 


y-^4^±-7--v^.. 


— 1— •/5  .  VIO— S^'S    , 
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.-.  a  =       2—2—6     —10 

^1=       6—5—2—1 

5j+(— 8)s=  —3     —13     —10     —  9 

9t+3=  5 

?.=  -1. 

Therefore  —6,  being  die  only  one  of  die  dmsors  which  leads  to  a  bat  a> 
tient  —1,  is  the  only  commensurable  root,  and  it  is  not  repeated,  mnctk^  , 

not  satisfy  the  equation/'(a:)=3a:«+6x— 8=0. 

EXAMPUC  II. 

a*-.6a:*+a*+16a*— 20r+16=0. 
Here  Mmits  of  the  root|  are  6  and  — 4 ;  and  the  commeiiraraUe  loacffl* 
4,  2,  -2. 

EXAMPLE  in. 

a4^.5a*_22«— 6^+20=0;  «=— 2,  or  —5. 
292.  The  nnmber  of  divisors  to  be  tried  may  be  lessened  l^  obeeivii^  tis 
if  the  roots  of /(x)^0  were  diminished  by  any  whole  number,  an,  lbs  hs 
term  of  the  transformed  equation, /(y+m)=0,  would  bey(m)  ;  i£,  tbecc^. 
a  were  an  integral  value  of  x,  a — m  would  be  an  integral  valoe  of  y,  «ad  woii 
be,  therefore,  a  divisor  oif{m).    Hence,  any  divisor,  a,  of  tlie  last  tens  a 

f{m) 

f{x)  is  to  be  rejected  which  does  not  satisfy  the  condition =  an  iata^ 

when  for  m  any  integer,  such  as  ±1,  ±10,  &c.,  is  substitnted. 

EXAMPLE  I. 

a*— 6a*— 18x+72=:0. 
Changing  the  signs  of  the  alternate  terms,  we  have  I 

x»+6a«— 18r— 72=0,  or  a:»— 72+6r(x— ^)  sO*, 

tfaereliDre  the  roots  lie  between  19  and  — 6. 

But                       /(l)=50,/(-l)=84,/{-3)=64;  | 

and  the  on^  admissible  divisors  of  72,  which,  when  diminiahad  by  1,  £nii  I 

60,  are  I 

6,3,2.-4;  I 

also,  all  these  divisors,  when  increased  by  1,  divide  84 ;  but  only  6,  3,  —4  , 

when  increased  by  3,  divide  64 ;  ' 

.-.  6,  3,  —4,  1 

are  the  only  divisors  which  need  to  be  tried ;  and  they  will  bH  be  foond  ts  bi  , 

roots.  A 

EXAMPLE  II.  f 

a:*— 6a:»4.169x— (42)«=0.    x=9.  | 

y  293.  If  a  proposed  equation  have  fractional  coefficients,  or  if  its  firrt  ten      ' 
be  affected  vrith  a  coefficient,  since  (276,  Cor.  2)  it  can  be  transformed  into  as-       I 
other  equation  with  first  term  unity  and  every  coefficient  a^whole  number 
this  method  will  enable  us  to  find  the  commensurable  roots  of  eveiy  eqnstioB 
under  a  rational  form.    If  the  coefficients  be  whole  numbers  and  the  first  torm 
be  j^oZ",  and  we  only  wish  to  find  the  roots  which  are  integen,  no  traasfcnBa-       i 
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ion  win  be  necessaiy,  only  every  divisor  of  the  last  term  which  is  a  root  will 
ead  to  a  result  — je'o  instead  of  •»!. 

EXAMPLE. 

6a:«— 25a^+26x»+4a?— 8=0. 
it  18  the  same  as 

(ar— 2)«(3a:— 2)(2x+l)=0. 

N£WTON*S  METHOD  OF  APPROXIMATION. 

294.  "When  we  know  an  approximate  value  of  a  root,  we  may  easily  obtain 
other  values  of  it,  more  and  more  exact,  by  a  method  hivented  by  Newton, 
iTvhich  rapidly  attains  its  object.  We  shall  give  this  method,  first  in  the  form 
in  which  it  was  proposed  by  its  author,  and  afterward  with  the  conditions 
^which  Fourier  has  shown  to  be  necessary  for  its  complete  success. 

Let/(a:)=0  be  an  equation  having  a  root  e  between  a  and  5,  the  difference 
of  these  limits,  ft— a,  being  a  small  fraction  whose  square  may  be  neglected  in 
the  process  of  approximation. 

Let  Ci,  a  quantity  between  a  and  6,  be  assumed  as  the  first  approximation 
to  c,  then  c=:Ci+k,  where  h  is  very  small ; 

oi 

/(^i)+/'(<^i)^+/"(^i)|V  . . .  +A"=o. 

Now,  since  h  is  very  small,  h%  h\  6cc,,  are  very  small  compared  with  h ; 
also,  none  of  the  quantities/''(Ci),/'"(ci),  &c.,  can  become  very  great,  since  they 
result  from  substituting  a  finite  value  in  integral  functions  of  x;  therefore,  pro* 
vided/'(ci)  be  not  very  small  (that  is,  provided /'(ar)=0  have  no  root  nearly 
equal  to  Ci  or  to  c,  and,  consequenUy,  /(z)=0  no  other  root  nearly  equal  to  e 
besides  the  one  we  are  approximating  to),  all  the  terms  in  the  series  after  the 
first  two  may  be  neglected  \h  comparison  with  them ;  and  we  have,  to  deter- 
mine A,  the  resulting  approximate  value  of  ft,  the  equation 

and  the  second  approximation  is 

Similariy,  starting  from  Cs  instead  of  Ci,  the  third  approximate  value  will  be 

and  80  OD ;  and  if  we  can  be  certain  that  each  new  value  is  nearer  to  the  truth 
than  the  preceding,  there  is  no  limit  to  the  accuracy  which  may  be  obtained. 

EXAMPLE  I. 

x»— 2r— 5=0. 
Here  one  root  lies  between  2  and  3,  and  the  equation  can  have  only  one 

*  Thii  notation  lignifies,  that  after  tiie  division  indicated  is  performed,  the  paiticalir 
nlm,  cit  if  sabstitated  for  x. 

A  A 
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poiitiTe  root;  also,  upon  narrowing  the  linuts,  we  find  Ihat  xsb2  pwn^  a  Bf^- 
tive,  and  x^2*2  a  positive  retnlt;  therefore,  2*1  dUTers  from  the  root  bi  i 
quantity  lew  than  0*1,  and  we  iaaj  assume  Ci=2*l.    Hence 
/j8_2r— 6\  0-061 

^=^-^-l-3?i:r;^  =2'  -ir23' 

or 

e^rs2a— 00054a20946. 
Similarij, 

c^=s2-09455149. 

EXAMPLE  II. 

a*— 7x— 7=0. 
•  There  is  only  one  positiye  root  lying  between  3  and  3-1,  and  it  eqaii 
3-048917339. 

Obseevation. — T(f  guard  against  over  correction,  that  is,  against  app .^  . 
such  a  correction  to  an  approzimate  value  as  shall  make  the  new  valae  d\5rs 
more  from  the  root  by  excess  than  the  original  approximate  value  did  by  i*- 
feet,  or  vice  versd^  we  must  be  certain  that  each  new  valae  ia  nearer  to  v» 
truth  than  the  preceding ;  this  gives  rise  to  the  foQowing  conditiooa,  first  %> 
ticed  by  Fourier. 

295.  For  the  complete  success  of  Newton*s  method  of  approzimadon,  thr 
following  conditions  are  necessary. 

1.  The  limits  between  which  the  required  root  is  known  to  lie  must  bp» 
close  that  no  other  root  of/(2:)=s0,  and  no  root  of/'(x)=0,  ory"(r)=rO,  Ee* 
Wtween  them.  y 

2.  The  approximation  must  be  begun  and  continued  from  that  limit  wbkb 
makes /(x)  and/"(x)  have  the  same  sign. 

Let  c  be  a  root  of/(x)=:0  which  lies  between  a  and  ft,  a<5,  Ci  the  first  s^ 
proximate  value,  and  h  the  whole  correction,  so  that  c:=zCi+h  ;  then 

/(ci+fc)=0.  or/(cO+V'W=0, 
X  being  some  quantity  between  C|  and  c  (Art.  239,  Note). 

Therefore,  supposing  A=ci,  which  amounts  to  neglecting  aH  powers  of  \ 
above  the  first,  and  requires  that/(z) =0  have  no  root  besides  e  in  diat  int^Til 
and  calling  the  resulting  approximate  value  of  h^  hi,  we  have 

Now  the  true  value  is  cs=ci-{-ft  ; 
The  first  approximate  value  is  Ci  with  error  h ; 

The  second  approximate  value  is  c^^^Ci+hi  with  error  A— ^i,  which  (oef 
looting  signs)  mi2st  be  less  than  A, 

«.  «.,  A«— (A— A|)«  must  be  positive,  or  2AAi— V=+f 

which  condition  (since  A  is  an  indeterminate  quantity  between  Ci  and  e,  or  be- 
tween a  and  b)  can  not  in  all  cases  be  secured  unless  f'(x)  be  incapable  of 
changing  its  sign  between  a  and  5,  t.  c,  im]es8/'(x)=0  have  no  rt>ot  betweeo 
a  and  h. 

Moreover,  we  must  have  -prTr  >~,  or  >1,  the  latter  msnring  the  farmer. 
Now,  if/"(x)  preserve  an  invariable  sign  between  a  and  6,  u  «.,  if/*'(x)sl 
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liave  no  root  in  that  iDterval,  then  /'(r)  will  increase  or  diminish  contln  dally 

from  a  to  6 ;  therefore  Ci  roust  be  taken  equal  to  that  lunit  which  gives  /'{x) 

its  gi*eatest  numerical  value  without  regard  to  sign. 

First,  let/' (x), /"(if),  have  the  same  sign  firom  a  to  6  ;  then/'(T)  increases 

continuaUy  in  that  interval;  therefore  we  must  have  Ci=&,  or  we  must  begin 
from  the  greater  limit.  But/(&)  has  the  same  sign  haf(c-{-h)=:f(c)-{-hf'\c) 
=hf'{c)t  or  as /'(c) ;  therefore  we  must  have  Ci  equal  to  that  limit  which  makes 
f{x)  and/"(ar)  have  the  same  sign. 

Secondly,  let /'(x), /"(a:),  have  contrary  signs  from  a  to  6 ;  then/'(x)  di- 
minishes continually  in  that  interval;  therefore  we  must  have  Ci^zO^  or  we 
must  begin  from  the  lesser  Umit.  But  /(a)  has  the  same  sign  as  /(c-^h) 
=/(c)— A^(c)s=— fc/'(c),  or  as  —/'(c) ;  therefore,  in  this  case,  equally  as  in 
the  former^  we  must  have  «i  equal  to  that  Umit  which  makes  f{x)  and/^'(x) 
have  the  same  sign. 

These  conditions  being  fulfilled,  we  have 

■^-l=+.or-^=+, 

C— Ca 


C9— C| 
iLeretbre  Cq  lies  between  c  and  Ci ;  hence,  the  new  Umit,  Ct  fulfills  the  requi« 
site  conditions,  and  we  may  with  certainty  from  it  continue  the  approxima- 
tion. 

296.  To  estimate  the  rapidity  of  the  approximation,  we  have 

error  in    first    approximate  value  Ci,  =^, 
error  in  second  approximate  value  Ct,  ^k^hi ; 

But  /(«i)+v'(';.)+iAy"0')=o. 

/(cO+»./'(ei)=0; 
...  (fc-A.)/'(c,)+ifc»/"(/i)=0, 

Let  the  greatest  value  which /"(x)  can  asstmie  between  a  and  5  (which 
will  be  either /"(a)  or/"(6),  if /'"(x)=:0  have  no  root  in  the  interval)  be  di- 
vided by  the  least  value  of  2f'(x)  in  that  interval  which  will  be  either  2f'(a)  or 
y'(h),  and  let  the  quotient  be  denoted  by  C ;  then,  neglecting  signs, 

hence,  if  the  first  error  ^  in  Ci  be  a  smajl  decimal,  the  error  h'^hi  with  which 
Ci  is  affected  (since  C  wiU  not,  except  in  particular  cases,  be  very  large)  will 
be  very  small  compared  with  h ;  and  if  the  quantity  C  be  less  than  unity,  the 
number  of  exact  decimals  in  the  result  will  be  doubled  by  each  successive 
operation.  The  quantity  C,  when  thus  computed  for  a  given  interval,  pre- 
serves the  same  value  throughout  the  operations  which  it  may  be  necessary  to 
make  in  order  to  approximate  to  the  value  of  the  root  lying  in  that  interval ; 
and  as  we  thus  know  a  limit  to  the  difference  between  the  approximate  value 
already  found  and  the  true  value,  we  may  always  avoid  calculating  decimals 
which  are  inexact,  and  only  obtain  those  which  are  necessarily  correct. 

EXAM7LE. 

6x»—141x-f  263=0. 
This  equation  has  two  positive  roots,  one  between  2*7  and  2*8«  and  the 
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These  powers  of  the  first  imagtoary  root,  which  we  may  cal  a,  thus  fur- 
nish one  half  of  the  entire  number  of  imaginary  roots,  and  the  reciprocals  of 
these  being  the  other  half,  all  of  them  are  determined  firom  the  first;  the 
imaginaiy  roots  are,  therefore, 

c,  a*,  a?, ...  .  a« 
111  J_ 

?  a«'  a*' '  •  •  •  ^* 

When  n  is  even,  the  last  power  will  be 

2ir  2ir       -^^—  - 

(cos  — +  sin  —  .  V  — lY->s=cos  ir+  sin  ir  .  ^— 1 ; 

and  the  imaginaiy  roots  are,  therefore, 

■ 
Oj  a*^  cfi,  .  .  .  ,  a^ 
1     1     1_  Jl. 

a'  3'  a?'  •  •  •  •    ; 
c? 

308.  By  the  general  formula  (Art  307),  we  are  enabled  to  determine  all  ttio 

roots  of  the  equation 

a*+l=0; 

for,  since 

cos  (2A:+l)fr=— 1,  and  sin  (2ib4-l)irr=:0, 

that  formula  gives 

,       2A:+1     ,     .    2A:+1        , 

(cos ir±  sm n- .  \^  —.!)■=: 

•         cos  (2A:+l)»r±  sin  (2A:+l)ir .  V^HTsr— 1 ; 

hence  the  n  values  of  x  are  all  comprised  in  the  general  expression 

2A:+1     ,     .    2A:+1        - — - 

x=s  COS — ff±  sm  — -i— JT  .  -J  — 1 ; 

n  n 

which,  by  putting  for  k  the  values  0,  1,  2,  3,  &c.,  in  succession,  furnishes  tlit 
following  series  of  separate  values,  viz. : 

IT  IT  

for  ArssO  ....  x=  cos  -±  sm  -  .  v — 1 

n^        n    ^ 

-      ,  3jr  ,      .    3ir      , 

k^l  ....  xss  cos  — ±  sm  —  .  /—I 

•      ^  Stt  ,     .    5»r      , 

*s=2  ....  a:=  cos  — ±  sm  — .  y  —1 


_     n — 1  ,     .  . 

fess    -      .  .  xs=  cos  ir±  fiin  IT  .•/—!  =  — 1; 


xss  cos  (^"^~)  db  sin  (ir — -  .  V — !)• 


or,  when  n  is  even, 
,      n— 2 

Now  that  the  foregoing  system  of  n  roots  are  aO  different  is  obvioos,  wmjt 

ir  3ff  Bit  nrr  ir 

are  aD  different  arcs,  of  which  the  greatest  does  not  exceed  a  semi-circum 
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Tereoce.     If  the  preceding  series  be  extended,  it  will  be  easy  to  prove,  after 

what  has  been  done  in  Art.  307,  that  the  values  formerly  obtained  will  recur. 

As  in  the  former  case  of  the  general  problem,  so  here,  each  root  may  be 

derived  from  the  first  pair  of  the  series ;  thus,  denoting  the  first  root,  cos 

'TT  V  . 1 

*-±  sin  ~  •  V  —  1,  by  a  or  -,  according  as  the  upper  or  lower  sign  is  taken,- 

'we  evidently  have,  for  the  preceding  series,  the  following  equivalent  expres 
sions,  viz. :  • 

Oy  c^,  a^f »  ,  ,  ,  a*-\ 

1  2,   ^  2.  C  ^^^'^  ^  ^  ^^« 

a'  a»'  5* '  '  '  '  ?  ) 
wood 

111  1    \  when  n  is  even. 

?  5'  S' ?=*  > 

For  further  researches  on  the  theory  of  binomial  equations,  the  student  may 
consult  Lagrange's  Trait6  de  la  Resolution  des  Equations  Num6riques,  Note 
14 ;  Legendre*s  Th6orie  des  Nombres,  Part  V. ;  the  Disquisitiones  Arith- 
meticas  of  Gauss ;  Barlow's  Theory  of  Numbers ;  and  Ivory's  article  on  £qu8 
tions,  in  the  Encyclopaedia  Britannica. 

309.  We  have  already  frequently  had  occasion  to  notice  multiple  values  of 
radicals,  without  fixing  the  precise  number  which  might  exist,  except  for  rad 
icals  of  the  second  degree.    It  is  time  to  introduce  the  following  proposition : 

Every  radical  has  as  many  values  as  there  are  units  in  its  index^  and  has 
no  more  ;  in  other  toords,  every  quantity  has  as  many  roots  of  a  given  degree 
as  there  are  units  in  the  index  of  that  degree. 

If  the  given  radical  be  represented  by  the  general  form  ^A,  this  radical 
designates  evidentiy  all  the  quantities,  real  or  imaginary,  which,  raised  to  the 
power  m,  reproduce  A  ;  consequently  they  are  merely  the  values  of  z  in  the 
equation  a:°*=sA.  But  we  know,  from  the  general  theory  of  equations,  thft 
every  equation  of  the  m^  degree  has  m  values  of  the  unknown  quantity,  which 
will  each  satisfy  it ;  hence  the  proposition  is  proved. 

This  will  serve  to  explain  some  paradoxes.  Jliot  there  be  the  expression 
VaV— 1*  ?7  reducing  the  second  radical  to  the  index  4,  it  becomes 
y(— 1)«,  and  the  given  expression  reduces  to  ^a^a  result  which  might  be 
supposed  absurd,  because,  a  being  positive,  the  result  represents  a  real  quan- 
tity, while  the  proposed  expression  appears  to  ba  imaginary. 

There  is  here  a  confusion  of  ideas.  If  in  the  expression  V^  V-—1  the 
radical  is  an  arithmetical  determination,  it  is  true  that  this  expression  is 
imaginary  ;  but  if  V^  ^  taken  in  all  its  generality,  and  we  represent  it  by  a* 
multiplied  by  the  four  roots  of  unity,  or 

a%  -a',  a'/^. -«'  V^l. 
we  perceive  that  some  of  these  values  of  ^a,  multiplied  by  V~'l«  cause  this 
imaginary  factor  to  disappear,  and  tiie  proposed  expression  becomes  real. 

I  shall  terminate  this  article  by  the  explanation  of  a  paradox  which  presents 
itself  in  the  employment  of  fractional  exponents.    Let  there  be  the  expres- 

fs  1 

oiuu  »  .    If  the  fraction  j  be  simplified,  the  expression  a^  becomes  a?.    Then, 

in  repassing  to  the  radicals,  we  have  V<z*=  V<z*    This  equality,  howeve**  is 
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QOt  wholly  trae,  becaaae  the  first  member  has  fonr  valaes,  and  the  secood 
but  two. 
The  difficulty  may  be  presented  in  a  general  manner  by  placing 

'and  in  concluding  from  thence  that 

To  discover  the  cause  of  this  error,  we  must  remember  that  the  fractional 
exponent  is  but  a  convention,  by  means  of  which  we  express  in  another  way 
that  the  root  of  a  certain  power  is  to  be  extracted,  and,  therefore,  this  expo- 
nent must  not  be  regarded  in  the  light  of  an  ordinary  fraction. 

THE  DETBBMmATION  OF  THS  IMAGINA&Y  ROOTS  OF  EaUATIONd. 

310.  In  what  relates  to  the  limits  of  roots  at  Art.  283  and  following,  real  roots 
only  were  in  view.  We  shall  show  here  how  the  limits  may  be  obtained 
for  the  moduli  of  all  roots,  whether  real  or  imaginary.  Let  us  consider  the 
equation 

«»+Pj«-»+Q2-»-»...ssO (1) 

in  which  P,  Q . . .  may  be  real  or  imaginaiy.  In  order  that  a  value  of  x  may 
be  a  root,  it  is  necessaiy  that,  after  having  substituted  it  in  the  result,  the 
modulus  should  be  zero. 

Call  V  the  modulus  of  x,  and  jp,  9, . . .  those  of  the  coefficients  P,  Q, . . .  Ac- 
cording to  Art.  239,  those  of  the  terms  of  the  equation  will  be  v\  pf^\ 
^°»-», . . .,  and  that  of  the  part  Pa:°-^+Q2:"-*+  . . .  can  not  surpass  the  sum 
pff^i^qffi*-^ . , ,    Then,  if  we  choose  for  v  a  value  A  such  that  we  have 

c«— piP-»— gtj«-« =0,  or  >0  ....  (2) 

we  are  sure,  by  virtue  of  the  article  just  cited,  that  the  mo<]|plus  of  the  first 
member  of  the  equation  (1)  will  not  be  less  than  the  above  difiference ;  and  that 
ftom  this  point  the  modulos  will  not  be  zero,  or,  what  is  the  same  thing,  the 
value  substituted  in  place  of  :r  will  not  be  a  root  of  the  equation.  Eveiy  value 
off  above  A  wiH  render  this  difiference  greater;  then  A  is  a  superior  limit  of 
the  moduli.  . 

The  quantity  A  wiH  be  always  easy  to  determine,  because  it  will  be  sufficient 
to  substitute  in  the  diflference  (2)  in  place  of  v,  increasing  positive  values  until 
this  difference  becomes  positive.  If  the  coefficients  P,  Q ...  are  real,  the 
moduli  p^q,..,  wiH  be  these  coefficients  themselves,  but  taken  positively ;  ^nd 
if  we  designate  the  greatest  of  these  values  by  N,  we  can  take  at  once  for  tiie 
superior  limit  AssN-|-I* 

To  have  an  inferior  limit,  we  make  x=:-  determine  in  the  transfonped  in  f 

the  superior  limit  of  the  moduh  of  the  roots,  and  finally  divide  unity  by  this 
lunit. 

311.  It  has  already  been  proved  that  unaginaiy  roots  always  enter  into 
equations  in  conjugate  pairs  of  the  form  aJoPV  ^^'  -^^  ^ia  previous 
knowledge  of  the  form  which  every  root  must  take  suggests  a  method  for  the 
actual  determination  of  the  proper  nmnerical  values  for  a  and  0  in  any  proposed 
case.    The  method  is  as  follows : 

Let  4-+ AiH-ia:"-'H Aar+N=0 
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t>e  ED  equation  containiDg  imagioary  roots;  thoD,  by  substituting  a-^-i^'/^l 
ibr  X,  we  have 

(a+d  /:rr)«+ A„_,(a+^  V^)"-'+  . .  A(a+/3  V^)+N=0 ; 
or,  by  dcvelopiijg  the  terms  by  the  binomial  theorem,  and  collectiog  the  real 
And  imaginary  quantities  separately,  we  have  the  form 

•m  equation  which  'can  not  exist  except  under  the  conditions 

M=0,  N=0 (1) 

From  these  two  equations,  therefore,  in  which  M,  N  contain  only  the  quan- 
titles  a,  /?,  combined  with  the  given  coefficients,  all  the  systems  of  values  of  a 
and  p  may  be  determined ;  and  these,  substituted  in  the  expression  04-/9  •/  — 1, 
ifv-iU  make  known  all  the  imaginaiy  roots  of  the  proposed  equation ;  those  that 
are  real  corresponding  to  /?=0. 

It  is  obvious  from  the  theory  of  elimination  as  developed  at  page  157,  and 
from  the  method  of  numerical  solution  explained  in  Art.  255,  that  the  labor  of 
deducing  from  this  pair  of  equations  the  final  equation  involving  only  one  of  the 
unknowns  a,  /9,  and  of  afterward  solving  the  equation  for  that  unknown,  wiD 
in  general  be  very  laborious  for  equations  above  the  third  degree.  Lagrange, 
by  combining  with  the  principle  of  this  solution  the  method  of  the  squares  of 
the  differences  explained  at  Art.  278,  avoids  both  the  eUmination  and  subse- 
quent solution  here  spoken  of.  It  is  easy  to  see  how  this  may  be  brought 
about  if  we  have  any  independent  means  of  determining  one  of  the  unknowns 
0 :  for  the  adoption  of  these  means  would  enable  us  to  dispense  with  the  elimi- 
nation ;  and  as  the  substitution  of  the  value  of  P  in  both  of  the  equations  (1) 
'  would  convert  those  equations  into  two  simultaneous  equations  involving  but 
one  unknown  quantity,  their  Rrst  members  would  necessarily  have  a  common 
factor  of  the  first  degree  in  a,  which,  equated  to  zero,  would  furnish  for  a  the 
proper  value  to  accompany  p ;  and  thus,  instead  of  solving  the  final  equation 
referred  to,  we  should  only  have  to  find  the  common  measure  between  the 
two  polynomials  M,  N  contuning  the  unknown  quantity  a. 

Now  corresponding  to  every  pair  of  imaginary  roots  a^p  •/  —1,  o— )9  \/— 1, 
there  necessarily  exists^  in  the  equation  of  the  squares  of  the  dilTerences,  a 
real  negative  root  —  4)3' ;  so  that  if  all  the  negative  roots  of  the  latter  equation 
be  found,  thd  quantity  —  4i8*  must  appear  among  them ;  from  which  the  value 
of /?  would  be  immediately  obtained,  and  thence,  by  aid  of  the  common  meas- 
ure as  just  explained,  the  corresponding  value  of  a. 

But  the  equation  of  the  squares  of  the  diflferences  may  have  a  greater  num- 
ber of  negative  roots  than  there  are  paurs  of  inoaginary  roots  in  the  proposed ; 
which,  however,  can  not  happen  except  two  non-conjugate  imaginaiy  roots  have 
equal  real  parts,  or  except  a  real  root  be  equal  to  the  real  part  of  an  imaginary 
root.  Lagrange  discusses  these  peculiarities,  and  establishes  the  exactness 
and  generality  of  the  principle  in  question,  as  foQows : 
When  the  real  parts,  a,  7,  &c.,  of  the  imaginaries 

&c.  &c. 

■re  unequal,  as  well  when  compared  with  one  another  as  when  compared  with 
die  real  roots  a,  6,  c,  &e.,  it  is  evident  that  the  equatwn  of  the  tqiiaret  of  the 

Bb 
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fifferencM  ean  not  have  any  other  negatire  roots  tiban  th?«e  iumdmAlffm 
•ereral  pairs  ofcoDjugate  ima^naiy  roots,  and  which  are 

_4/j«,  — 4<J»,  &c. 
An  the  other  roots,  not  anrag  from  the  differences  famished  fay  die  a 
roots,  a,  0,  c,  ice.,  will  e^dently  be  imaginary;  those  between  the  re^  n 
imaginaiy  roots  supplying  the  forms 

&c.  &c. 

and  those  between  the  non-conjogate  roots  the  forms 

■o  that  in  this  case  every  negatiTe  root  in  the  auxiliaiy  equatioo  win  i&dksTf  i 
pair  of  imaginary  roots  in  the  proposed,  and  win,  moreoTor,  aapply  the  nb 
of  the  imaginaiy  part.  But  if  it  happen  that  among  die  quanftitiea  a,  y,  Auc 
there  be  found  any  equal  among  themselves,  or  equal  to  any  of  the  qont^ 
a,  ft,  c,  &%.,  then  the  auxiliary  equation  wiU  neoessari]^  have  negstife  m& 
corresponding  to  which  there  can  be  no  imaginaiy  pair  in  the  proposad  eq» 
tion. 

For  let  flsra,  then  the  two  imaginaiy  roots  {a^a+p  ^  — 1)',  («—«-* 
V— !)•  win  become  ^/9>  and  ^^,  and,  consequently,  real  and  iiegatiTe:^ 
that  if  the  proposed  equation  contain  only  two  imaginary  roots,  a-\-P  V^  ^ 
a— /3  '^ — 1,  then,  in  the  case  of  as=:a,  the  equation  of  the  squares  of  the  Ms- 
ences  will  contain,  besides  the  real  negative  root  — 4^,  the  two  — ^,  --9. 
both  negative  and  equal. 

We  thus  see  that  when  the  equation  of  the  squares  of  the  difiereocet  te 
three  negative  roots,  of  which  two  are  equal  to  one  another,  the  proposed  jin 
have  either  three  pairs  of  imaginary  roots,  or  but  a  sin^  pair. 

If  the  proposed  contains  four  imaginary  roots,  a^-/?*/ — i,  a — ^V-^ 
yJ^d-^ — 1,  y — d-/ — 1,  then  the  equation  of  the  squares  of  the  ^aSenam 
must  contain  the  two  negative  r6ot8  —4/3*  and  — 4<P;  if  asrro,  it  most  aiso 
contain  the  two  equal  negative  roots  — jS",  — ^ ;  and  i^  moreorer,  7-=^.  £ 
must  contain,  in  addition  to  these,  the  negative  pair  — <^,  ^«^;  and  haAj.i 
a  =5  7,  the  four  imaginary  roots 

{(«-7)+(0+<5)V-l}»,  {(a-y)-(/J+^>^-l|« 
win  be  converted  into  die  two  uegatiTo  pairs 

-(^-^•,  -(i9-<J)*;  -(/?+<J)«.  -(^+^'. 

Hence  we  may  deduce  the  foUowing  conclusions,  viz. : 

(1)  When  an  the  resl  negative  roots  of  the  equation  of  the  squares  of  tk 
differences  are  unequal,  then  the  proposed  win  necessarily  have  so  msuiy  pun 
of  imaginary  roots. 

If  in  this  case  we  csn  any  one  of  these  negative  roots  ^10,  we  ehal  but 

Bss—^ ;  and  if  this  value  be  substituted  for  p  in  the  two  c»quatioD8  (1),  snd  tbi 

operation  for  the  common  measure  of  their  first  members  be  carried  oa  tin  ire 
arrive  at  a  lemainder  of  the  first  degree  in  «,  the  proper  valae  of  a  wi&  be  <* 
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*aiDed  by  equatiog  this  remainder  to  zero.  Thus,  each  negative  root,  ^tr, 
will  furnish  two  conjugate  imaginary  roots,  a-4-/?  V~-^)  >u)d  a — p  •/  — 1. 

(2)  If  among  the  negative  roota  of  the  equation  of  the  squares  of  the  differences 
equal  roots  are  found,  then  each  unequal  root,  if  any  such  occur,  will,  as  in 
the  preceding  case,  always  furnish  a  pair  of  imaginary  roots.  Each  pair  of 
equal  roots  may,  however,  give  either  two  pairs  of  imaginaiy  roots  or  no  im- 
aginary roots,  so  that  two  equal  roots  will  give  either  four  imaginary  roots  or 
none  ;  three  equal  roots  will  give  either  six  imaginary  roots  or  two ;  four  equal 
roots  win  give  either  eight  imaginary  roots,  or  four,  or  none ;  and  so  on. 

Suppose  two  of  the  negative  roots,  — u^,  — t^,  are  equal ;  then  putting,  as 

above,  i9=-r-,  we  shall  substitute  this  value  of /3  in  the  two  polynomials  (1), 

and  shall  carry  on  the  process  for  the  common  measure  between  these  poly 
nomials  till  we  arrive  at  a  remainder  of  the  second  degree  in  a ;  since  the  poly 
nomials  must  have  a  common  divisor  of  the  second  degree  in  a,  seeing  that  the 
equations  (I)  must  have  two  roots  in  common,  on  account  of  the  double  value 
of/3. 

Equating,  then,  this  quadratic  remainder  to  zero,  we  shaU  be  furnished  witb 
two  values  for  a :  these  may  be  either  both  real  or  both  imaginary.  In  the 
former  case  call  the  two  values  a'  and  a" ;  we  shall  then  have  the  four  iraagin- 
ary  roots 

In  the  second  case,  the  values  of  a  being  imaginary,  contrary  to  the  condi- 
tions by  which  the  fundamental  equations  (1)  are  governed,  we  infer  that  to 
the  equal  negative  roots  — to,  — 1(7,  there  can  not  correspond  any  imaginary 
roots  in  the  proposed  equation. 

If  the  equation  of  the  squares  of  the  differences  have  three  equal  negative 

roots,  — K7,  — K7,  — 117,  then,  putting,  as  before,  i9=:— ^,  we  should  operate  on 

the  pofynomials  (I),  for  the  common  measure,  till  we  reach  a  remainder  of 
the  diurd  degree  in  a;  this  remainder,  equated  to  zero,  will  furnish  three  values 
of  <(,  which  will  either  be  all  real,  or  one  real  and  two  imagtnaxy.  In  the  first 
case  six  imaginary  roots  will  be  im^ed :  in  the  second  only  two ;  the  imagin- 
ary values  of  a  being  always  rejected,  as  not  coming  within  the  conditions  im- 
plied in  (1). 

It  follows  from  the  above,  and  from  what  has  been  established  in  Art.  259, 
that  there  are  at  least  as  many  rariations  of  sign  in  the  equation  of  the  squares 
of  differences  as  there  are  combinations  of  two  real  roots  in  the  proposed 
equation.  Also,  it  must  have  at  least  as  many  permanences  of  sigq  as  there 
are  pairs  of  conjugate  imaginary  roots  in  the  proposed  equation ;  or,  in  other 
words,  it  can  not  have  a  less  number  of  permanences  of  sign  than  half  the  num* 
ber  of  imaginary  roots  in  the  proposed  equation. 

Hence  we  may  infer,  that  if  the  equation  of  the  squares  of  the  differences 
have  its  terms  alternately  positive  and  negative,  there  can  be  no  imaginary 
root  in  the  proposed  equation. 

The  foregoing  principles  are  theoretically  correct ;  but  the  practical  appli- 
cation of  them,  beyond  equations  of  the  third  and  fourth  degrees,  is  too  labo- 
rious for  them  to  become  available  in  actual  computation.  We  give  the  foUoia 
bg  illustration  of  them  from  Lagranga. 
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312.  To  determine  the  imagiDary  roots  of  the  eqnatiim 

a:»— 2r— 6s=0. 
Computing  the  equation  of  the  squares  of  the  differeoces  from  tfie  j 
formula  for  the  third  degree  at  Art  279,  viz. 

zS4.6p2»+9p«z+4p'4.27^=0, 
in  which  p=:— 2  and  ^=r— >5,  we  have 

2«— 122«+362+643=0. 
In  order  to  determine  tiie  negative  roots  of  this  eqaation«  change  tiie  ahefoa 
signs,  or  put  z= — w,  and  then  change  all  the  signs,  converting  tiie  eqnstiaL 
into 

1084. 1210*4- 36u7— 643=0, 
and  seek  the  poeitive  root,  which  is  found  by  trial  to  lie  bervreen  5  tad  & 
Adopting  Lagrange's  development,  Art  297,  this  root  proTes  to  be 

from  which  we  get  the  converging  fractions  (see  Continued  Fz«ctk»B) 

31   160  991 
^'  1"'   31  •  192'  *^ 

Knowing  thus  an  approximate  value  of  v,  we  know  i9=— ^. 

In  order  now  to  get  the  equations  (1),  p.  385,  substitute  a-f-^  -^ — 1  far  is 
the  proposed  equation,  and  form  two  equations,  one  witii  tlie  real  tenasef 
the  result,  the  other  with  the  imaginary  terms ;  we  shall  thus  have  the  eq» 
tions  (1)  referred  to,  viz., 

o»— (3i9«+2)a-.5=0 
3o«-./3«—2=0, 
in  which  fi  is  known. 

Seeking  now  the  greatest  common  measure  of  the  first  memben  of  tbes 
equations,  stopping  the  operation  at  the  remainder  of  the  first  degree  in  c,  lai 
equating  that  remainder  to  zero,  we  have 

°""""8/3»+4' 
and  thus  both  a  and  p  are  determined  in  approximate  numbera. 

313.  There  is  another  method  of  proceeding  for  the  determinatian  of  is- 
aginary  roots,  somewhat  different  from  the  preceding,  being  indepeadeoc  d 
the  equation  of  the  squares  of  the  differences.  It  is  suggested  from  the  &i- 
,lowing  considerations : 

Since  the  quadratic,  involving  a  pur  of  imaginary  conjugate  roots,  is  alwip 
of  the  form 

x«— 2ar4-a«4-i3«s=:0, 
every  equation  into  which  such  roots  enter  must  always  be  accurately  ^visSjie 
by  a  quadratic  divisor  of  this  form ;  that  is,  the  proper  values  of  a  and  ^  an 
such  that  the  remainder  of  the  first  degree  in  x,  resulting  from  the  drriaoo, 
must  be  zero.  This  furnishes  a  condition  from  which  those  proper  vahies  ef 
a  and  p  may  be  determined ;  the  condition,  namely,  that  the  remainder  spokes 
of,  Ax— B,  must  be  equal  to  zero,  independent  of  particular  vahies  of  x;  ad 
this  implies  the  twofold  condition 
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A==0,  B=0, 
from  which  a  and  p,  of  which  A  and  B  are  functions,  may  be  determined. 
As  an  example,  let  the  equation  proposed  be 

Dividing  the  first  member  by 

we  haye  for  quotient 

a«+(4+2c)x+6+8a+3(^— ^, 
and  for  the  remainder  of  the  first  degree  in  x 

(4+12o+12a«+4a»— 4a/3»— 4i3»)x— 
{a»+/3«)(6+8a+3a«-^)+6, 
which,  being  equal  to  zero  whatever  be  the  value  off,  iurniahes  the  two  eqoa* 
rions 

4+12a+12o«+4a3— 4fl/3«— 4/9»=0 
(o«+i9«)(6+8a4.3fl?— i3»)+6=0. 
From  the  first  of  these  we  get 

^=(l+a)« 
and  this,  substituted  in  the  second,  gives 

4a«+l6o»+24a«+16a=0, 

two  roots  of  which  are  0  and  —2;  the  other  two  are  imaginary,  and  must, 

consequently,  be  rejected  as  contrary  to  the  hypothesis  as  to  the  form  of  th« 

indeterminate  quadratic  divisor. 

The  two  real  values  of  a,  substituted  in  the  expression  above  for  ^,  give 

forc==     0,/9«==l«         .-./Jsr+l 

a=-2,/3«=(-l)«  .•./?=-.! 

and,  consequently,  the  component  factors  of  the  original  quadratic  divisor,  vts., 
the  factors  t 

fiunish  these  two  pairs  of  imaginary  roots,  viz., 

and 

a:=— 2— V^,  x=r— 2+ -Z^. 
This  method,  Uke  that  before  given,  is  impracticable  beyond  very  narrow 
limits,  because  of  the  high  degree  to  which  the  final  equation  in  a  usually 
rises.  And  it  is  further  to  be  observed  of  both,  and,  indeed,  of  all  methods 
for  determining  imaginary  roots  by  aid  of  the  real  roots  of  certain  numerical 
equations,  that  whenever,  as  is  usual,  these  real  roots  are  obtained  only  ap- 
proximately, our  results  may,  under  peculiar  circumstances,  be  erroneous. 
For  instance,  in  the  two  methods  just  explained  we  have  two  equations, 
/(a)==0,  F(/?)=0,  where  the  coeflScients  of  a  in  the  first  are  functions  of  /3, 
and  the  coefficients  of  (3  in  die  second  functions  of  a ;  hence,  whichever  of 
these  symbols  be  computed  approximately,  in  order  to  furnish  determinate 
values  for  the  coefficients  of  the  other,  these  coefficients  must  vary  slightly 
&om  the  true  coeflScients ;  and,  consequently,  under  this  slight  variation  of  the 
coefficients,  real  roots  may  become  converted  into  imaginary,  and  imaginarr 
into  real. 
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The  terms  imaginarj  and  imposuble  ha?e  been  thought  objeetiamlile  m^ 
applied  to  the  roots  of  equations,  inasmuch  as  definite  algebr^c  eKpre&ikn 
are  always  possible  for  these  roots. 

K  specimen  of  a  strictly  impossible  equation  would  be  the  fi^IoiNriz^ : 
2x— 5+  V'?^=0, 

when  plus  before  the  sign  V  implies  the  positive  root  -^x* — 7.  Non- 
pression,  either  real  or  imaginary,  can  satisfy  the  conditioo  or  repraaent  a  rer 
of  this  irrational  equation. 

The  terms  imaginary  and  impossible,  when  used,  should  be  midefsrosc 
rather  as  applying  to  the  solutions  of  the  problem  trom  which  tbe  eqint»9i 
derived  than  to  the  expressions  for  the  roots.  The  number  of  solotioas  wlbd 
the  problem  admits  will  ordinarily  be  expressed  by  the  degree  of  the  et^  ■ 
tion,  but  certain  suppositions  affecting  the  values  or  signa  of  tJie  coe&eaass 
may  cause  some  of  these  solutions  to  become  absurd  or  impossible,  and  thsR 
will  be  indicated  by  the  form  a+b  ^  »1  for  the  roots,in  which  6  is  not  2er& 
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314.  From  the  principles  established  in  (Art  253),  we  readily  derive  the 
following  consequences,  viz. : 
Since 

/(x)=(z— ai)(r— a«)(x— aa)(a:— aO 

and 

/,(x)a=(x— fl  )(a:— a8)(ar— a,) +  (r— ai)(x— OtXar—a^) h,  te, 

it  foDows  that 

/i(3r)  1  1  11 

/(or)""  •  •  •  '  a:— -a^"^!— a,"^x— a«'*"x— aj  '*••'/ 
in  like  manner,  for  any  other  equation  F(x)s=0,  we  have 

FCx)*" x-6«+z-6,+x_6.+x-6,  '  •  •  •  V2) 

Snppoae  tlie  two  equatioiM 

/(*)=0.  F(x)=0, 
hare  a  root  in  common,  xsz.^  aiss&i,  tben,  dividing  (1)  bf  (2),  we  fanre 

/i(r)    F(g)  a:^g4     X— a3~x— fl>~T — a^ 

F.(*)  •  /(»)"  ...    ^   ■   ^   .   1  7"^" 

a:— 64"^a:— 6,"*  a:— &a  •  a: — 61 
Hence,  multiplying  numerator  and  denominator  of  the  second  member  by 
r— (|i,  and  then  substituting  fbr  a:  its  value  xssai,  we  haTO 

/i(g|)    F(fli) 
Fi(aO  •/(«!)"" 
/i(a»)     /(fl«). 
•'•Fx(ai)-F(ai)' 

from  which  we  learn,  that  if  any  two  equations  have  a  common  root  a,  and 
their  derived  equations  be  taken,  the  ratio  of  the  original  polynomials,  ^dien  <i 
is  put  for  a:,  will  be  equal  to  the  ratio  of  the  derived  polynomials  idieo  a  iipot 
for  .T. 
This  property  furnishes  us  with  a  ready  method  of  determining  the  valot 
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f(x) 
of  a  firaction,  such  aa  ^tt-Ti  when  both  namerator  and  denom  nator  Taniah  for 
h(x) 

ft  particular  value  of  x,  as,  for  instance,  for  x:=a.    For  we  shall  merely  have 

to  replace  the  polynomials  in  numerator  and  denominator  by  their  derived 

polynomiab,  and  then  make  the  substitution  of  a  for  x.    If,  however,  the 

terooa  of  the  new  fraction  should  also  vanish  for  this  value  of  x,  we  must  treat 

it  as  we  did  the  original,  and  so  on,  tiD  we  arrive  at  a  fraction  of  which  the 

terms  do  not  vanish  for  the  proposed  value  of  x.    The  followiog  examples  wiF 

■ufficiently  illustrate  this  method : 

(1)  Required  the  value  of 

x-a* 
•7hen  x=sa.  ^ 

fila)     2a 
Here  t,  .  .=---ss2a,  the  requhred  value 
Fi(a)      1  ^ 

(2)  Required  the  value  of 

ni«-fi^(n.f  l)x°+l  ^ 

(l-x)» 

when  x^l. 

Mx)     n(n+l)x°-n(n+l)x>-> 

F,(x)-  -2(l-x)  '• 

0 
Tins  still  becomes  -  for  x=l, 

Mx)     n«(n+l)x°->— n(n+X)(n->l)ii*"» 
'  F,(x)-  2 

/,(!)     n(n+l) 
•  •  F,(l)-      2      • 
the  value  sought 

(3)  Required  the  value  of 
when  xsl. 

(4)  Required  the  value  of 


1— x* 
1-x* 

/«a)   ->» 

F|(l)--1- 


h{a —  ^ax) 

a-x      • 
for  x=a. 

We  may  here  put  V^=yf  and  thus  change  the  fraction  into 

a— y* 

My)    -hJ     Ma^)_b  ,.      .  ^^  .^ 

WTu\^Z:5ir  " >"=o'  Mf®  ™'*®  required. 

Ft(y)     -2y        p^^^^fj     2  ^ 

*  Wi  is  tiie  espresiion  ftr  tiie  som  of  » tensf  of  the  leries 
l+to+3a!«+4a^,  Ac. 
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(5)  Reqaired  the  value  of 

/(y)    (fl+3:)--(a+y)'      ' 
F(y)"        ^-y 

when  2s=y. 
Put  a+yssiZ',  then  the  fractioo  is  changed  into 

m 

(g+x)""— Z" 

/,(z)     — mz"*-'     III    2^_m    (fl+y)' 
•ad,  therefore,  the  value,  when  x=:y,  is 

m 

"~*  •      '  .       • 
n       a+x 
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ABSOLUTION  OF  EaUATIONS  CONTAmiNG  TWO  0&  MOKB  UNKliOW5 
aUANTITISS  OF  ANT  DEOafiE  WHATEVER. 

315.  We  have  already  indicated,  at  p.  157,  the  possibility  of  efinunatisgee 
of  two  unknown  quantities  from  two  equations  by  the  metiiod  of  the  conma 
divisor.  The  general  theory  of  equations  which  has  since  been  unfolded  w3 
afford  the  means  of  giving  a  more  ^11  development  to  this  subject 

The  two  given  equations  may  be  thus  expressed : 

F(T,y)=0,/(r,y)=0..  ...  (1) 

They  are  said  to  be  compatible  if  they  have  common  values  of  r  and  jf.  Tb 
is  the  case  with  two  equations  derived  from  the  same  proUem,  the  cooditioa 
of  which,  for  the  determination  of  the  required  quantities,  are  exprossed  lif 
the  two  given  equations. 

Suppose  now  that  one  of  the  common  values  of  y  were  known,  and  sobso- 
tuted  for  y  in  the  two  equations  (1),  the  first  members  of  both  would  beoone 
functions  of  x,  and  known  quantities ;  the  common  value  of  r,  coirespondiDgto 
this  value  of  y,  must  have  the  property  of  every  root  of  an  equation  poioied 
out  at  Prop.  II.  of  Art.  238 ;  that  is  toifiay,  if  a  denote  this  valne  of  it  e«]i 
of  the  equations  (1)  must  be  divisible  by  (x^a) ;  in  other  words,  the/ mast 
have  a  conunon  divisor  containing  x.  If,  therefore,  without  knowing  and  sob- 
stituting  the  value  of  y,  we  proceed  with  the  two  given  equations  (1),  scccrd* 
ing  to  the  method  for  finding  the  greatest  common  divisor,  until  we  arrive  at  i 
divisor  of  the  first  degree  with  respect  to  x,  and  to  a  remainder  indepeiideot 
of  X,  or  containing  only  y,  as  this  remainder  would  have  been  zero  if  the  nhe 
of  y  had  occupied  its  place  during  the  process,  the  value  of  y  ought  to  be  socb 
as  to  reduce  this  remainder  to  zero.  The  values  of  y  which  will  do  this  we 
found  by  putting  this  last  remainder  equal  to  zero,  and  thus  forming  what  s 
called  the  final  equation  in  y  only.  The  values  of  y  which  satisfy  the  foal 
equation  are  the  only  compatible  values  of  this  unknown  in  the  two  given  eqa- 
tions  (1).  The  corresponding  values  of  x  are  found  by  substitnting  tb^ 
values  of  y  successively  in  the  last  divisor,  which  will  ordinarily  be  of  the  fc* 
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degree  with  respect  to  x,  and  setting  this  equal  to  zero ;  each  value  of  y  gives, 
'>y  means  of  this  divisor,  the  corresponding  value  of  x,  which,  substituted  with 
*f  in  the  given  equations,  will  satisfy  them.  Should  this  divisor  reduce  to  zero 
by  the  substitution  of  the  value  of  y,  we  must  go  back  to  the  previous  one  of 
tlia  second  degree,  which,  put  equsl  to  zero,  will  furnish  two  values  of  x  for 
each  ofy;  if  this  reduce  to  0,  we  must  go  to  that  of  the  3^  degree,  and  so  on. 
316.  This  conclusion  may  be  arrived  at  in  another  manner.  Denpting  by 
A.=0,  for  simplici^,  the  first  of  the  two  given  equations  F(x,  y)s=0,  and  by 
B=0  the  second /(x,  y)=0,  by  Q  the  quotient  of  A  by  B,  and  by  R  the  re- 
mainder, we  have  \ 

A=BQ+R (2) 

It  follows  from  this  equality  that  all  the  values  of  the  unknown  quantities  x 
and  y,  which  give  AssO  and  B=0,  must  also  give  Rf=0,  since  the  quotient 
Q  can  not  become  infinite  for  finite  values  of  x  and  y,  the  given  equations  be- 
ing supposed  ^to  be  entire  functions,  or  capable  of  being  rendered  such  with 
respect  to  x  and  y.    (See  Art.  275^  Cor.  2.) 

For  the  same  reason,  oil  the  values  which  will  give  Bs=t)  and  R=0,  will 
also  give  A=0.  The  system  of  equations  A =0,  B=0  may,  therefore,  be 
replaced  by  the  more  simple  system  Br=0,  R=0. 

If  now  B  be  divided  by  R,  and  a  new  remainder,  R',  be  reached,  it  may  be 
ahoyrn  in  a  similar  manner  that  the  system  B=:0,  R=:0  can  be  replaced  by 
the  system  R=:0,  R'=0,  R'  being  of  a  lower  degree  with  respect  to  x  than 
R,  and  so  on,  till  we  amve  at  a  remainder  independent  of  x.  Let  R"  be  this 
remainder.  Then  the  original  equations  are  replaced  by  the  system  R'=0, 
R"=0,  in  which  R"=0  is  the  final  equation  in  y  only,  and  R'  generally  of 
the  1^  degree  with  respect  to  x. 

317.  The  same  conclusion  could  not  have  been  arrived  at  had  y  been  sup- 
posed to  enter  into  any  of  the  denominators  in  the  above  process.  Suppose, 
for  instance,  that  Q  in  equation  (2)  contained  denominators  functions  of  y, 
then  Q  might  possibly  become  infinite  by  the  values  of  y  reducing  these  de- 
nominators to  zero,  and  BQ  thus  might  be  finite  (see  Art.  156,  3°),  though  B 
were  zero. 

318.  If,  in  order  to  prevent  the  occurrence  of  y  in  the  denominator  of  the 
quotient  when  affecting  the  division  of  A  by  B,  it  had  been  necessary  to  mul- 
tiply the  polynomial  A  by  some  function  of  y,  foreign  roots  might  thus  be  in- 
troduced, not  belonging  to  the  proposed  equation.  For,  call  c  this  function, 
and  represent  by  Q  still  the  quotient  obtained  after  this  preparation,  and  by  R 
the  remainder,  we  shaU  have 

cA=BQ-t.R. 

This  equality  proves  that  the  solutions  of  the  equations  Bs=0,  R=:0  are  the 
same  os  those  of  the  equations  cA=0,  B=0.  But  this  last  system  divides 
itself  into  two  others,  A=0,  B=0,  and  c=0,  Br=0,  consequently  the  equa- 
tions B=0,  R=0  will  admit  all  the  solutions  of  the  proposed  equations  ;  but 
tbey  will  admit,  also,  all  those  of  the  equations  csO,  B=0,  which  can  not  be- 
long to  the  equation  A=0.  The  same  may  be  shown  for  any  foreign  factor 
Decenary  to  be  introdaced  to  effect  any  subsequent  division. 

Od  the  other  hand,  factors  are  sometimes  suppressed  for  convenience  in  the 
process  for  finding  the  conunon  divisor.  If  these  factors  were  such  as  would 
reduce  to  zero  on  attributing  to  y  its  proper  values,  the  process  ous;ht  to  ter 
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nuDate,  since  the  whole  renuunder  becomes  zero  with  one  of  ito  faclHs.e^ 
the  preceding  divisor  wonld  be  a  common  measure  of  the  two  potjnoBu. 
and  yet  these  values  of  y  which  prodoee  this  common  measure  would  a 
have  been  presented  by  the  final  equation  arrived  at  had  the  factor  ia  qoesax 
been  suppressed  without  notice.  ^ 

From  the  foregoing  considerations  we  see  that,  to  obtun  tiie  values  et 
which  belong  to  the  proposed  equations,  we  must  equate  to  zero  the  reBae- 
der  which  is  independent  of  r,  as  also  each  of  the  ftctora  in  y  windi  In 
been  suppressed  in  the  course  of  the  operation,  and  resolve  each  eqoaa 
separately ;  secondly,  that  among  the  values  thus  obtained  there  maybesa* 
which,  on  trial  in  the  proposed  equations,  prove  extraneous,  and  whicb  mssi 
therefore,  be  rejected. 

319.  Simptifications  may  sometimes  be  em|^oyed,  the  natme  of  vHiid:  a 
explained  conveniently  by  the  aid  of  symbols,  as  follows :  Let  tlie  potfDoaak 
A  and  B,  the  first  members  of  the  given  equations,  be  put  under  the  facip 

m  which  d  represents  a  common  divisor  of  A  and  B,  containmg  x  0017 :  c 
another,  containing  y  only ;  and  d"  a  third,  contuning  both  x  and  jf.  I^ 
other  factors,  u,  «',  «'',  v,  tf^  jf\  have  a  similar  meaning,  except  that  they  an 
not  common  to  the  two  polynomials  A  and  B.  The  proposed  equatioas  est 
be  satisfied  by  placing  c{=0 ;  this  equation  contains  only  x,  and,  whea  r»> 
solved,  furnishes  a  limited  number  of  values  of  this  unknown  quantitv,  a 
which  may  be  joined  any  value  whatever  of  y,  and  the  given  eqitaticnis  A=? 
and  Bs=:0  will  be  satisfied.  Again,  c{'r=0  will  satisfy  them,  which  gives  sb 
larly  limited  values  for  y,  unlimited  for  x.  Finally,  suppose  xf' '=0 ;  ss  ^' 
contains  both  x  and  y,  an  arbitrary  value  may  be  given  to  one  of  the  unknow: 
quantities,  and  this  equation  win  make  known  a  corresponding  <me  for  ^ 
other. 

The  other  modes  of  satisfying  the  given  equations  couaist  in  eqaatioi  ts 
aero  simultaneously  one  of  the  factors  u,  u%  u"  of  the  first,  and  one  «,  r.-s 
v^,  of  the  other.  But  v  and  u  can  not  be  simultaneously  equal  to  zero,  sik? 
they  each  contain  only  ar,  and  are  supposed  to  have  no  common  divisor,  d  fasna^ 
been  understood  to  comprise  all  the  common  factors  depending  cm  x  ikm- 
For  a  similar  reason,  u'  and  1/  functions  of  y  alone  can  not  at  the  same  time  be 
equal  to  zero.  But  «''  and  t?'',  being  put  equal  to  asero,  are  to  be  proceedRi 
with  by  the  method  of  the  common  divisor,  as  already  explained,  and  wil  far* 
niah  a  limited  number  of  values  for  y,  and  corresponding  values  limited  ibo 
for  X. 

320.  Should  the  remamder,  in  seeking  for  a  common  divisor,  not  cootsiaf, 
but  only  known  quantities,  it  could  not  be  put  equal  to  zero.  In  this  case  &e 
given  equations  would  be  incompatiUe. 

EXAMPLES. 

(1)  Let  the  equations  be 

(— 2a*+2)y»+(a:<— 2x»— 2x«+2x+l)y«+{a:»— 2i»+x)y=0, 
(-x+l)y»+(-z«+x)y*+(a:»-2«)y»+(x«-x»)y«=0. 
There  are  numerous  simplifications  of  those,  for  they  can  be  decomposed  ioa 
foctors  Uke  the  following : 

y(x-l)(r+y)x(r+l)(a*-2y-.l)=0, 
y(x-.l)(r+y)  Xy(a*-y«)=0. 
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'CDquating  to  lero  fi»t  the  common  factors,  each  in  its  turn,  we  obtain 
(  y=0,  i  y  iDdet,  J  y  indet, 

I X  indet.,  i  a:= 1,  J  a:=  — y  ; 

next  equating  to  sero  the  other  factors,  we  have  four  systems  of  equations,  tib. 
First  system  |  ^^J _o   ^  whence  j^^^j. 

Second  system  J^^gy^j^O  \  ^^^"l^®  Sx=U^=-l- 
Thirdsystem  j  J-f=0  J  ^,^^^^  \y-J,\lZZ\. 

Fourth  system  5  ^-y"  =«        J  wheDceV=^+  ^^   -  \  ^^^^  ^^  ,- 

In  the  first  three  systems,  all  the  solutions,  except  x^ — 1,  ys= — 1,  have 
already  been  found;  in  the  fourth,  those  in  which  we  have  xs= — y  are  also 
already  known ;  hence,  in  reality,  we  have  only  detennined  three  new  solu- 
tions, viz., 

cy=-l       cy=5l+V2      Cy=l-'v/2 

(2)  To  resoWe  the  two  equations 

a*-.3yx«+(3y«-3y+l)x-y»+y«-2y=0, 
I*— 2yz  +y»— y=0. 
These  eqoations  can  not  be  decomposed  into  factors ;  hence  we  pass  imme- 
diately to  successive  divisions.   This  renurk  will  apply  also  to  equations  3  and  4. 

First  Division. 
x'-3ya*+(3y»-y+l)x-y»+y'-2y[x«-2yg+y«-y 
•  4.ar»— 2y— a:«(>^y«+y)x |  r— y 

-  yx»+(2y«+l)x-y»+y-.2y 

—  y3^+2y'x->y«+  y« 

X— 2y 

Second  Division. 
a*— 2yx+y«— y!x--2y 
+a<'— 2yx ^jx 

Hence,  the  final  equations  are  x — 2y=r:0,  y — y=:0.    We  deduce  from 
these 


<y=0  ^y=l 

i  a'=0  C  x=2  ; 


and  as  we  have  neither  introdi|ced  nor  suppressed  any  factort  these  ^wo  sohi- 
tioos  are  those  of  the  proposed  eqaations  themselves. 
(3)  To  resolve  the  two  equations, 

Cy-l)x«+2x-6y+3=0, 
«  yx«+9x— 10y=0. 

First  IXvision. 
(y-1)  x»+2x  -6y  +3  |yx«+9x-10y 
(y— l)yx«+2yx— 6y«+3yly— 1 
+(y-l)ya^-(-9y+9)3:-10y«+10y 
(-7y+9)x+  6y»-  7y. 
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As  we  have  multiplied  by  y,  it  is  necessaiy  to  nmcitwe  the  equatioiB  t-s, 
yx^-^-Qx-^lOy^^O,  which  give  r=:0,  y=0,  and  to  examine  whether  i^i 
vaiaes  make  the  dividend  equal  to  aero.  Ai  this  is  not  the  case,  it  fidbwsiai 
thej  form  a  foreign  aolntion,  which  it  vnll  be  neoeeaary  to  anppraaa. 


Second  Division. 


(--7y+9)x+5y»— 7y 


yx+(-6y»+73r— 63y+?l) 


ya*+9jr— lOy 
(-7y+9)ya«+(-63y+81)x+70y«-90y 

(-7y+9)y3:«-(-5y»+7y)«3: 

(-.5y»+7y«— 63y+81)z+70y«.-.90y 
(— 6y»+7y«— 63y+81)(— 7y+9)x— 490y»+1260y«— 810y 
(-5y»+7y«-63y+81)(-7y+9)x-25y»+70y*^364y'+846y«->5^r. 

25y»— 70y*— .  1 26^+ 414y»-24X 
The  equations  which  it  is  necessary  to  resolve  are 
(-7y+9)r+6y»-7y=0. 
25y»— 70y*— 126y»+414y«— 243y=0. 
The  second  gives  the  results,  which  may  be  readily  rerified, 

■^3db3i/10 
y=0,  y=l,  y=3,  y= g . 

By  substituting  these  values  in  the  first  of  the  given  eqoatioiiSy  we  olitea  ix 
X  the  corresponding  values  a:=:0,  x=l,  xr=2,  x= — 5^  -/lO. 

In  the  second  division  we  have  been  compelled  to  multiply  by  -.7y-{-9,be 
no  foreign  solution  has  been  introduced. 

We  have,  then,  only  to  suppress,  in  the  ^^e  solutionfl  aboTe,  that  wliickiB 
been  introduced  by  the  first  division.  There  remiun,  then,  for  the  g^eo  tqsi 
tions  the  four  following  solntions : 

jy=l         <y=3         U= ^^ >y= g-5l- 

ix«l.         ix=2.        ^^^_5_^-Jo,  Cr=_5+Vl0. 

/  (4)  Let  the  equations  be 

^+  (8y-13)x+y«-7y+ 12=0, 
4*-(4y+  l)x+y«+6y=:0. 

First  Division.  * 

a=»+(8y-13)x+y«-7y+121x«-(4y+l)x+y-f5y 
+x«-(4y+  l)x+y+5y 
(12y— 12)x— 12y+12 
This  remainder  can  be  decomposed  into  the  factors  12(y — l)(x — 1);  ths 
calculations  will  be  simplified,  and  we  shall  have  these  two  systenu  of  eqai* 
tions: 

Jy— 1=0  jx— 1=0 

I  x«-(4y+l)x+y+5y=0.   I  x'-(4y+l)x+y«+5y=0. 
Each  of  these  can  be  at  once  resolved,  and  we  find 

<y=l  Jy=l  Cy=0  5y=--1 
i  x=3,  \  x=2, 1  x=l,  I  x=l. 
i5)  x»+2yx«+2y(y-2)x+y«-4=0. 

^+2y^+2y'-5y+2=0.  C  y=.2       C  y-.} 

cx=— 4,  Jxs=-.5. 
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(6)  a«— 3yj*+3a:*+3y«x— 6yx— r— y»+3y»+y— 3=0. 
«*+3y2"— 3a:«+3y«z— 6ya:— 2r+y9— 3y«— y4-3=0. 

Finit  system      5y=My=My=l 

^  I  z=0,  i  x=2,  \  x=  —2. 

ilDB.  J  Second  system  5  V =0  C  y=0       <  y=2  <  y=2 

i  r=l,  i  x=— 1,  i  xssl,  I  r=— i. 

Third  system    \  ^=3  5  ^=-1 
.     (x=0,  ix=0. 

(7)  a:»+y^-(2^+l)x+y-y»=0, 
a:»-ya:»-(y«+6y+9)x+y»+6y»+9y=0. 

The  first  diWsion  gives  the  remainder 

yi«+(3y+4)x-(y3+3y«+4y). 
To  be  able  to  perform  the  second  division,  we  multiply  the  dividend  bj  y , 
in  the  same  way  we  prepare  the  first  remainder  to  be  divided.    We  thus  ar- 
rive at  a  remainder  of  the  first  degree  in  x,  which  can  be  pat  mider  the  form 
32(y«+3y+2)(x-y). 

Dividing,  then,  the  remainder  of  the  second  degree  by  x— y,  we  obtain  the 
quotient 

y^+y+3y+4=:0. 
and  there  is  no  remainder. 

From  these  calculations  we  conclude  that  the  first  members  of  the  proposed 
equations  are  divisible  by  x— y,  so  that  they  can  be  verified  by  all  the  solutions 
of  the  indeterminate  equation  x-»ys=0.  The  other  solutions  are  furnished 
by  the  system  of  two  equations, 

y'+3y+2=0,  yx+y«+3y+4=0 ; 
hence  we  obtain  tl  e  solutions 

y=-l,x=+2;  y=-2,  r=+l. 

METHOD  OF  LABATIE. 

321.  Having  thus  stated  the  principles  on  which  the  ordinaxy  method  of 
elimination  depends,  we  shall  now  proceed  to  show  how  this  method  has 
lately  been  perfected  by  Labatie  and  Saxrus.  By  the  aid  of  the  theory  which 
they  have  introduced,  we  shall  be  able  to  perform  the  required  eliminattons 
without  introducing  an^  foreign  solutions. 

Suppose  that  A  and  B  represent  the  quotients  which  we  obtain  by  dividing 
the  first  members  of  the  given  equations  by  all  of  their  factors  whidi  depend 
only  on  y. 

Let  c  be  the  factor  by  which  it  is  necessaiy  to  multiply  A*  in  order  that  we 
may  be  able  to  divide  it  by  B  ;  represent  by  q  the  quotient  that  we  obtain  in 
this  division,  and  by  Er  the  remainder,  r  designating  those  &ctorB  of  this  re- 
mainder that  are  not  dependent  on  x.  Let  Cx  be  the  factor  by  which  we 
mnst  multiply  B  to  render  it  divisible  by  R ;  represent  by  qi  the  quotient,  and 
by  Rtfi  the  quotient  that  we  obtain  in  this  second  division,  r^  designlLting  the 
product  of  those  factors  of  this  remainder  which  do  not  depend  on  x,  and  so 
on.  Finally,  suppose,  for  the  sake  of  simplicity,  that  at  the  fourth  division 
we  obtain  a  remainder  independent  of  x,  and  designate  this  remainder  by  r^ 
We  have  the  equalities 


I 
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cAsrrB  J+Rr 

CjB  =R  qi  4-Ri''i  /|\ 

c»R  =R»78+R,r, ^  ^ 

^CsR,=R89,+rs 
Let  c{  be  tihe  greatest  common  dhisor  of  c  and  r,  (2i  the  greatest  oohubihi 

divisor  of  -7  and  n,  d^  that  of  -jj-  and  rg,  (fs  that  of  . ,  ,■  and  r,.    We  shiH 
a  aai  aaia% 

proceed  to  prove  that  we  can  obtain  all*  the  solutions  of  the  system  As=0, 

BsO,  without  any  foreign  solution,  by  resolving  the  following  systems : 

jH    jS=o    j2=°    \i-^ («) 

(Br=0,  (Rs=0,  (Ri=0,  tR,=:0 

To  establish  this  proposition,  we  shaU  first  prove  that  the  solutions  of  llie 
systems  (2)  all  agree  with  those  of  the  system  A=:0,  B=0;  we  shall  after- 
ward show  that  the  solutions  of  the  system  A=0,  B=:0,  are  all  comprised  in 
those  of  the  systems  (2). 

[a]  Dividing  by  d  the  two  members  of  the  first  equation  of  system  (1),  it 
becomes^ 

iA=iB+lR (3) 

q 

4  is  entire,  for  e  and  r,  by  hypothesis,  are  divisible  by  d ;  hence,  qB  is  divisihto 

by  d ;  but  B,  by  hypothesis,  is  prime  with  respect  to  c{ ;  therefore,  d  dividpsg. 

"  Equation  (3)  shows  that  the  values  of  x  and  y,  which  satisfy  file  equations 

r  e  r.         T 

Bs=0,  ^£=0,  destroy  also  2^1  but  ^  and  n  are  prime  with  respect  to  each 

other.    Consequently,  l°,*aZ/  the  schUwns  of  At  system  B  ssO,  ^ =0,  agru  wtti 

those  of  the  system  A=0,  BssO. 

[6]  To  obtun  a  relation  between  A,  R,  and  ^,  we  multiply  equation  (3)  bj 

Ci,  and  in  tiie  resulting  equations  place,  instead  of  CiB,  its  value  as  found  in  the 
second  member  of  the  second  equation  of  system  (1) ;  we  thus  obtain 

Cir-4-qqi 
The  quantity  — -^^  is  entire,  because  r  and  q  are  divisible  by  d ;  roore- 

over,  this  quantity  is  divisible  by  di ;  for  di  divides  -^  and  ri,  and  it  is  prime 
with  respect  to  R.  Dividing  the  two  members  of  the  above  equation  by  di, 
and  taking,  to  abridge,  2^^^*   '  dd     =^i»  ^  becomes 

A        gA=M.R+MR.J (4) 

To  obtun  a  relation  between  B,  R,  and  j-,  we  first  multiply  the  second 

Mpiatton  of  system  (1)  by  ^t  which  giFes  ^Bim^'R+^^ri.    Since  ^  «il 
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^i  are,  by  hypothesiB,  dmaihle  by  du  it  follows  that  di  diyides  also  -4-R ;  but 
c/i  ia  prime  with  respect  to  It ;  hence,  di  dividea  -^.    Di^Vding  aU  the  terms  of 


d' 

e  cq\ 

the  eqoatioD  by  du  and  takmg,  to  abridge,  2^^>  2T^^^-*  ^^  becomes 

gB=N.R+NR.J (5) 

£q[iiatioDS  (4)  and  (5)  prove  that  all  the  valaes  of  x  and  y,  which  reduce  the 

Ti  CC\  CC\  CC\  Ti 

polynomials  R  and  t-  to  zero,  destroy  also  -jj^  and  g^-B  ;  but  -jj  and  t- 
are  prime  with  respect  to  each  other ;  consequently,  2^,  dU,  the  solutiona  of 
the  system  RsrO,  ^=0,  agree  tnih  those  of  the  given  system,  AssO,  Br=0. 

[c]  We  obtain  a  relation  between  A,  Ri,  and  ^,  by  multiplying  equation  (4) 

by  Cs,  and  placing,  instead  of  eJSL,  its  value  found  in  the  second  member  of  the 
third  equation  of  system  (1) ;  we  thus  find 

By  hypothesis,  dt  divides  the  first  member  of  this  equation,  it  also  divides  r^; 
it  ought,  then,  to  divide  Rif  Mj^s-t^^^sTJ*  ^^^  ^  ^^^  ^  "^^  prime  with  re- 
spect to  each  other ;  d^  then  divides  the  term  by  which  Ri  in  the  above  equa- 
tion is  multiplied.    Designating  the  qootient  by  Ms  the  equation  becomes 

^A=Maix+M»R,g (6) 

Multiplying  equation  (5)  by  Cg,  and  then  placing,  instead  of  c^,  its  value 
found  in  the  second  member  of  the  third  equation  of  system  (1),  it  becomes 


^r=R,(N,^,+Nc^)+NiR,r,. 


We  can  demonstrate  as  before  that  the  multiplier  of  Ri  is  divisible  by  d^ 
and,  representing  the  quotient  by  Ni,  we  find 

^B=N^+N.K.J. (7) 

Equations  (6)  and  (7)  show  that  all  the  vahiea  off  and  y,  which  reduce  the 
pdynomials  Ri  and  -r-  to  zero,  destroy  also  the  first  members  of  these  two 

equations;  but  ,J  ,  and  -j  are  prime  with  respect  to  each  other;  conse- 
quently, 3®,  all  the  solutions  of  the  sysUm  Ri=0,  x=^»  ^^  ^^*  of  the  pro 
fosed  system,  A^O,  Bs=0. 
[d]  The  equation  which  gives  a  relation  between  A,  Ri,  and  ^,  can  be  ob 

taiaed  by  multiplying  equation  (6)  by  c^  and  placing,  instead  of  c^Ri,  its  value 
as  given  in  the  second  member  of  the  fourth  equation  of  syitem  (1) ;  we  thus 
«nd 


4P0  ALGBBEA. 

Dividing  the  two  memben  of  this  equation  bj  d^,  and  designating  by  M}  tbip 
tient  obtained  by  dividing  the  entire  polynomial  Mi^s+^s^iX  ^  ^>  ^* 
reaulta 

^A-MA+M.£  (8, 

To  obtain  a  relation  between  B,  Ra,  and  -tj  we  mnltiplj  equvtioD  (7]  ^ 

and  put  in  the  place  of  C3R1  the  second  member  of  the  fourth  eqi]itioDG:::> 
system  (1),  which  gives 

^;B=R,(N.„+c,N.j)+N.r.. 

DiTiding  both  members  by  <^,  and  designating  by  Na  the  quotieot  ofatcK 

bj  dividing  the  entire  polynomial  Ns^s+CsNi^  by  <£,,  it  becomes 

^B=NA+N.J (9) 

Equations  (8)  and  (9)  show  that  all  the  values  of  x  and  y,  which  redoecai 
polynomials  Rg  and  -j-  to  zero,  destroy  also  the  first  members  of  those  e^ 

tions ;  but  jJj^  and  -r  ve  prime  with  respect  to  each  odier ;  coDNqie 

^,  4°,  all  the  solutions  ofOu  system  R^ssO,  7=^  concur  mth  ^uue  ({^ 

proposed  system,  A=sO,  B^O. 

(II.)  It  remains  still  to  be  proved  that  any  system  uhatsoever  <^  ^y' 
which  satisfy  the  equations  A=0,  B=0,  is  a  part  of  the  systems  if^ 
which  furnish  equaHons  (2). 

To  form  the  equations  which  demonstrate  this  second  part  of  the  thfor^ 

c  ^ 

let  us  first  pkuse  in  equation  (3)  N  instead  of  ^  and  M  instead  of  1;  i^^- 

become,  transposing  the  term  MB, 

NA— MBscRg (10) 

Eliminate  now  R  between  equations  (4)  and  (5).  We  can  efiect  tiiis^ 
ination  by  subtracting  one  of  these  equations  firom  the  other,  after  we  ^ 
multiplied  the  first  by  Ni,  the  second  by  Mi,  remembering  the  vahes  pRr> 
onsly  given  to  Ni  and  Mi ;  but  the  calculations  wiU  be  simpler  if  we  m\i^ 
equation  (4)  by  B  and  equation  (5)  by  A.  Subtracting  the  two  resnhiiig  tfft 
tions  the  one  from  the  other,  we  find 

(MiB-NiA)R4-(MB-.NA)R,~=0. 

r    , 
Placing  instead  of  MB^^NA  its  value  previously  determined,  — R-ji*>^ 

suppressing  the  fiictor  Ri,  this  equation  becomea 

N,A-M,B=-Ri^ (11) 
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Finally,  we  eltminate  Ri  between  equationt  (6)  and  (7).  To  do  thJBf  mul  - 
Eiply  equation  (6)  by  B  and  equation  (7)  by  A ;  then  subtract  the  one  of  the 
«*A8uIting  equations  from  the  other,  we  thus  obtain        • 

(M3 -N,A)Ri+ (MiB -NiA)R,~0. 

Placing  in  this  equation,  instead  of  MiB — NiA,  its  Talue,  determined  in  (11>, 

Rj^2~«  ^^^  suppressing  the  factor  Ri,  it  becomes 

N^-M.B=R,^.  .  .  .  .  (12) 
In  the  same  manner  we  obtain  th^  equation 

Equation  13  shoWs  that  every  system  of  values  of  x  and  y  which  gires 
AssO,  B=0,  ought  also  to  satisfy  the  equation 

an  equation  which  requires  that  one  of  its  factors  equal  sero,  whence  iTfol 
lows  that  the  equations 

r    ^  Ti         r,         r, 

^  -=o,3;=o.2=o,5=o. 

^ve  aD  the  correct  ralnes  of  y. 

This  being  established,  let  xsa,  ys=/9  be  a  system  of  correct  valuee  of  tha 
equations  A=:0,  B=:0. 

Jf  the  value  y^/?  is  a  root  of  the  equation  ^=0,  it  is  clear  that  the  system 

xsa,  yssp  will  be  a  solution  of  the  system  B=0, 2=^* 

If  the  value  ys/3  does  not  verify  the  equation  yss^^  ^^  if  it  is  a  root  of 

the  equation  7=0,  we  perceive,  by  equation  (10),  that  the  system  rsa, 
y=ip  win  give  R=0 ;  consequently,  it  will  be  a  solution  of  the  system  R=0 

If  the  value  yss/i)  verifies  neither  the  equation  *f=0  nor  the  equation  ^-^O, 

and  is  a  root  of  the  equat^n  7s=0f  we  see,  by  equation  (lli|,  that  th6  system 
r=a,  yszp  will  give  RissO ;  consequently,  it  will  be  a  solution  of  the  system 
RirsO,  T=0. 
If  the  value  y^P  does  not  verify  any  one  of  the  equations  -j=0,  7=^, 

fa  fs 

7=0,  and  is  a  root  of  the  equation  7=0,  we  see  by  equation  (12)  that  die 
system  arsso,  y=|9,  will  give  R«=0 ;  conseruently,  it  will  be  a  solution  of  the 

ystem  RsssO,  T=0. 

Co 
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Henod,  aU  the  tyitemt  of  value$  tehieh  satUfy  the  equatunu  A=:0,  Bx), 
fcrmpariof^  values  tMch  furnish  equations  (2). 

The  equation  ^ .  ^\  -£ .  T=^t  which  gives  aU  the  correct  ytkea  oi  i,i 

caDed  fSbafaud  equatUm  in  y, 

RE1IAB.K8  OK  THE  PRECEDINO  METHOD. 

It  may  chance  that  in  one  of  the  equations  of  system  (2),  for  ezampk; 

rsO,  RssO,  a  valne  of  y,  derived  from  the  first  equation,  destroys  some  cc :: 
coefficients  of  the  powers  of  x  in  the  second  equation,  after  the  highest  ^ 
of  X ;  in  this  case  we  only  obtain  a  nunfter  of  values  of  x  inferior  to  rbe^ 
ffpe  of  the  equation  Rs=0 ;  and  if  the  substitution  of  the  value  of  y  4>. 
destroy  aU  the  multipliers  of  the  powers  of  x  in  R,  the  equation  R=u  w. : 
not  give  any  value  of  x.  In  fact,  it  can  be  proved,  by  a  method  slnukr  \c : . 
which  we  have  employed  with  reference  to  the  general  equation  of  the  iw.' 
degree  (Art.  191),  that  if  in  an  equation  of  the  form  Sx"+llif-'+K - 
-f- A«  =0,  we  suppose  that  the  quantities  which  enter  into  the  eoeffic'e . 
S,  H,  K,  &c.,  are  of  such  a  natore  that  we  have  SsO,  lI^O,  &c^  tbe  eqaerc 
has  infinite  roots  equal  in  number  to  the  consecutive  coefficients  which  v?^ 
duced  to  zero.  But  it  should  be  remarked  that  the  theory  by  which  we  bi- 
proved  that  the  solutions  of  systems  (2)  are  the  same  with  those  d^sj^ 
A=0,  B=0,  only  applies  to  solutions  expressed  by  finite  values  ofrBivi|. 
To  prove  that  the  solutiona  of  systems  (2),  in  which  the  value  of  i  is  :- 
finity,  also  suit  the  proposed  equations  A:=0,  B=0,  suppose  tiitt  y^^,^<^ 

ff ing  the  equation  ^^^O,  causes  one  or  more  of  the  multii|Uers  of  the  h^ 

powers  of  X  in  R  to  vanish.    If,  in  the  two  members  of  the  eqoslitj  (4]t( 

make  y=A  the  term  MRj-r  will  be  reduced  to  zero*  and  the  degree  c^ti^ 
di 

term  MiR  win  be  lowered  with  respect  to  x  one  or  more  nioiti. 

Again,  we  can  not  suppose  that  the  terms  of  MiR,  which  are  redact!  '^ 

aero,  have  been  destroyed,  until  we  have  made  ys=:p  in  the  terms  of  MB - 

because  the  degrees  of  A,  B,  R,  Ri,  &c.,  are  decreasing,  and  we  see  withes 
difficulty,  from  the  ralations  which  exist  between  M,  Mj,  Ms,  &r^  tbt  tr. 
degrees  of  these  quantities  with  respect  to  x  go  on  increasiag.   It  wiD  ^ 

necessary,  then,  in  order  that  y  may  have  the  value  /?,  that  the  dd^ceotVA 

with  respect  to  f  be  lowered  as  many  units  as  the  degree  ut  JH  is  lowe^ 
We  can  prove,  in  the  same  manner,  that  the  value  y=/?  ougUt  hUotoca&^e 
one  or  more  of  the  coefficients  of  the  higher  powers  c  f  x  in  B  to  vaoish.  Tb 
equations  A=0,  BssO  will  give  then  for  y=/3  one  or  more  infinite  vbluesoi: 
As  to  the  reciprocal  proposition,  that  the  solutions  lof  the  eqoatioos  A=< 
BssO,  in  which  x  is  infinite,  ought  to  be  found  among  the  solutioiw  of  ?ste^ 
(2),  it  is  not  the  fact,  as  will  be  seen  m  the  second  example  following. 

EXAMPLE  I. 

(y-l)a«+y(y+l)x«+(3y«+y-.2)x+2y=:  0. 
(y-.l)x«+y(y+i)T  +  3y«-l=G.      ' 
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The  first  diTision  gives  at  ooce  thb  remainder  {y — l)X'\'2y;  taking  this  re- 
mainder for  a  divisor,  we  obtain,  without  any  preparation,  the  remainder  tf—l. 
AVe  shall  obtain  then  all  the  solutions  of  the  proposed  system  by  resolving  the 
equations  ^ 

y«-.l=0.  (y-l)x+2y=:0. 
The  first  equation  gyres  yz=s^l.  For  the  value  ys=— 1  we  find'x^— 1, 
and  this  system  wiU  satisfy  the  proposed  equations.  For  die  value  ysz-{-l 
we  find  a:=aD.  This  system,  also,  will  satisfy  the  proposed  equations;  for 
dividing  each  of  these  equations  by- the  highest  power  of  x,  and  taking  a:=ao, 
the  two  equations  will  be  reduced  to  y~l=0. 

EXAMPLE  II. 

(y— l)x»+yx+^— 2y=0, 
(y-l)x+y=0. 
The  division  gives  the  remainder  y^— 2y =0  ;  the  solutions,  therefore,  of  the 
proposed  equations  depend  on  the  system 

y«— 2y=0,  (y— l)r+y=0. 
These  equations  give  the  two  systems 

y=0,x=0;  y=:2,x=— 2.    . 
But  thQ  proposed  equations  possess,  besides,  another  solution,  y=I,  xs=aa, 
since  the  value  y=l  causes  the  multiplier  of  the  highest  power  of  x  in  each 
of  these  equations  to  vanish. 

322.  The  following  method  of  elimination  avoids  the  introduction  of  foreign 
roots,  and  enables  us  to  determine  the  degree,  of  the  final  equation  : 

Let  equation  A  or  x"+P^c**~*+ Qa:"*^ -^Tx-^-V  be  supposed  equal  to 

(x— a)(x»-»+Ax«-«+Bx»^+,  &c.)    .  .  .  .  C; 

and  equation  B  or  x"+P'x»~»+Q'x»-« J-T'x+ V  to 

(x— a)(x»-'+A'x-«+B'x— »+,  &c.)  .  .  .  .  D; 
also,  let  equation  A  be  multiplied  by  x^*+A'x"~*+B'x"~*,  &c.,  and  equatioc 
B  be  multiplied  by  x**~^-4-Ax'*»^+Bx*»-',  &c.,  it  is  evident  that  the  products 
roust  be  equal ;  therefore, 

(x-+Px«-^+Qx«-«+,  &c.)(x»-i+A'x«^+B'x»-»+,  &c.)=(x"+P'x*->  + 
Q'x"4-,  &c.)(x— »+Ax«-«+Bx— »+,  &c.) E.^ 

Performing  the  multiplications  and  making  equal  to  each  other,  the  coeffi- 
cients of  the  same  powers  of  x  (Art.  209),  m-J-n — 1  equations  are  obtained 

between  the  indeterminate  quantities  A,  B,  C, . . . .  A',  B',  C, Now, 

the  number  of  indeterminate  quantities  in  equation  C  is  m-^l,  and  in  equation 
D,  n— 1 ;  therefore,  the  number  in  equation  £  is  m+n— 2.  Of  the  m^-n— 1 
equations  m-{-n-— 2  sufiSce  to  determine  A,  B,  C, . .  .A',  B^  C, . . . . ;  and  one 
equation  remains  between  P,  Q,  R . . . .  P',  Q',  R' . . . .,  which  it  is  necessaiy 
to  satisfy  in  such  a  manner  that  the  equations  C,  D  may  have  a  common  di- 
visor, X— a;  this  equation  of  condition  is  the  final  equation  required. 

Since  none  of  the  indeterminate  quantities  A,  B,  C . . .  A',  B',  C  . . . .  is 
multiplied  by  itself,  the  equations  by  means  of  which  these  quantities  are  de 
termined  are  of  the  first  degree. 

The  final  equation  being  resolved,  and  the  values  of  y  successively  substituted 
in  A,  B,  C, . . .  •  A^  B',  C, . . .,  the  results  are  obtained  from  the  division  of  the 
polynomials  CTd  by  the  common  divisor  x^a. 


or  a?+P  |x«+Q 

+A'|+PA' 
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If  the  equations  A,  B  aiei incomplete,  the  two  products  £  can  not  be  c«- 
plete  polynomials  of  the  degree  m-fn^l ;  but  the  terms  lirhich  ai«  defiws 
in  the  one  are  found  in  the  other.    For,  taking  the  least  faTOiaUe  ease,  m, 

x-+P=0;  a*+P'=0; 
the  identity  which  resalti  from  the  equality  of  the  two  products  is 

(a-+P)(i^i+A'2-«+,  &c.)=(:C+P')(a^'-hAx— •+,  &c) 

EXAMFLE. 

Let  x«+Px4-Q=0; 

I  a*+P'a:+Q'=0. 

Denoting  by  z— a  the  factor  which  is  to  be  rendered  commcm  to  tiiese  eqa 
tioDs  by  the  suitable  determmation  of  y,  the  first  equation  may  be  coosideni: 
the  product  of  x—a  by  a  factor,  x^-  A,  of  the  first  degree ;  and  llie  aecoad  & 
product  of  X— a  by  a  factor,  x-{-A',  also  of  the  first  degree. 
.-.  a«+Px+Q  =:(x-a)(x+A), 
x«+P'x+Q'=(x-.a)(x+A'), 
and  (^+Px+Q  (x+AO=(^+P'x+Q')(x+A). 

x+QA'=x>+P'|2*+Q'|x+AQ'. 

+a|+apm 

Making  the  coeflScients  of  the  same  powers  of  x  equal  to  each  otber, 

P+A'=P'+A     or        A— A'=P— P' (1) 

Q+PA'=Q'+AP'  or  AP'-PA'=Q-Q' (2) 

QA'=AQ'         or  AQ'— QA'=0 (3) 

By  mean  of  these  three  eqaations  of  the  first  degree  the  two  indetenniaito 
quantities  A,  A'  can  be  eliminated,  and  a  shigle  equation  obtained  in  tenia  d 
the  quantities  P,  Q,  P',  Q'. 

For,  if  from  equation  (1),  multiplied  by  P,  or  AP— PA's=z(P_P')P,  eqo 
tion  (2)  be  subtracted,  or  AP'— PA'rsQ— Q',  the  remainder  is 

AP  -AP'=(P  -P')P  -(Q-^'). 
Whence  ^^(P-P')P-(Q-Q>) 

If  these  values  of  A,  A'  are  substituted  in  equation  (3), 

(P-P')P-(Q-Q')  (P-P>)P>-(Q-Q>) 

or  (P.-F)PQ'-(Q-Q')Q'-{P-P')QP'+(Q-Q')Q=0, 

or  (P-P')(PQ'-.QP')+(Q-Q')(Q-.Q')=0. 

or  (P-.P')(PQ'-QP')+(Q-Q')'=o. 

The  quantities  P,  P',  Q,  Q',  containing  only  y  and  known  qnantities,  this  ii 
the  final  equation  in  y. 

It  has  been  already  noticed  that,  if  this  equation  is  identical^  the  proposed, 
equations  have  at  least  one  common  factor  of  the  form  x^o,  wfaatorer  be  the 
ndue  of  y ;  and  that,  if  it  contains  only  known  quantitMs,  diese  equations  8r» 
contradictory. 

When  the  final  equation  has  the  proper  form,  the  factor  x — a  js  obtauied  by 
dividing  the  first  of  die  proposed  equations  by  x-f- A ;  thus. 
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x+A)  :r«+Px+Q  (a:+P-A 
2f^+Ax 

n(P^A)r+Q 
•  (P--A)3:+(P— A)A 

Q-(P^A)A. 
The  quotient  is  x^-^-"-^!  ^d  ^o  remainder  is  coosider&I  equal  to  zero, 
because  it  is  reduced  to  zero  by  the  substitution,  for  y,  of  a  value  deduced 
from  the  final  equation. 

Making  the  quotient  x4-P — A  equal  to  zero,  the  value  of  r  is  x=A — P, 
and  by  substituting  the  value  of  A, 

(p-np-(Q-Q') 

*—  p p/  — *^» 

■p— P'' 

This  example  is  given  as  an  illustration  of  the  general  method.    From  its 
particular  form  it  admits  of  resolution  by  another  and  a  much  shorter  process. 
For  if  from  i»4-Px4-Q=0 

a:«4.P'ar-fQ'=0  is  subtracted, 
the  remainder  is 

(P-P')x+Q-Q'=0; 

Q-Q' 


OF  THB  DEGEEE  OF  THE  FSTTAL  EaUATION. 
323.  The  degree  of  the  final  equation  can  not  be  depressed  by  the  reduction 
of  each  of  the  coefficients  P,  Q,  R . . .  P',  Q\  R' ...  in  the  equations 
x^+Po-^-i+Qx--^  ....  +Tx+V=0, 
x°+P'a*-i+Q'j--»  ....  +T'x+V'=0, 
to  the  term  of  the  highest  exponent  in  y  which  it  contains ;  for  the  degree  ot 
each  of  the  equations  is  not  changed  by  the  reduction.    Therefore,  the  reason* 
ing  may  be  applied  to  the  equations 

x"+ayx»~i+&y«x»-^ 4.fy«-»x+t?y»=0  ....  (1) 

x^  +a'y3f'-^+b'yhc^-* 4.fy»-ix+v'y"=:0  ....  (2) 

which  are  of  the  same  degree  respectively  as  the  preceding  equations.    Thp 
latter  are  reducible  to 

($'+'^r+'^" ■■■■  +';+'=»  w 

(ti'*4r^^(r  ■■■■  +'i+^=» "> 

X         ' 
in  which  the  unknown  quantity  is  -,  and  a,  6, . . .  ^  v;  a',  &',...  T,  i/,  ars 

numbers. 
Denoting  by  a,  /9,  7 . . .  the  numerica  roots  of  equation  (3) 
and  by  a\  /9',  /  . . .  the  numerical  roots  of  equation  (4) 
these  equations  may  be  decomposed  into 


L--)(H(i-'-).  »"•=»• 
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Whence    (x— oy  )(x— /3y  ){x— yy ),  &c.  =0 (5) 

(x-.fly')(x-/3'y)(r-/y),  &o.  =0 (6) 

Substitatiog  in  eqaation  (5)  the  roots  of  x  from  equation  (6),  vk^  «) 
(o'y— osr)(o'y— /9y)(o'y— yy),  &c.  =0. 

Or,  smce  the  number  of  factors  in  equation  (5)  is  m,  and  the  number  t 
roots  in  equation  (6)  b  n, 

y-(a'-o)(a'-/3)(a'-y),  &c.  =0, 
y-(/3'-a)(/J'-.0)(/3'-y),  &c.  =0, 
y-(/-a)(/-/?)(/-y),  &c.  =0. 

Consequently,  there  are  n  equations,  each  of  the  degree  m  ;  these  ^e  y. 
the  solutions  in  y.  The  product  of  these  roots  (or  sohitioiis)  of  5f  is  the  fisL 
equation,  since  it  becomes  zero  for  all  the  values  of  y  which  render  its  httea 
zero,  and  only  for  these  values.  Now,  this  product  is  evidently  of  the  degrpe 
mn.  Consequently,  the  degree  of  the  final  equation  (unless  roots  not  belGC£- 
ing  to  the  proposed  equations  are  introduced  by  the  process  of  eHmhstfiw 
can  not  exceed  the  product  of  the  degrees  of  the  proposed  equations. 

It  ought  to  be  observed  that  the  numerical  values  of  the  roots  of  y  in 
changed  by  this  process,  but  that  theii^  number  remains  undistnrbed  by  it 

lEBATlONAL  SaUATIOKa 
324.  All  the  direct  methods  employed  for  the  solution  of  equations  soppoft 
that  the  unknown  quantities  in  them  are  not  affected  with  any  radical  »%s; 
when,  therefore,  the  unknown  is  found  under  a  radical  sign,  it  will  be  neen- 
sary,  before  applying  the  process  of  solution,  to  employ  some  prepazsiorT 
method  of  rendering  the  equation  rational.  Such  a  method  is  at  once  soz- 
gested  by  ^e  theory  of  elimination.  For,  if  we  equate  each  of  the  nratioa; 
terms  with  an  unknown  quantity,  and  remove  the  radical  from  each  of  these 
new  equations  by  involution,  we  shall  have  a  series  of  equations  (indoding  tbe 
original  one,  with  its  irrational  terms  replaced  by  the  new  sjmbob)  witfaoo 
radicals,  from  which  the  quantities,  temporarily  introduced,  may  je  elinuBated. 
and  thence  a  rational  equation  obtained,  involving  only  the  original  unknovn 
quantities, 
s   The  foUowing  examines  will  fully  illustrate  the  mode  of  proceeding : 

(1)  Let  the  equation  be 

X—  '/x^+  Vx+T=0. 
Put 


and  we  then  have  the  three  following  rational  equations  from  which  we  imj 
eliminate  y  and  z,  viz., 

y«=x— 1,  z»=x4-l,  X— y+rs=b. 

From  the  last  equation  we  get  y^x+z,  and,  by  substituting  tuis  ▼sine  m  the 
first,  y  becomes  elimiflated,  and  we  have  these  two  equations  in  x  and  z«  viz^ 
r«— x+l=sO 
2«+2x2+«*— x+l=0; 
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and,  to  elinuoate  z  fh>m  these,  we  apply  the  process  explained  in  the  preceding 
articles,  and  tnns  get  the  final  equation 

a<_3j*+8r«+a?+7a*— 7a:+2=0. 

(2)  Let  the  equation  be 

V4x+7+2V^^«=l- 
Patting 

y=  V4X+7.  2=  V^HS, 
we  have  the  system  of  equations 

y'=4r4.7,  2'=x— 4, 

EXPONBNTIAL  BaUATIONa 
3-Jo.  An  erpcnenlial  equation  is  an  equation  in  which  the  unknown  appears 
in  the  focjn  of  an  exponent  or  index ;  thus,  the  following  are  exponential  equa- 
tions : 

a'=bt  x»=a,  a^*=^c,  a:*'s=sa,  &c.* 
.    To  resoWe  the  equation 

10»=2 

put  x=-;,  then 

10«'r=2  .•.  10=2«'. 

The  Talue  of  x'  lies  evidently  between  3  and  4 ;  place  it,  therefore*  equal 
to  3  plus  an  unknown  fraction,  and  we  shall  have 

10=2**^,  orlO=2»X2^ 
The  value  of  x"  lies  evidently  between  3  and  4,  .*.  place 

©■^■=., 

and  proceed  as  before.    The  value  of  x  is  thus  obtained  in  a  continued  fraction. 

^"?~34-i  ~34.1 

^x"       ^S+x"',  &c., 

which  may  be  carried  to  any  extent  at  pleasure,  and  the  value  found  by  the 

method  explained  hereafter.    (See  Continued  Fractions.} 

When  the  equation  is  of  the  form  a^ssh,  or  a^'ssc^  the  value  of  x  is  readily 

obtained  by  logarithms,  as  we  have  already  seen  in  Art  220.    But  if  the  equa* 

tion  be  of  the  form  x'sa,  the  value  of  x  may  be  obtained  by  the  rule  of  double 

position,  as  in  the  following 

XXAMFLE. 

Given  x'sslOO,  to  find  an  approximate  value  of  x. 

*  EzpoDeiitial  eqastionsj  sad  those  in  which  bgwrithms  of  nnknown  qaantitiea  enter, 
bdoog  to  a  fllsM  csUed  trtnsceiuientaL 
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The  value  of  x  is  evidently  between  3  and  4,  since  3's=27  |nd  4«jb256; 
hence,  taking  the  logarithms  of  both  sides  of  the  equation,  we  have 

X  log.  Xsz  log.  100=:2.* 


First,  let  Xi=:  3*5 ;  then 

3*5  log.  3*5=  1*9042380 

true  no.  =  2*0000000 

error  =— '0957620 


Second,  let  Xsr=  3*6 ;  then 

3*6  log.  3*6=:   2-0026890 

true  no.=s   2*0000000 

error  =+-0026890 


Then,  as  the  difference  of  the  results  is  to  the  difference  of  the  assumed 
numbers,  so  b  the  least  error  to  a  correction  4Xi  the  assumed  number  corre- 
sponding to  the  least  error ;  that  is, 

•098451  :  -1  : :  -002689  :  -00273 ; 
hence  xs=3-6— *00273s=3-59727,  nearly. 

Again,  by  forming  the  value  of  a*  for  x= 3*5972,  we  find  the  error  to  be 
^•0000841,  and  for  2rs=3*5973,  the  error  is  + -0000149 ; 

hence,  as  -000099  :  -0001  : :  -0000149  :  -0000151 ; 
therefore,  xs3-5973— -0000151=3*5972849,  the  value  nearly. 

EXAMFLCS  FOR  BRACTICE. 

(1)  Find  X  from  the  equation  x'=5.  Ans.  2-129372. 

(2)  Solve  the  equation  x'= 123456789.  Ans.  8-6400268. 

(3)  Find  x  from  the  equation  x'=2000.  Ans.  4-8278226. 

DEHpNSTBATION  OF  THE  BINOBOAL  THBOBEM. 
CASE  I. 

326.  If,  at  Prop.  V.,  Art.  245,  we  suppose  the  second  terms  Ai,  Ot^  os,  &e.,  of 

the  binomials  to  be  all  positive  instead  of  negative,  and  all  equal  to  a,  then  the 

products  two  and  two  will  all  become  a' ;  those  three  and  three,  a',  and  so 

on ;  and,  by  recurring  to  Art.  203,  we  perceive  that  the  number  of  combina 

tions  or  products  two  and  two,  if  we  suppose  that  there  are  n  binomials,  wiD 

^ .     n(n— 1)    ,            ,       V            ■,  ,        .     n(n— l)(n— 2) 
be  expressed  by  ■       ^    ,  the  number  three  and  three  by '     — -,  and 

60  on.  ^  Hence,  where  n  is  a  whole  number, 

(x+a)»=a*+nax»-»+^^y^««x»-^       &c.,  +a», 

or 

(a+a:)'»=a°+na»-»x+Aa»-«a«+Ba»-«z9+,  &;c (1) 

oy  reversing  the  order  of  the  terms,  and  disregarding  the  particular  form  of 
the  coefficients  after  the  second  term. 

CASE   II. 

If  the  exponent  be  fractional,  we  have 


(a+x)"  =  V(a+a:r=  V«'"+»W»-^x+Aa«-»x«+,  &c. 

*  In  eqaatioDi  of  this  kind  the  following  method  may  be  adopted :  Let  s^=ia ;  then 
X  log.  a:=  log.  a ;  pat  log.  x=y,  and  bg.  (t=sb ;  then  xy=b,  and  log.  x-^  log.  y=:  log  h ; 
hence  y-f~  ^'  y==  ^S-  ^-    ^o^  y  ^^7  be  fbond  by  doaUe  position,  aa  abore,  axtd  then  « 

becomes  known;    When  a  is  less  than  unity,  pot  «=~  and  osst  ;  tiien  we  have  if^ssf 

.;  y  teg,  b=  teg.  y,  and  if  teg.  b=c,  and  log.  y=z ;  then  cy=r.  and  log.  c-f-  loff*  y=  log- «. 
or  teg.  c-}-z=s  log.  z.  Hence  z  may  be  foond  by  the  preceding  method,  and  then  y  and^^r 
become  known. 
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Applying  the  rale  at  Art.  113  for  extracting  the  root  of  a  pdyDomial,  the 

m 

first  term  of  the  root  will  be  a*  ;  the  divisor  of  the  second  term  of  the  given 
polynomial^  n\a^]  ssna  »  ;  and  the  quotient  or  second  term  of  the  root 
iwrin  be  -a^    ^'*~^'x=-a"~  x.    When  the  two  terms  of  the  root  thus  found 

91  ft 

are  raised  to  the  n^  powerv  and  subtracted  from  the  given  polynomial  accord-  ^ 
ing  to  the  rule,  the  first  two  terms  of  the  latter  will  be  canceled,  and  the  next 

highest  power  of  a  to  be  divided  by  the  constant  divisor  na     »  will  be  a 

multiplied  by  z*,  and  the  quotient,  which  is  the  third  term  of  the  root,  will 

/       m\     m  . ,  ,  ,       , 

contam  a  to  the  power  n— 2-*  (m 1  s= 2  with  a^,  and  so  on,  so  that  the 

root  may  be  written  under  the  form 

a?+-a^  z+ A'a«"*a*+B'a»"'a»+ ,  &c,  • 

the  same  form,  so  far  as  regards  the  exponents,  as  when  the  exponent  is  a 
whole  number.  The  coefficients  win  be  examined  for  this  and  the  next  case 
together. 

CASE  III. 

When  the  exponent  is  negative,  either  entire  or  fractiona],  as  a  consequence 
of  what  has  just  been  demonstrated,  we  have 

^^+^^""'^(a+a:)^'^a"+i»a— ix+,  &c. 
But  if  the  division  be  effected  according  to  the  ordinary  rules,  the  quotient 
will  be  indefinite,  and  of  the  form 

a-«— »ia-Hnr-4a.^A."a-«»-V+,  &c. ; 
then,  whateyer  be  the  exponent  of  a  binomial,  its  development,  as  to  the  co- 
efficients of  the  first  two  terms  and  the  exponents  of  all,  is  of  the  same  form, 
viz.,  that  indicated  by  equation  (1). 

Now,  to  examine  the  coeflScients  of  the  other  terms,  for  the  sake  of  gen- 
erality, I  shall  consider  two  consecutive  terms  of  any  rank  whatever,  and  I 
shall  write 

Let  us  change  throughout  x  into  x-\»y ;  as  the  unknown  coefllcients  con- 
tain neither  a  nor  x,  the  above  expression  becomes 

*  (a-|.x4-y)°'=a""+*'^"~H^+y)  •  ••  •  • 

By  changing  a  into  a4-y»  we  sjiould  have  found 

J-M(a+y)»-»x°+N(a+y)»-»-»a*+i4-,  Sec. 

In  the  two  proceding  equalities  the  first  members  are  equal,  therefore  the 
second  members  must  be  equal  abo ;  and  this  is  the  case  whatever  values  z 
and  y  may  have.  Then,  if  they  be  arranged  according  to  the  powers  of  y, 
thej  must  be  identical.  It  is  true,  they  contain  binomials,  but  we  know  the 
first  two  terms  of  each  of  these  binomials,  so  that  we  can  form  the  put  which, 
in  each  second  member,  contains  y  to  the  first  degree,  and  that  will  suffice  for 
our  purpose.  Designating  it  by  Yy  in  the  one  and  by  Y'y  in  the  other,  it 
is  easy  to  find 
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Y'ssma— »...  +M(m— n)a— — »a-+N(m— 11— l)ii*-*-«a*+ 

These  two  quantities  must  be  eqaal,  whatever  be  the  Tahie  of  x;  tii0> 
effiaents,  therefore,  of  the  same  powers  of  x  must  be  equal  ConsidBa; 
only  those  which  pertun  to  a"*^-*x",  we  have 

^     •  N(n+l)=:M(ffi-n).-.N=?'^^. 

We  see  by  this  according  to  what  law,  in  the  develo^Hnent  (1),  my  cod 
etent  whatever  is  formed  from  the  preceding.  It  is  the  same  that  ire  y 
found  for  the  case  of  a  positive  exponent  (Art.  107,  IV.) ;  and  v  we  k- 
seen  that  the  first  two  terms  are  composed  in  the  same  manner,  wfaatrer 
be  the  exponent  m,  it  will  be  so  also  wiUi  all  the  other  tenns. 

An  abbreviate  notation,  sometimes  employed  to  express  the  coeffideolsi 
the  binomial  formula,  b  the  initial  letter  B  of  the  word  binomial,  widi  tfaea 
ponent  of  the  pc^er  of  the  binomial  before  it,  and  the  order  of  die  coeScie 
above.    Thus,  the  coefficient  of  the  1°  term,  if  the  exponent  be  ii,sei- 

0  1  1 

pressed  by  "B ;  of  the  2^,  "B ;  of  the  3^,  >'B,   &e. ;  of  the  ib^  tsa 

n(n-.l)...(«— Ar+l)^      k  ^       .       .      ^ 
r-= — '  by  "B,  or  otherwise  Bimpty  «k- 


SERIES. 
aBCU&BINa  8EBIB& 

a' 
327.  Xo  develop  the  expression  ■      .    in  a  series,  place 

a' 

-=A+Bz+Ca*+,  &c.. 


%nd  proceeding  by  the  method  of  undetermined  coefficients,  ezplaioed&tAn 

209,  we  find 

a'              b                 h                h 
A«— ,  B= — A,  0= — B,  D= C,  &c. 

From  which  we  perceive  that  each  coefficient  is  obtained  by  mvltifipi^^ 

b 
preceding  by  — .-.    Here  the  series  is  a  simple  geometrical  progression. 

Proceeding  in  a  similar  manner  with  the  fraction 

we  obtain 

a  a  a       a  a       a 

Here  each  coefficient  firom  the  3°  is  the  sum  of  the  twc  preceding,  njalfi 

plied  respectively  by  — -  and  —- ,  or  each  term  is  the  su;n  of  the  two  .nre 

cjfl  bx 

ceding  multiplied  by  — —  and  — — . 

Again,  in  the  development  of 
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♦ 

each  term  will  be  composed  of  tbe  three  preceding,  multiplied  respect'vely  by 

dj^       cofl       hx 

a*  ^  a^  '^  a* 

Finally,  it  becomes  now  evident  that  in  general  a  fraction  of  the  form 

a»^h'x+(f3^ hVx«-> 

a^hx-\'ca^  .  .  .  4.jfcx"» 

produces  a  series,  each  term  of  which  from  the  (m4-l)^  is  composed  of  the 

. .  ,.   ,             .    ,    ,         *          ^      .              c  -       ^ 
m  precedmg,  multiplied  respectively  by  —-or",  — ^z*^»,  , . . a:", r 

Series  of  this  form  are  called  recurrent,  and  the  assemblage  of  quantities  by 
which  it  is  necessary  to  multiply  several  consecutive  terms  to  obtain  the  fol- ' 
lowing  term,  is  called  the  scale  of  relation  of  the  terms. 

328.  Problem. — A  recurring  series  being  given^  to  return  to  the  generating 
fraction. 

In  this  enunciation  it  is  supposed  that  the  recurring  series  is  arranged  with 
respect  to  an  indeterminate  r.    Let  * 

S=A+Bi+Ca:«H 

be  such  a  series,  having  for  a  scale  of  relation  [pafi,  qa^t  rx].    Since  this  scale 
contains  three  terms,  the  generating  fraction  is  of  the  form 

af+l/x+c'af^ 

a+bx+c2*+dx^ 

.  K  this  fraction  had  been  given,  we  have  seen  that  the  scale  of  relation  would 

rd          c  b  "]  . 
a«, 3^^  — X 1.    But  the  generating  fraction  can  be  wntten  thus, 

«'  .  ^'    .  ^^ 
a  *  a     *  a 


bed' 
l+-x+-2f'+'-xi 
'  a    *  a    ^a 


and  then  we  perceive  that  the  three  terms  in  z  9f  ^e  denonunator  can  be  at 
once  obtained  ^by  taking  those  of  the  scale  of  relation  with  contrary  signs. 
Thus,  we  can  put  the  generating  fraction  under  the  form 

a+px+r^ 
1  — ra: — qa^-^pa^' 
and  wo  shall  only  have  to  determine  a,  j9,  7.     To  do  this,  place 

^^?^=A+Bx+C^+...; 
1— rar—^j:*— j?a:»        ^      ^       ^       ' 

and  since,  after  clearing  it  of  fractions,  the  equation  ought  to  be  identical  in 

form,  we  derive  frY>m  it,  having  regard  only  to  the  first  three  terms, 

a+px+r^z=k+B   x+C    a* 

— Ar    —Br 

Consequently,  we  shall  have  for  the  generating  fraction 
A+(B— Ar)r+(c-Br— Ag)j' 
"~  1 — rx-^qs^^-'px^ 

I 
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For  example,  let  S=:l— 2r— a*— 6a:'4-4^— ••  •  ^  *  recumng  senes, 
whose  scale  of  relation  is  [4-2*,  4-^^f  — ^]*  Taking  the  above  formnla,  we 
shall  have 

A=l,  B=— 2,  c=— l,_p=:l,  5=4,  r=— 2; 
%nd  we  shall  find 

l+2x— 4a:"— r»* 

329.  Pboblem. — ^il  series  being  given^  to  determine  ukether  it  he  rectirm;, 
and,  in  this  case,  to  return  to  the  generating  fraction. 
Let  the  given  series  be 

S=A+Bx+Ca:«+D2»H 

a' 

,    Let  us  determine  first  whether  it  be  equal  to  a  fraction  of  the  form     ... 

and  place  Ssr       ,  .    From  this  equation  we  derive 
1     a+bx     a      h 

the  quotient,  therefote,  of  (1),  divided  by  the  series,  ought  to  be  exact,  and  of 
the  fprm  p-\*qx.    Then  the  generating  fraction  will  be  expressed  thus : 

p+qx 

If  the  division  does  not  stop  at  the  second  term  this  series  wilLnot  be  recm> 

ring,  or  else  it  wiU  arise  from  a  more  complicated  fraction. 

af+h'x 
Place  Ss= — ,  ,     ,      ,,  we  shall  have 

1      a+bx+c3^  a"a« 

s=  a^+b'x  =^+^'+sq:fc^' 

that  is  to  say,  dividing  (1)  by  the  series  S,  if  we  stop  the  division  after  we 

have  obtained  as  a  quotient  terms  oi  the  form^-f-^ar,  the  series  Si2*,  which  is 

the  remainder  that  we  then  have,  and  which  is  always  divinble  by  z*,  will  be 

Si         a" 
such  that,  after  we  have  removed  this  factor,  we  must  have  -;g  =-7 


S^a'+b'x 
Hence  we  derive 

S     a'+b'x 

that  is  to  say,  the  new  division  ought  to  terminate  at  the  second  term  in  the 
quotient;  and  then,  to  find  the  generating  fraction,  we  shall  have  the  two 
equations  1 

whence 

1  S, 1_ 

Consequentiy,  the  generating  fraction  will  be 


{p+9^)(Pi+qix)+^' 
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Suppose  that  the  quotient  of  S  by  Si  is  not  exactly  jp^^giX ;  if  the  aeries 

8  recurring,  it  will  be  of  an  order  superior  to  the  second.    Let  us  examine  if 

a'+h'x+c'a* 
we  can  haye  Sss    ,,._,,  ^  ,. 

'We  derive  firom  this  equation 

1  .      a"+h"x     ^ 

that  is  to  8ay»  afber  having  obtained  the  first  two  terms  of  the  quotient  of  1. 
divided  by  the  series  Si,  we  shaU%JLfor  a  remainder  a  series,  all  of  whose 
terms  'wiU  coutsin  z*  i  and  if  we  designate  this  remainder  by  SiX^,  we  shall 
have 

Si        a"+h''x         '  , 

This  equality  gives 

S  a'" 

hence,  designating  by  8^  the  series  which  we  find  for  a  remainder  after 
having  carried  the  division  of  the  series  S  by  the  series  Si  to  the  terms  of  the 
quotient  j7i-}-9i^t  we  should  have 

Sg         a'*' 

Si""a"+6"x 
From  this  last  equality  we  derive 

Here^  the  operations  stop ;  for,  returning  to  the  generating  fraction,  we  shaD 

have  the  equations 

1  S       S  S       S 

g=|i-|.^r+^V,  g-=:pi+9ix+~a;«,  —jpa+^nr  ; 

and  from  these  equations  we  derive 

1  Si  1  S,  1 


S= 


,       ,  Si  -   S  Sg  '  Si    jpi+qspc' 

We  have,  then,  only  a  few  substitutions  to  make  hi  order  to  obtain  a  frtKS- 
tion  equal  to  S. 

Widiout  proceeding  further,  the  reader  will  doubtless  perceive  that  the 
BQccesBive  operations  for  finding  the  quotients  p+qx,  pi+qiX^  &c.,  and  for 
returning  to  the  generating  fraction,  bear  a  striking  analogy  to  those  which  are 
necessary  in  reducing  an  ordinary  fraction  to  a  continued  fraction,  and  in  re- 
turning to  the  ordinary  fraction.  This  obeenration  will  take  the  place  of  a 
general  role.  If  we  arrive  at  a  division  which  gives  an  exact  quotient  o6  the 
form  p-f  9^,  we  know  that  the  series  is  recurring.    (See  Contin.  Fractioos.) 

EXAMPLE. 

Suppose  we  wish  to  determine  whether  the  series  of  numbers  1, 2, 3,  6cc., 
be  recnrring.  It  is  not  this  numerical  series  which  we  must  consider,  but  the 
equation 

S=I+2r+3i»+4a:»H 

We  perceive  that  the  operations  will  be  performed  as  follows : 
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Divitumofl  by  8 
1  [l+2r+aa*+4a»+,, 

l+2x+32*+A2*+  . . ,  .|l  —23: 

— 2x— ar»— 4a:»— 5x« 

— 2r— 43s«— 6a:*— Sz* 

jc«+2x»+3x*H sSja*- 

DitTtnon  of  Shy  Si. 

l+2g+3J»+43:*H |l 

0 

1  Si     S 

Hence,  the  series  S  is  recurring,  and  we  have  g=1 — 2x-f- o*^,  ^=1. 

1  Si  1 

We  derive  from  this  S= 5 —  -5-=l ;  consequently,  S=rt — -— 


-(l-x)»- 

Remark. — In  finding  a  rule  to  determine  whether  a  series  is  recmv^^ 
have  considered  the  series  as  derived  from  a  fraction  whose  nnroentDre^!' 
degree  inferior  to  the  denominator.  Bat  even  if  Ma  last  conditioD  doaasc 
have  place,  it  is  easy  to  perceive  that  the  same  explications,  and,  consMjuestk. 
the  same  rule,  will  always  subsist. 

329.  Problem. — To  find  the  general  term  0/ a  recurring  series.' 
Suppose  that  the  series  has  for  a  generating  fraction 

'-a+hx-\ l-Arz-    * 

We  can  write  this  fraction  thus : 

F=(a'+6'x \-k'x^^){a+hX'\ f-Arx-)-. 

It  is  evident,  then,  that  by  developing  the  power  — 1,  obtniniog  the  prodvi 
of  the  two  factors  in  this  equation,  and  taking  in  this  product  the  part  wls^ 
contains  x  to  any  power  whatsoever,  we  ahall  have  the  general  term  of  tbe  re- 
curring series.  But  the  problem  is  resolved  ordinarily  by  another  process 
which  I  proceed  to  exhibit. 

We  divide  first  all  the  terms  of  the  fraction  F  by  A:,  and  write  it  nodertb 
form 

U_    a'x'"-'-f  jg'x"~«+ . . . 
V"'a-»+ax™-»+i9x-»-»^ ' 

The  fraction  is  supposed  in  aU  cases  to  be  reduced  to  Its  most  sifflide  ^^ 
so  that  U  has  no  common  factor  with  V. 

We  decompose,  then,  the  denominator  into  binomial  factors,  soch  as  x-\-ih 
whether  it  be  by  equating  this  denominator  to  zero,  or  by  some  other  method, 
and  then  the  fraction  is  regarded  as  resulting  from  the  addition  of  nuui/^^ 
which  have  for  denominators  these  diflerent  factors.  We  detemum  all  tb«> 
partial  fractions,  and  then  form  the  general  term  of  the  developmratof  ^' 
then,  taking  the  sum  of  these  general  terms,  we  shall  have  the  genenl  teni 
of  the  recurring  series. 

[n  this  decomposition  into  partid  fractions  it  is  necessaiy  carefiifly  to  ds 
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tingaish  in  V  the  simple  faotora  from  those  which  are  raised  to  powers     iTor 
each  simple  factor  x-^-a  we  shall  take  a  fractioQ  of  the  form 

M 

For  each  ftctor,  such  as  (x-^'hY^  we  might  take  one  of  the  form 

Ajr— ^+Ba:^+... 

(x+b)- 

but  it  is  more  conTenient  to  have  only  fractions  with  monomial  numerators ; 

instead,  therefore',  of  a  fraction  like  the  preceding,  we  take  n,  tike  the  fol> 

Ibwing: 

M,  N,  Ni . . .  representing  quantities  independent  of  ar. 

Consequently,  if  we  suppose  that  V=z{X'\-a){x-\'hy, . .,  we  can  place 

U M  N  Ni  .  N^x  . 


V''x+a'^(x+by'^(x+b)^' ' ' '  '^x+b'^' '  •' 

and  the  question  will  be  reduced,  for  the  present,  to  the  determination  of  the 

numerators  M,  N,  Ni,  &c.    But  these  have  been  determined  in  Art.  209,  (3) 

The  preceding  decomposition  being  effected,  the  determination  of  the  gen 
eral  term  of  the  recurring  series  does  not  offer  any  difficulty. 

Each  partial  fraction  can  be  put  under  the  form  l?(p+xy~\  designating  by 
7i  an  entire  posidre  number,  «?hich  can  be  equal  to.  1.  If  we  develop  thif 
power,  we  readily  find  that  the  term  affected  with  ±*  is 

-X(-X-l)(-A-2)...(-X-n+l)  . 
^ 1.2.3...« ^P  *  ^- 

It  IS  the  sum  of  like  expressions,  all  containing  x»,  and  resulting  from  the 
different  partial  fractions  which  compose  the  general  term  required. 

When  the  denominator  of  the  generating  fraction  contains  imaginary  fac- 
tors, these  factors  introduce  imaginary  quantities  into  the  general  term.  If 
we  suppose,  however,  that  the  coefficients  of  .the  numerator  and  denominator 
of  the  proposed  fraction  are  all  real  (and  they  are  always  taken  so),  it  is  evi« 
dent,  a  priori,  that^  as  we  find  the  development  of  this  fraction  by  division,  the 
general  term  can  not  embrace  any  imaginary  factors ;  consequently,  we  are 
sure  that  all  the  imaginary  quantities  which  arise  from  the  factors  of  the  de 
nominator  will  disappear. 

SUMBIATION  OF  SERIES. 
The  summation  of  series  is  the  finding  of  a  finite  expression  equal  to  the 
proposed  series,  even  when  the  series  is  infinite,  and  in  many  cases  this  finite 
expression  is  found  by  subtraction. 

EXAMPLKS. 

(1)  Required  the  sum  of  the  series  —+—+—+  ....  to  mfinity. 

Let  S=j+2+3+4+5+^+ ad  infinitum. 

.•.8-1=2+3+4+5+6+7+ «d  infinitum. 


416  ALGBBAA. 

HaDce«  by  subtractbg  the  latter  from  &e  f<«iiier«  we  have  the  reqoindsa 

1:2+23+3:4+4:6+5:6+  ••••••  =1- 

(2)  Required  the  auiQ  of  the  series  i~3+oT+3]5+ *^  *  *""■• 

...  S-l--+jq-Y+^^=3+j+g+g+ — i 

Snbtractiiig  (6)  from  (a),  we  have 

^2     n+l     n+2""1.3^  2.4^3.6^4.6^  ii(ji+2) 


'  1.3+2.4+3.6+4.6+  ••«(n+2)"'2  I  ^+2      \»+l+»+2)l 


1.1.1.1.  1 

2)""2P+2 

1.1         1 


4\ 


^     n+1'^2     »+2> 


^2»+2^4»+8* 
When  n  is  infinitely  great,  then  we  have 

(3)  Sum  the  series  ———+—— —4. ad  infimtom. 

Ads.- 

(4)  Sum  the  K>rie.  ^^^Jj^^ j;±^ «1  idintam. 

(6)  Sum  the  series  j^+53^+5^+ tontemw. 

3        2         1 

(6)  Snm  the  series  a-|-2ar-)-3aT*-)-4ar*-|-  ....  to  n  tenns. 

(7)  Snm  the  series  14-32:4-62*+7x'+9z* ....  ad  infioitum. 

1+L 
•  (1-xf* 

DIFFEBBNCB  BEBISa 

s 

530.  I^et  there  be  the  arithmetical  progression 

a,  a+^i  a+2^«  a4*3<'.... 
If  we  begin  with  a  new  term,  h,  and  add  to  it  succesnrely  each  term  of  ^ 
above,  we  obtain 

h  h+a,  h+2a+d,  h+3a+36,  h+Aa+Sd..., 
which  is  called  a  difference  series  of  the  2^  order,  and  so  on,  as  in  die  f(^* 
iiig  scheme : 
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*S2rie^*    !•  term,    f  term.  3-  tono 


I.  a,       «-f.<J,        a+8d,        ,  .  .  «4-(i»-l)cJ. 

EL         b,       A-f-o,       ^-f.2fl+d  ■  .  .  b+{n^l)a\  (»*— ^)(»— ^)^y. 


1.2 


1  •  8  1  •  3  <  3 


ibo.       &C. 


EXAMPLE. 


I.  order,  2,  6,  8,  11, 14  .  . 

II.  order,  4,  6,  11,  19,  30  .  . 

III.  order,  6,  9,  15,  26,  45  .  . 

331.  From  the  manner  in  which  these  diflference  series  are  formed,  it  is 
evident  that  if  we  subti-act  from  one  another  the  successive  terms  of  any  or- 
der, we  obtain  the  terms  of  the  preceding,  and  continuing  in  this  way  till  we 
subtract  the  successive  terms  of  the  first  from  one  another,  we  obtain  between 
them  the  coDstant  difference  <}. 

332.  If  the  order  of  a  series  be  unknown,  its  order  may  be  found  from  what 
tuB  been  said  above.    Thus  the  series 

5,9,  15,  26,45, 
taking  the  difference  of  the  consecutive  terms. 
•        .  4,  6,  11,  19 

2,  5,    8 

3,  3*,    3, 

after  three  subtractions  of  consecutive  terms  presents  a  constant  difference^ 
«nd  is,  therefore,  a  series  of  the  3^  order. 

333.  To  separate  the  roots  of  an  equation  hy  means  of  difference  series. 
The  ar*  term  of  a  series  of  the  order  m  would  be  expressed  by 

k+(x-l)f+ — j-2 — g+ ....  +  i.2...«  * 

which,  arranged  according  to  the  powers  of  x,  would  be  of  the  form 

Mx"+A:t«-»+Bx«-^ ....  +Gx+K; 
ihat  is,  of  the  form  of  the  first  member  of  an  equation  of  the  m^  degree,  X^C. 

If,  now,  we  give  to  x  the  values  . . .  — 4,  —3,  — 2,  —1,  — 0,  1,  2,  3,  4, ... . 
representing  llie  values  which  the  polynomial  X  assumes  by 

X__i,  X~4,  X.-9,  X— I,  Xo,  Xi,  Xj,  occ (1) 

these  quantities  will  form  a  difference  series,  since  x  denotes  the  order  of  the 
term  in  a  series  of  which  X  is  the  general  term.  There  is  no  objection  to  x  being 
negative,  as  a  series  may  be  continued  below  as  well  as  above  the  first  term, 
observing  the  same  law  in  a  contrary  sense. 

Taking  a  sufficient  number  of  terms  of  the  series  (1)  to  obtain^  by  subtrae- 
Uon  of  its  successive  terms,  the  series  of  next  lower  order,  and  from  this,  in 
the  same  manner,  that  of  the  next  lower  order  still,  till  we  arrive  at  constant 
differences,  the  terms  of  the  series  (1)  may  be  extended  indefinitely  to  the 
right  and  left  by  foiping  them  according  to  (Art.  330),  without  the  trouble  of 
ftabstituting  numerical  values  for  r,  and  calculating  the  corresponding  values 
of  X.  Those  values  of  X  which  have  contrary  signs  will  (Art  252,  Cor.  1) 
have  one  or  an  odd  number  of  roots  between  them. 

Take,  for  example,  the  equation 

9x*— 3a*— 130x«— 171+260=0. 
Dd 
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Giviog  X  the  Talues  — ^  —1,  0, 1,  2,  we  hare  the  Ibliowizig  rvndto  stW 
in  the  parentheses : 

A     I      -X.    ^        Jk    ig         J*>— 1  -A^l  ^1  Jkf  -^9  ^^ 

+744—  49(—  58  +169  +260  +119  —174)— 313+224, 
forming  a  series  of  the  fourth  order.    The  series  of  the  tfaird  ovder  is 
—793  —     9(+217  +101  —141  —293) — 139+537 
of  the  second,  +784  +226(— 116  —242  — 152)  +  154+676 

of  the  first,  —568  — 342(— 126  +  90)+-306+522 

equal  differences,  +216  +216(+216)+216+216. 

By  substituting  other  values,  as  —3,  — 4,-5,  — 6,  and  +3*  +4,  +5,-^i 
kc.f  we  may  extend  the  top  series  to  any  length. 

To  save  the  time  and  trouble  of  substituting  consecutive  numbers  aod  caiee- 
lating  the  result,  the  method  of  difference  series  is  employed,  thos : 

Substitute  a  number  of  consecutive  values  one  more  than  the  degree  of  ih^ 
equation ;  the  smallest  numbers,  being  more  easily  substituted,  are  prefemi 
In  the  present  example,  substituting  —2,  —1,  0,  1,  2,  we  obtain  that  porjK 
of  the  first  series  which  is  of  the  3^  order,  included  in  brackets ;  torn  B^ 
by  subtracting  its  consecutive  terms,  the  con^pooding  portions  of  the  itv^. 
of  the  2°  order,  and  so  on  ;  and,  finally,  the  difference,  216.  Using  tfai!  ik- 
ference,  we  may  extend  the  top  series  at  pleasure,  according  to^tfae  medd 
in  Art.  330. 

The  roots  of  the  equation  lie  between  those  numbers  the  snbsttoio&s « 
which  produce  unlike  signs  in  the  result ;  thus,  in  the  above  there  is  ow  mi 
between  —3  and  —4,  one  between  — 1  and  — 2,  one  between  I  aDd2,sai 
one  between  3  and  4. 

334.  There  exists  between  the  coefiicients  of  two  consecutive  poweDfl^ 
7+ a  relations  from  which  many  useful  consequences  may  be  deduced. 

Suppose  the  m*''  power  of  x+a  to  be 

x"+Aa2:«^»+Ba«ar— •+Ca»x"-»+,  &c 
Multiplying  the  polynomial  by  x+a,  there  results 

xH-i+Aax«+Ba«x— »+Ca»x«-*H 

+    ax»+Aax»-»+Ba  x»-*+  . .  . 
From  which  we  conclude  that,  to  obtain  the  coefficient  of  any  term  of  (k 
(m+1)**  power  of  iL+^  it  is  only  necessary  to  add  to  the  eoefffcienloftke  tern 
of  the  same  rank  in  the  m**  power  that  of  the  preceding  term, 

335.  According  to  this  rule,  we  can  form  the  coefiScients  of  the 
powers  of  x+a,  as  may  be  seen  in  the  following  table  : 

1,  1,  1,  1,  1,    1,     1,     1,     1  . 

1,  2,  3,  4,    5,     6,     7,     8  . 

1,  3,  6^  10,  15,  21,  28  . 

1,  4,  10,  20,  35,  £6  . 

1,    5,    15.  35,  70  . 

1,     6,    21,  56  . 

1,     7,    28. 

1,     8  . 

1  . 

The  first  vertica}  column  of  this  taUe  is  formed  of  the  single  number  1.  Tbe 
second  column  is  formed  of  the  number  1  written  twice.    We  foriP  tbs  ^^ 
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column  by  placing  at  the  side  of  each  term  in*  the  second  colnmn  the  number 

obtained  by  adding  it  to  the  tenn  above  it;  we  find  thua,  for  the  first  tcym  of 

tkxe  third  column  1-4-0  or  1;  the  second  term  is  1+1  or  2,  and  the  third 

O  -4- 1  or  1.     The  fourth  colnmn  is  deduced  from  the  tliird  in  the  same  manner 

tliat  that  is  from  the  second,  and  so  on.    The  two  terms  of  the  second  column 

na  ay  be  considered  as  the  coefficients  of  the  first  power  of  x-^-  a.    It  results 

train  the  above  rule  that  the  terms  of  the  third  column  are  the  coefficients  of 

the  development  of  (x-|-a)>,  those  of  the  fourth  column  of  (a:-{-a)>,  &:c. 

This  table,  which  may  be  indefinitely  extended,  is  called  the  Arithmetical 
'J7riangle  of  Pascal. 

336.  It  is  easy  to  see  from  the  composition  of  the  arithmetica]  triangle  that 
the  p^  term  of  any  horizontal  line  is  the  sum  of  the  p  first  terms  of  the  pro- 
ceding  horieontal  line.    Because  if  we  consider,  for  example,  the  term  56, 
"vrhich  is  the  sixth  of  the  fourth  line,  this  term  is  formed  by  adding  the  two 
nnmbers  21  and  35,  which  are  placed  at  its  left  in  the  third  and  fourth  lines ; 
but  the  second  of  these  two  numbers,  35,  is  the  sum  of  15  and  20  ;  the  last 
number,  20,  is  the  sum  of  10  and  10,  and  the  last  number,  10,  the  sum  of  6 
and  4 ;  finally,  4  is  the  sum  of  the  two  numbers  3  and  1 ;  we  have,  therefore* 
56=21  +  15+10+6+3+1. 

T£^  DIFFERENTIAL  METHOD  OF  SUMMINa  SEaiSS 

337.  Let  a,  6,  c,  cf,  ^ . . . .  be  a  series  of  terms,  in  which  each  term  is  less 
than  the  succeeding  one ;  and,  taking  the  successive  differouces,  we  have 
a  h  c  d  e,  &c. 

[di)     6— fl         c— 6  d-^c  e-^df  ice. 

(A)  c—26+a  d^2c+b  <— 2c^+c,  &c. 

{dt)  J.-8C+36— a  «— 3rf+3c-.6,  &c, 

(d^)  <f— 4rf+6c— 46+a,  &c. 

Putting  du  dif  dtf  dij for  the  first  terms  of  the  first,  second,  third 

fourth, ....  diflferences,  we  have 

h —  a  szdi  .*.  i=a+  di 

e^ib+a  =it. •.  c=a+ 2c^i+  e^  ^ 

'     rf— 3C+36— a         =</,  .-.  d=a+3di+3d^+  d^ 
c4i+6c— 45+a=rf4  ••.  «  =a+4A+6<i,+4ct+<^«, 
&c.  &c. 

Hence  the  (n+1)^  term  of  the  proposed  series  is  evidently 

nA.^  ^>-^)^   ,n(n-^l)(n^2)      , 
fl+ni;j+n-^^^i,+ j-j-^ rf,+  .... 

and,  therefore,  the  n^  term  is  (by  writing  n— 1  for  n) 

a+(n— l)di+ j-g d«H 17273 ^'^         ^^^ 

338.  To  find  (S)  the  sum  ofn  lenns  of  a  series. 
Let    a,  h,  c,  d,  e,  6cc. 

and        0,  a,  a+&,        a+6+c,  a+5+c+c2,  &c, 

be  two  series,  of  which  the  (n+1)*^  term  of  the  latter  is  obviously  thft  sum  of 
n  terms  of  the  former ;  but  the  int  terms  of  the  first,  secoad,  tljiid,  fourth 
....  difierences  in  the  latter,  are 
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a,  b— assdi,*  e—ib-f-ossdt,  d—3e+ib—a,  =zd»,  tea.  ; 
fasnee  the  (n^'l)*^  term  of  Ibe  latter  series,  or  the  sun  of  »  tarwm  i  3 
fanner,  is,  1^  (1)  in  the  last  article, 

0+«a+-Y-^rf.+       J    2   3 d,+ 1.2.3.4  *»+       • 

«     --■"(''-^).  .*(n-l)(n-2)        n(n-l)(»-2)(»-3) 

EXAMPLES. 

(1)  To  what  it  1.2+2.3+3.4+4.5-| n(f»+l)  equal? 

2«  6, 12,  20,  30,  is  the  given  series ; 
4,  6,    8,  10,  differences  of  the  consecutiTe 
2,    2,   2,  differences  of  these  again,  dt ; 
0,    0. 
Haiice,  as=2,  c{is=4,  <£ss=2,  and  (is,  (£4,  &;c  =0;  therefoia 
q     ^  ,  Mn-1),     «(n-l)(>i->2) 

=2n+2n(n— 1)+Jn(n— l)(n— 2) 
=in(a+l)(ii+2). 
Frooaed  always  in  this  way  tiO  the  differences  become  the  1 

(2)  Find  the  sum  of  n  terms  of  the  series  1,  2^,  3*,  4',  5*,  &c. 

(3)  Find  the  sum  of  n  terms  of  the  series  1,  4,  10,  20,  35,  &c 

(4)  To  what  is  1.2.3+2.3.4+3.4.54- n(n+l)(«+2)  efinalT 

(5)  Sum  » terms  of  the  series  1«  3,  5,  7,  9,  11,  &c. . .  • 

(6)  Find  the  sum  of  15  terms  of  Ae  series  1,  4,  8, 13, 19,  &c. 

(7)  Sam  8  terms  of  the  series  1,  2«,  3«,  4«,  5«,  6S  &;c. 


\ 


...  n(n+l)(n+2)(n+3) 
<^>  1.2.3.4 

(4)  }n(n+l)(n+2)(«+3). 


ANSWERS. 

(5)  n«. 


(6)  |n(n«+6ii-l)=785. 
,      n»     n*     n»     n 


POWBBS  OF  THE  TBBMS  OF  PAOQRESSIONS 

339.  If  aU  the  terms  of  a  geometrical  progression 

^a :  ag :  a^' :  aj* . . . .  ag"~^ 
are  raised  to  the  same  power  m,  the  result  is  the  series 

a",  a"g",  a~5»»,  fl"g»" a-^*-»), 

which  is  a  geometrical  progression,  of  which  the  first  term  b  a",  the  ratio  f", 
and  the  number  of  terms  n. 

340.  If  the  terms  of  a  progression  by  differences,  whose  first  term  is  a  ad 
common  difference  <$,  be  each  raised  to  the  m^*  power,  we  ha^e 

*  This  ivfehe  di  of  the  Ibimer  lerief ,  bat  the  ^  of  the  latter. 

t  The  terms  of  the  fonnala  (2),  containing  those  orders  of  differences  which  beGooM  went 
like  di,  d*,  &&,  in  ncample  1,  win  aU  yanisii«  and  the  expression  for  8  win  be  oompoisd 
floly  of  the  praceding  tanns. 
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(a+  d)«'=a«+if«i'— »  J4-*^y"^  ?a"-^  <J3+,  toj. 

(a— 3(5)'»=a«+»iki"»->3<J+^^a— ^<P+,  &c. 

dec  &c. 

Taking  the  differences  of  the  consecutive  terms, 

(a+  iJ)-—  a«         =ma°>-M+*"Y*2^^^"'^'^  +'  **' 

These  differences  being  not  the  same,  the  same  powers  of  the  ter  job  oi  to 
arithmetical  progression  do  not  form  an  arithmetical  progression. 

341.  To  find  the  sam  of  the  m^  powers  of  an  arithmetical  progression.    Let 

be  any  arithmetical  progression,  of  which  the  common  difference  is  d.    Then 

b=sa+d,  c=zb+6, l;=k+i. 

Raising  these  equalities  to  the  power  m-{-l, 

\   •  id 

1   •  <6  * 

lm^l^J^^•l^^n+l)k^^+^^^^^^  &c. 

Adding  all  these  equalities,  suppressing  the  common  terms  in  the  two  eqiia 
sums,  viz.,  b'^S  c""<'S  &c.,  and  transposing  a'^S  we  have 
Z-H-i_a'»+*=(fii+l)<5(a«4.6-. . .  .+A:-), 

+,&c. 
1 0  abridge,  let 

a  +6  +c+d....+k  +1  =S„ 
a«+6» +A:«+P=S„ 


a-+5'"4. +A:«+f»=5S«. 

Then  the  last  expression  becomes 

-  i-f._«^.=!!^(S._i-)+^=^d.(S^-l-)+.&«. 

The  value  of  dm  deduced  from  this  is 

The  law  of  the  unwritten  terms  is  sufficiently  apparent,  and  the  series  must 
evidently  end  with  the  term  preceding  that  which  contains  the  factor  ri— m 
orO. 
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By  fonnula  (1)  the  sum  Sb  can  be  foond,  when  the  Buma  of  the  im?. 
powers  are  known ;  for  this  purpose,  make  iti=0,  the  fornmla  gires  f 
making  ms=l,  it  gives  Si,  and  so  on  to  the  sum  of  the  powers  required. 

If  the  progression  -^a.a-^<5.a4-'2<'-***  is  replaced  by  ~-1.2.3.....\  > 
die  series  of  natoral  numbers  from  1  to  N),  i.  e.,  a^l,  ^=1,  {=rN,  iimls 
mula  (1)  becomes 

If  m=0,  (2)  becomes 

NH*— 1  N-1 


Ifmsl, 
Ifm8s2, 


So=No+-5-pj-=l+-.3— =N 


N(N+1) 
"       2 


*"       »    3      3      2       2  '3  '3' 
_N^     N«     N     2N»+3N«+N 
""3  "^2  +6*"  6 

N(N+1)(2N+1) 

^«=  6 ,5 

formula  (3)  expresses  the  sum  of  l°«|-^'4'«^«*"  ^  N  terms,  or  of  Ul 
4.1...  to  N. 

EXAMPLES. 

(1)  If  mr=0  and  Ns=10,  So=N=irlO. 

Formula  (4)  expresses  the  sum  of  1+2-^3.... -|-N. 

(2)  If«=landN=10  Si=^^^^^^=s^=55. 

Formula  (6)  expresses  the  sum  of  l«-|-2«+3* +N*. 

10X11X21 

(3)  If  m=2  and  N=10,  8,=: — -  ^  =385. 

PILING  OF  BALLS  AND  SHELLS. 

342.  Balls  and  shells  are  usually  piled  in  three  different  forms,  csDedtnu- 
gular,  square,  or  rectangular,  aecovding  as  the  figure  on  which  the  pite  R^ 
is  triangular,  square,  or  rectangular. 

(1)  A  triangular  pile  is  formed  by  continued  horizontsl  courses  of  bails  <^ 
shells  laid  one  above  another,  and  these  courses  or  rows  are  usually  eqo&teiii 
triangles  whose  sides  decrease  by  unity  fiiom  the  bottom  to  the  top  toit,  whkh 
is  composed  simply  of  on«  shot. 

Denoting  by  N  the  number  of  balls  contained  in  one  side  of  the  eqnihtca! 
triangle  which  forms  the.  base  of  the  triangular  pile,  it  is  evident  tbat  the  rm' 
ber  of  balls  in  the  base  will  be  expressed  by  1^24-3  .  .  .  4-N  or  Si  wliki 
Iqr  (4)  is  equal  to 
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If  in  tnis  expression  N  is  snccessiTely  replaced  by  the  numbers  1,  2,  3 

tlie  number  of  balls  in  the  snccessiye  layers,  beginning  at  the  top,  will  be  ob< 
t&Lined.      These  are, 

in  tlie  first,  -~--:=I ; 

2*4-2 
in  tlie  second,  — o    ^=*^ » 

in  the  third,  — 5~=^  ♦ 

in  the  fourth,  — ^=10. 

'Whence  the  smn  of  the  whole  number  of  balls  contained  in  the  pile  is 
1«+I     2»+2     3«+3  N«+N 

2    +     2    +""2~  •  '  •  +~2~"' 
which  is  sometimes  used.    A  better  form  may  be  obtdned  from  this  by  writing 
it  first  * 

l«4-2«4-3« hN«     1+2+3...  +N 

2  +  2  • 

CMT 

S^+Si     1/2N»+3N«+N     N«+N\     N»+3N«+2N 
2      •"2\  6  +     2     /•"  6 

or 


N(N+l)(N+2) 
6  • 

the  most  convenient  expression  for  the  number  of  balls  in  a  triangular  pile 

EXAMPLE. 

How  many  balls  in  a  triangular  pile,  the  side  of  whose  base  contains  35  ? 

o 
(2)  A  square  pile  is  formed  by  continued  horizontal  courses  of  shot  laid  one 
above  another,  and  these  courses  are  squares  whose  sides  decrease  l^  unity 
from  the  bottom  to  the  top  row,  which  is  also  composed  simply  of  one  shot ; 
and  hence  the  series  of  balls  composing  a  square  pile  is 

where  N  denotes  the  number  of  courses  in  a  pile. 

EXAMPLE. 

If  a  side  of  the  base  of  a  quadrangular  pile  contains  35  balls,  how  many  in 

the  pile  ? 

35X36X71 

Ans. r =14910. 

o 

(3)  A  rectangular  pile  is  one  in  which  the  layers,  except  the  uppermost,  are 

tnanged  in  rectangles.    Representing  by  tn+l  the  number  of  balls  in  the 

top  row,  the  layer  below  it  must  cpotain  2  rows  of  m+2  balls,  the  next  layer 

3  rows  of  ni+3  balls,  and  so  on,  to  the  N'*,  which  contains  N  rows  of  m+N 

bftOt  each ;  and  the  number  in  this  pile  is 
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(m+l)+2(m+2)+3(m+3)+4{m+4)+  ....  N(m+N) 

=ll^+2lll+3m+4m^ Nm+l«+2«+3«+4•^ ^'^ 

ssm(l  +  2-f  3+4+  .  .  .  .N)+  square  pile 

N(N+1)       ^ 
= — j-^ — '  .  m+  square  pde. 

(4)  The  number  of  baDs  in  a  complete  triangular  or  square  pile  im' 
jently  depend  on  the  number  of  courses  or  rows ;  and  the  number  of  ic!s 
a  complete  rectangular  pile  depends  on  the  number  of  courses,  and  aboet. 
number  of  shot  in  the  top  row,  or 'the  amount  of  shot  in  the  latter  pOe  depei 
on  the  length  and  breadth  of  the  bottom  row ;  for  the  number  of  con 
equal  to  the  number  of  shot  in  the  breadth  of  the  bottom  row  of  the  ts 
Therefore,  the  number  of  shot  in  a  triangular  or  square  pile  is  afaoctkastX 
and  the  number  of  shot  in  a  rectangular  pile  is  a  function  of  N  and  m. 

The  expression  for  a  rectangular  pile, 

N(N+1)_     N(N+1)(2N+1) 
__ ^^ . , 

may  be  written 

M±l)(^«i+l)^^N(N+l)P(.+N)+»+l]. 

But  m+ 1  is  the  number  of  baDs  in  the  top  row,  N  is  the  number  m  tliessair 
aide  of  the  base,  and  m+N  the  number  in  the  greater  side,  2(n4-Xi3« 

u     .     ..                  „,                 ..                         N{N+1).    ^ 
number  m  the  two  parallel  greater  sides ;  rooreoTer* r u  th«  nms 

of  balls  in  the  triangular  face  o£  each  pile ;  hence  we  hare  also  this  gessi 
«>ttle  for  rectangular  or  square  piles. 

RULE. 

*  Add  to  the  number  of  balk  or  shells  in  the  top  row  the  numbers  in  i&'i 
|jarallels  at  bottom,  and  the  sum  multiplied  by  one  third  of  the  slant  mt 
fiice  gives  the  number  of  balls  in  the  pile. 

EXAMPLES. 

(1)  How  maqy  balls  are  in  a  triangular  pile  of  15  courses  ?       Am.  ^ 

(2)  A  complete  square  pile  has  14  courses :  how  many  balls  are  intbifft 
and  how  many  remain  after  the  removal  of  6  courses  ?     Ans.  609  and^Si- 

(3)  In  an  incomplete  rectangular  pile,  ^e  length  and  breadth  at  bottnr. 
respectively  46  and  20,  and  the  length  and  breadth  at  top  are  35  and  9:^ 
many  baUs  does  it  contain  ?  Ads.  71^- 

(4)  The  number  of  balls  in  an  mcomplete  square  pile  is  equal  to  6  ^ 
the  number  removed,  and  the  numbei^  of  courses  left  is  equal  to  the  taak 
of  courses  taken  away :  how  many  balls  were  in  the  complete  pile  ? 

Ads.  3^ 

(5)  Let  &  and  k  denote  the  length  and  breadth  at  top  of  a  recta^-^ 
truncated  pile,  and  N  the  number  of  balls  in  each  of  the  slanting  edgei ;  tb» 
if  B  be  the  number  of  balls  in  the  truncated  pile,  prove  that 

B=^  I  2N»+3NtA+;fc>+6AJfc— 3(A+Jt+N)+1  \ . 
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VARIATION. 

343.  Let  a  Jenote  a  constant  quantity,  or  one  which  does  n.  t  change  its 
V  filrie,  and  x  a  rariable  which  is  supposed  to  increase  or  diminish? 

The  product  of  the  quantities'a  and  x  being  denoted  by  X,  if  x  is  increased 
ur  diminished,  X  will  be  increased  or  diminished  in  the  same  proportion. 
Thus,  if  a:  become  x',  and,  consequently,  X  become  X',  we  shall  have 

X  :  X'  : :  X  :  X', 
fur  > 

€LX        X        X 

aar=X  and  tfr'=X' .-.  —  =:p=^,  or  a: :  a:' : :  X :  X'. 

Under  these  circumstances  X  is  said  to  vary  directly  as  x. 

The  symbol  of  variation  is  cc  ;  and  the  expression  X  varies  directly  as  x,  it 

indicated  by  the  combination  of  symbob  X  cc  x. 

344.  If  (he  product  of  x  and  y  be  constant,  >^d  x,  y  both  variable,  since 

ary=x'y'=C,  , 

■•\  •  xix'iry'iy ::-:-. 

-    In  this  case  as  x  varies  as  the  reciprocal  of  y,  x  is  said  to  vary  inversely  as  y, 
and  the  symbolical  expression  is 

■>.  1 

— r  xa  -. 

y 

■  -'•  If  xyssX  and  x'y':=X',  then  X  :  X' : :  xy  :  x'y'. 

The  variation  of  X  in  this  case  depends  on  the  variation  of  two  qaantities 
r  and  y,  which  is  expressed  thus, 

X  Gc  xy.  • 

'"''  X  X'  XX' 

■di^      345.  If  xys=X  and  x'y'==X',  then,  x= —  and  x'=--r  .•.  x  :  x' : :  —  :  -7. 

In  this  case  x  is  said  to  vary  as  X  directly,  and  as  y  inversely.     The  symbol  is 

X 

xoc— . 

aiw'  y 

•J  XV  V        X 

^         346.  Letx«y,i.e.,:t:a:'::y:y'orp=— ,andletyatz,i.e.,y  y; z::z' or ^=s-; 

^  .-.  -;=-7orx:;r':;z:2'i  1.  e.,  xaz; 

uiat  is,  if  one  quantity  vary  as  a  second  and  the  second  as  a  third,  the  first 

3  pi}gsr  varies  as  the  third. 

J        347.  In  like  manner,  if  xoc  y  and  y  oc  -,  x  oc  -. 

COEp."  *  * 

Again,  let  xocy  and  zoc  y  .•.  xaz,  or  x:x'::z:z',  orx:2::x':z'; 
i8tt«^  .-. x±2S2::a^dbz':2'i  or  x±2:x'±2'::2:2'. 

thcilt'S     But  ziz'::y:y\  .•.x±z:x'±z'::y:y'.  i.e.,yacx±2. 

)«^       Again,  since  x x  y,  x:x^ :  i  y :  y'»  and  since  z  ac  y,  z :  2' : :  y :  y',  .«.  xz :  arz 
,    .  y* :  y'*,  and  Va» :  V^^' : :  y :  y',  or  y  a  -/«  »  t^at  is,  if  two  quantities  vary 
H^in  respectively  as  a  third,  their  smn,  di/Terence,  or  square  root  of  then-  product, 
faries  as  this  third  quantity. 
348.  If  X  GC  y  and  *?i  be  a  constant  quantity,  integer  or  fractional,  since  x :  y : : 
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x'ly',  .*.  x:y::iiir^:ifiy'  (Art.  127),  i.  e.,  xxmy ;  that  im^  if  one  qnantitTTi^ 
as  another,  it  varies  as  any  multiple  or  part  of  this  other. 

When  xccifj  and,  consequentlj,  x  x  my,  so  that  x :  j:^  : :  my :  najr'  «-  x :• 
itx'imy't  then,  if  x=my,  x'  will  be  equal  to  my*  in  all  cases ;  wiienoe,  f: 
vary  as  y,  x  is  eqaal  to  y  multiplied  by  some  constant  quantify. 

349.  If  X  and  Y  are  two  corresponding  values  of  x,  y, 

Xsssiiix ,  •*•  iSss^  { 

from  which  it  follows  that,  when  two  corresponding  valaes  of  x,  jf  are  kcowi. 
the  constant  m  may  be  found. 

350.  Let    xay  .•.  x:x'::y:y' .-.  x*:i'"::y":y'*  .-.  x^xy-; 

m  being  any  exponent  integer  or  fractional.  Whence,  if  ooe  qaantitjr  vaiy  u 
another,  any  power  or  root  of  the  first  quantity  will  vaiy  as  the  same  pcnrsr 
or  root  of  the  second  quantity. 

351.  Let  xxy,  and  let  t  be  another  quantity,  either  Tariable  or  constant,  aad 
of  which  f,  f  are  either  equal  or  different  values.    Than,  mnce 

/ty,  X : x' : : y : y',  and  tit::  tit; 

.♦.  xtix't'  ::yt:  y't,  or  xt  «y<  ; 

a:  x^     y  y'       x  y 
•j:^,::j:^,or-ocj, 

that  is,  if  one  quantity  vary  as  another,  and  if  each  of  them  be  mnltipfied  or 

divided  by  any  quantity,  variable  or  constant,  the  products  or  quotients  w^ 

Vary  as  each  other. 

X     y       X 
Consequendy,  if  x  oc  y,  -  ac  -,  or  -  ac  1. 

.    Whence,  if  x  ac  y,  -  is  constant. 


352.  Let 

xyacX,  i.  o.,  zyrx'y'irXiX 

by  alternation. 

xy:X::x'y':X'; 

XX'          X 

,.y:^::y.:^,.y,_ 

X 

and  similariy,  x  x  — ; 

that  is,  if  the  product  of  two  quantities  vary  as  a  third  quantity,  each  of  tb« 
'  two  quantities  varies  as  the  third  directly,  and  as  the  other  inversely. 

353.  If  Xs=X'=  constant,  xy :  1 : :  x'y' :  1 ; 

.'.  x:-:  :x':-,,orxa-; 

y       y        y 

that  is,  if  the  product  of  two  variable  quantities  be  constant,  these  quantitiH 
vary  inversely  as  each  other. 

354.  Let  a  be  a  constant,  and  x,  y,  z  variables,  and  let 

a :  X : :  y :  2,  a  :  x' : :  y' :  2',  &c. ; 

.•.  ozrsxy,  a2'=xy,  &c. ; 

.'.  02 :  crz' : :  xy :  x'y',  or  2 : 2' : :  xy :  x'y' 

.•.2ac2y; 

that  is,  if  four  quantities  are  always  proportional,  and  one  or  two  of  them  an 

constant,  the  otiiers  being  variable,  it  can  be  found  how  the  latter  vary. 

355.  Let  X,  y,  z  be  three  quantities,  of  which,  xacy  when  z  is  constut,  and 
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j:  Gc  z  ^rhen  y  is  coDstaat ;  it  is  required  to  determine  the  variation  of  x  when 
y^  X  are  both  variable. 

Suppose,  first,  that  x  is  made  to  vaiy  as  y,  and  that  when  y  becomes  y\  x 
becomes  x'. 

Next,  that  x'  (varied  from  x  by  the  variation  of  y)  is  made  further  to  vary 
as  z,  and  that  when  z  becomes  z',  or'  becomes  x^'.    Then,  since 
x:x'::y:y\  and  i' : x" : z : 2' 
.*.  xx' :  x!jf' : :  yz :  y'z', 
or  '  ar :  r" : :  yz :  yfz' ; 

i.  e.,  XQcyz. 
Therefore,  if  x  vary  as  y  when  z  is  constant,  and  as  z  when  y  is  constuH* 
when  y,  z  are  both  variable,  x  varies  as  the  product  yz. 

Similarly,  it  can  be  proved,  that  if  t  vary  as  v,  x,  y,  z  separately,  the  others 
being  constant  when  0,  x,  y,  z  are  all  variable,  t  varies  as  the  product  vxyz* 


SYMMETRICAL  FUNCTIONS  OF  THE  ROOTS  OF  AN  EQUA- 

TION. 

356.  There  are  certain  functions  of  the  roots  of  an  equation  which  may  be 
expressed,  in  a  general  manner,  by  means  of  the  coefficients  of  that  equation, 
without  the  equation  itself  being  resolved. 

These  functions,  which  form  a  very  extensive  class,  are  termed  rational 
and  symmetric  functions,  or  simply  symmetric  functions. 

They  are  called  reUionalj  becanse  the  roots  do  not  enter  into  them  under 
the  radical  sign,  nor  with  fractional  exponents ;  the  roots  are  combined  only 
by  addition,  subtraction,  multiplication,  and  division.  These  functions  are 
called  symmetric^  because  the  roots  are  combined  in  such  a  way  that  any  two 
of  them  may  be  interchanged  without  altering  the  value  of  the  function. 

For  example,  the  expressions 

ab      ac      he 
ac+hc+ah,  a«+6»+c»,  — +^,+— -3a6c 

are  rational  and  symmetric  functions  of  a,  5,  c. 

All  the  coefficients  of  an  equation  are  symmetric  functions  of  its  roots,  as 
may  be  seen  in  the  expressions  for  the  coefficients  in  Art  245 ;  for,  in  these 
expressions,  if  a^  were  written  in  every  place  where  a^  occurs,  instead  of  a,, 
and  03  in  every  place  where  Oi  occurs,  instead  of  aj,  or  if  any  other  two  of 
die  roots  were  interchanged,  the  values  of  the  expressions  would  not  be 
altered. 

Several  quantities,  a,  5,  c,  &k;.,  being  given,  if  we  arrange  them  two  and 
two,  in  every  possible  way,  and  if  in  each  arrangement,  e.  g.,  ab,  we  give  the 
exponent  a  to  the  first  factor  and  the  exponent  fi  to  the  second,  we  have  a  se- 
ries of  products  such  as  a'hfi,  whose  sum  is  evidently  a  symmetric  function 
of  the  quantities  a,  6,  c,  6cc.  This  function  is  called  a  double  function,  be- 
cause each  term  contuns  two  of  the  given  quantities;  it  is  represented, 
abridged,  by  S(a'6^),  the  letter  S  being  here  employed  to  denote  the  word 
sum.  In  like  manner,  triple,  quadruple,  6cc.,  symmetric  functions  are  repre- 
sented by  Sia'^b^cY),  S(a«fc^c^^),  &c. 

In  accordance  with  this  notation,  simple  symmetric  functions,  as  o'-f-fr* 

/ 


\ 
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-(-c*-f-««>M  ^f^  ^  represented  by  S(a*),  which,  for  the  sake  of  abndec^ 
is  ordinarily  written  Sa.     In  like  manner,  we  have 
Si=a  4.6+C+... 

&c.  &c. 

The  notation  of  which  we  have  been  speaking  applies  to  entire  sjmmetr* 
fuDctiona;  but  when  the  terms  of  a  symmetric  fonctioa  are  fraetiofiaL  w* 
can,  by  reducing  them  to  a  common  denominator,  express  the  faaetioa  bj  \ 
•ingle  fraction,  whose  numerator  and  denominator  are  integral  sjrnuDetnc 
foBtCGons.    Thus : 

ah      €u:      he 

which  IS  a  finctional  symmetric  function  of  a,  5,  c,  becomes,  by  rediictHMi, 
a*b*+a*c^+h*c*-^6a*b*c^ 

357.  An  equation  heing  given^  to  find  the  sums  Si,  S|,  &c.,  ^  the  Uke  wd 
entire  powers  of  its  roots. 

Let  the  equation  be  X=0, 
or  x"+Pa-'-»+Qz»-«+Kj:^>  . . .  +Tx+Us=0  ....  (I) 

and  call  the  m  roots  a,  6,  c,  <f . 

We  can  find  by  Art.  238  the  quotients  obtained  by  dividtng  X  by  each  of  ito 
fiu^rs,  X — a,  r^5,  x^c,  dec. ;  and  we  know  (Art.  253)  that  by  adding  tfaes» 
m  quotients  together,  the  sum  must  be  equal  to  the  derived  polynomial  1L\  a 

ma-»--»+(m— l)Px"-«+(m— 2)Qx»-«+(m--3)Ra---* J-T. 

The  coefficients,  therefore,  of  the  pbwers  of  x,  in  this  sum,  must  be  equsl  (0 
the  coefficients  of  the  same  powers  of  x  in  the  derived  polynomial  X%  each  tn 
each.    In  this  manner  the  required  sums  can  be  determined. 

Let  us  take,  then,  the  quotient  of  X  divided  by  x— a, 
X 


•=x»-"+o  x«-«+a« 
+p|        +Pa 

+Q 


x»-»+a« 
+  Pa' 

+R 


+T. 
In  order  to  have  the  other  quotients,  it  wiD  be  sufficient  simply  to  substitata 
for  a,  in  this  expression,  successively  &,  c,  d,  6cc.    If  we  add  these  quotient 
and  put  Si,  Sj,  S3,  &c.,  instead  of  the  sums  a+6+c+  . . .,  a'+5«4.<«-f .. 
a'-(-&'-|- <:>-(-  •  •  M  we  shall  have 


+mP|        +PS| 
+mQ 


X"-»+S,    |x»-^....+S^t 
+PSj  +PS,^ 

+QSi'  +QSi« 

+mR  +RS»^ 


+111T. 
Hence,  equating  tiie  coefficients  of  corresponding  terms  in  these  dentieil 
ftxpressioos,  we  get 
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Si+mP=r(»i— 1)P, 
S8+PSi+mQ=(m-2)Q, 
S3+PSa+QSi+mR=(m— 3)Rt 


or«  •unplifyiDg, 


S».^i+PSm+QS„^ +mT=:T, 

Si+P=0, 

S,+PS,+2Q=0, 

S,+PSa+QSi+3R=0,  (2) 


S^i+PS^^+QS^  . .  .  +(m-l)Ts=0. 
By  means  of  lliese  equations  it  will  be  easy  to  calculate  snccesewelj  Si,  S„ 
Sa,  dec.,  and,  finally,  Sm-i,  i.  e.^  the  sums  of  all  the  similar  powers  of  the  roots 
'whose  index  is  less  than  the  degree  of  the  equation.    In  order  to  determine 
the  sums  of  the  higher  powers,  expressed  by  S^,  S^+it  Sm+g,  &c.,  we  substi 
trite  successively  a,  6,  c, . . .  in  equation  (1),  and  thus  obtain 

a-+Pa»-i+Qa'»-« [.Ta+U=0 

6»+P6»-i  +  Q6«-« 4.T6+U=:0 

&c. 
We  multiply  these  m  equalities  respectively  by  a"^,  5",  6cc.,  and  then  add 
them ;  we  thus  obtain 

S.H.«+PS™+„_i+QS„+^ +TS.+i+USn=0. 

We  can  make  successively  n=sO,  I,  2,  &c.,  and  thus  determine  Sn,  Sm^i, 

Sm^^ ;  we  find 

S„    +PS„^i+QS^  .  .  .  +TSi+US..=0 
S„+i+PS™    +QS„^i . . . +TS,+U5|=0  (3) 

S„4^+PS„H-i  +QS„  . .  .  +TS,+US,=0 
In  tiie  first  of  these  equations  we  can  put  in  place  of  USof  mU,  for  8q 
=za9+h^+<fi+  . .  .  =m;  we  shall  thus  find  that  these  formulas  follow  the 
same  law  with  those  in  (2).  By  means  of  the  first  of  these  we  can  determine 
Sm,  and,  passing  successively  to  each  of  the  succeeding  formulas,  we  shall  be 
sble  to  determine  each  new  sum  by  means  of  the  sums  already  calculated. 

It  may  be  well  to  observe  that  all  the  sums.  Si,  S3,  Ss,  &c.,  may  be  ex- 
pressed without  any  denominator  in  functions  of  P,  Q,  R,  dec.  This  results 
from  the  fact  tiiat  the  first  term  in  each  of  the  relations  (2)  and  (3)  has  unity 
for  its  coefiScient. 

EXAHFLKS. 

(1)  For  a  numerical  application  take  the  equation  x'-^ 7x4*7=0.  Bere 
PrrO,  Q=— 7,  R=7.  Since  P=0,  the  relation  S|+P=0  gives  Si=0. 
The  rebtions,  then,  which  determine  the  sums  Si,  S2, .  •  •  S^  reduce  them- 
sehesto 

Si=0,  Sj-J-2Q=0,  S3-(-3R=0, 
S4-^QS8=0,  S«-t.QS5-hRS,=0,  S6+QS4-^RS3=0; 
and,  by  substituting  the  values  of  Q  and  R,  we  readily  find 

Si=0,  Sa=14,  S8=— 21,  S4=98,  S6=— 245,  S6=833. 

(2)  Calculate  the  sums  of  the  similar  and  entire  powers  of  the  roois  of  th 
equation  x*— x»— 19x«4-49x— 30=0. 

An8.S,=l,  S,=39,  83=  -89,  S4==723,  S.ss— 2849,  S«=16419.  6ce. 
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(3)  r*+ra:+«=0 

Ana.  Si=0,  S,=0,  Sasr— 3r,  84=— 4<,  S6=0,  S,=3>'. 

358.  In  the  equation  S„,+,+  PS»4^i+QS,^a-« f-TSe+,+US.=t 

n  can  be  a  negative  number,  and  thus  the  sums  of  the  negative  powen  a  & 

roots  can  be  determined.    But  it  will  be  more  simple  to  change  x  into  *  e 

the  proposed  equation,  and  to  find  successively,  by  means  of  formuks  (2) k 

(3),  the  sums  of  the  positive  powers  of  the  roots  of  the  transformed  eqoi&K. 

It  is  evident  that  these  powers  are  die  negative  powers  of  a,  6,  e, .. .. 

359.  To  determine  dovble,  triple^  ^.,  Junctions^  represented  by  S(a^ 
S(a'6^cy),  &c. 

In  order  to  find  S{c^lr)  we  multiply  together  the  two  sums 

we  have 

S.S/j=a«-^+6'+^+c«+^+  .... 
+a'6^  -\-a^<^  +V(P  4-  • .  f . 
This  product  contains  two  series  of  terms.  The  first  series  is  the  som  of  l^ 
the  powers  04./?  of  the  roots,  and  may  be  expressed  by  S^^^ ;  ^  waL 
series  is  the  sum  of  all  the  products  which  are  formed  by  rooUip^  "^ 
power  a  of  any  root  whatsoever  by  the  power  /?  of  any  other  root,  ud  on 
be  expressed  by  S(a'&/?)«    We  have,  then, 

S«+/j+S(a«6/^)=SaS^; 
■nd  from  this  equation  we  derive,  for  double  functions,  tlie  formula 

To  find  the  triple  function  Sial'lfic^  multiply  together  the  three  ma 
a'»+6*+c*+...=S«, 
a^+&^+c^+...=:S^, 
a''+6y+c''+...=Sy. 
The  product  is  a  symmetric  function,  which  evidently  comprisei  d  thi 
terms  contained  in  each  of  the  ty^  forms 

a.+/H^,  ,^ftr,  «.+rj/J,  a^h\  o'i^c'; 
bence  we  have 

•S^/H^+S(«-Wft'')+S(«"+>'6'')  I 

+S(««^f)+S(««6^c^)  j=S«^^- 
Bat  the  formols  for  donUe  functiong  gives 

S(a'^6')=Sij^^S.-SrH»+r 
By  substituting  these  values  in  the  preceding  equality,  and  then  dsrifi^ 
from  this  equality  thd  value  of  &(a!'lPc^),  we  obtain  for  triple  fimctiooi  tfai 
formula 

In  the  same  manner  might  the  quadruple  function  B(a^lP<?d^),  or  the  sos 
of  any  succeeding  combinations,  be  expressed  bF  the  sums  of  Che  powen* 
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360.  Every  rational  and  symmetric  algehraie  Junction  of  the  roots  of  am 
equation  can  he  expressed  rationally  by  the  coefficients  of  that  equation* 

Since  Si,  Sg,  Ss,  &c.,  can  be  expressed  without  denominators  (Art.  357)  m 
fiinctions  of  the  coefficients  of  the  proposed  equation,  and  the  double,  triple, 
quadruple,  &c.,  functions  can  be  expressed  bj  the  sums  of  the  powers,  it  fol- 
lo'ws  that  all  these  symmetrical  functions  can  be  expressed  by  integral  func- 
tions of  the  coefficients.  And  as  every  symmetrical  polynomial  in  a,  6,  c . 
must  be  composed  of  the  assemblage,  by  addition  or  subtraction,  of  several 
symmetric  functions  of  the  form  S(a'^b^<P'd  . . .),  it  follows  that  the  value  of 
ev^ry  rational  symmetric  function  whatever  of  the  roots  of  an  equation  (with- 
out the  roots  being  known)  can  be  expressed  by  the  coefficients  of  the  equa- 
tion. 

USB  OF  SYMMETRIC  FUNCTIONS  IN  THE  TRANSFORMATION  OF  EftUA 

TI0N8. 

361.  Symmetric  functions  present  themselves  in  the  transformation  of 
equations,  whenever  the  roots  of  the  transformed  equation  must  be  rational 
functions  of  the  roots  of  the  given  equation. 

Let  a,  6,  c  ...  be  the  roots  of  the  given  equation ;  for  the  sake  of  detinite- 
ness,  I  suppose  that  two  of  its  roots  enter  into  the  composition  of  each  root 
of  the  transformed  equation,  and  I  represent  by  F(a,  b)  the  rational  function 
which  expresses  the  law  of  this  composition. 

Suppose  that,  after  we  have  made  all  these  combinations,  two  and  two,  of 
a,  b,  c  ...  we  put  successively  in  F(a,  h)  instead  of  a  and  h,  the  two  roots  of 
each  arrangement,  it  is  clear  that  we  shall  thus  have  all  the  roots  of  the  trans- 
formed equation,  to  wit : 

F{a,  6),  F(a,  c), ,  F(ft,  a),  F(6,  c> &c. 

Consequently,  this  equation,  decomposed  into  &ctors,  wiH  be 
[z— F(a,  b)]  [2— F(a,  e)] =0. 

This  product  does  not  vary  in  making  between  a,  5,  c . . . .  the  proposed  ex- 
change ;  for,  if  we  make  the  change,  the  factors  tan  only  place  themselves  in 
some  other  order.  We  are  sure,  then,  that,  after  the  multiplication,  the  co- 
efficients of  the  different  powers  of  z  will  be  symmetric  and  rational  functions 
of  0,  6,  <> .  .  • 

Thus,  by  following  the  method  of  procedure  hitherto  explained,  we  can 
express  these  coefficients  by  means  of  those  of  the  proposed  equation. 

362.  But  there  exists  another  method,  often  preferable,  of  empbying  sym- 
metric functions. 

It  is  founded  on  the  observation  that  the  relations  [2]  and  [3]  in  Art.  357, 
existing  between  the  coefficients  of  an  equation  and  the  sums  of  the  similar 
powers  of  its  roots,  can  be  used  to  discover  the  coefficients  of  the  equation 
when  they  are  unknown,  provided  we  know  these  sums  as  far  as  that  sum  of 
the  powers  whose  order  is  equal  to  the  number  of  imknown  coefficients,  t.  e., 
to  the  degree  of  the  equation. 

Hence,  to  arrive  at  the  transformed  equation,  we  determine,  first,  of  what 
degree  this  equation  is  to  be.  We  next  find  the  sums  of  the  first,  second,  &c., 
powers  of  its  roots,  as  far  as  the  sum  of  the  powers  whose  order  is  equal  to 
the  degree  of  this  transformed  equation ;  then,  by  means  of  these  sums,  we 
calculate  the  unknown  coefficients.    It  is  clear  that  these  different  sums  are 
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symmetric  functions  of  the  roots  of  the  proposed  equataon*  Bud  that  thpj  a 
be  expressed  by  the  coefficients  of  this  equation.  Hence  tfaejr  can  readJr  ^ 
determined. 

363.  As  an  illustration  of  the  preceding  method,  I  will  resume  here  i« 
question  of  the  equation  of  the  squares  of  the  differences,  afa-eadj  treated  . 
in  Art.  278.  Symmetric  functions  give  the  roost  umple  suid  elegpnt  aoiuiu 
of  which  it  is  susceptible.     The  question  is  this : 

To  find  the  equation  whose  roots  are  the  squares  of  the  differences  of  .'V- 
foots  of  a  given  equation, 

:r«+Pj— »+Qz»-^-| =0 [A] 

Represent  the  transformed  equation  by 

2-+JP2— i+yz-^+rs-^-l J-to+ti=0  .  •  •  [B] 

The  m  roots  of  [A]  being  a,  &,  c  . .  .  those  of  [B]  will  be 
(a— 5)».  (a— c)«,  (a— rf)«,  .  .  .  (6— c)«, .  .  .  (ft—c/)*,  (c— <£)«,  .  .  .  &c 

The  number  of  these  squares  b  evidently  that  of  the  combinatioos,  two  sod 
two,  that  can  be  made  with  the  m* quantities,  a,  6,  c  .  .  .  ;  heace  the  degree  d 
the  required  transformed  equation  will  ben=^m(m — 1). 

The  coefficients  p,  q,  r  , , .  may  easily  be  found  when  we  know  the  soioi 
of  the  similar  and  entire  powers  of  the  roots  of  equation  [B]  ;  since  the  soa 
of  the  first  powers  is  equal  to  that  of  the  n^  powers.  Let  us  designate  these 
new  sums,  then,  by/i,y^,y^,  &:c.,  and  find  the  general  value  ofy^  a  being  snj 
entire  and  positive  number  whatsoever. 

The  roots  of  the  equation  [B]  are,  as  has  already  been  stated,  (a — by,  Ac 
Raising  these  roots,  then,  to  the  power  a,  we  have 

/a=(a-6)«'+(a-cr+(a-d)»«  .  . .  +(5-c)*«+.  Sec. 
In  order  to  find  this  sum,  consider  the  expression 

^(x)=:(x-a)«-+(*-6)««+(x-c)>-+ 

which  contains  the  m  binomials  x— a,  x— 6,  x — c If  we  make  in  dsi 

expression  successively  x=a,  &,<;,..  .,  and  add  the  m  results,  we  evideid^ 
obtain  • 

2/.=#(a)+K6)+#W+  •  •  • 

If  we  develop  the  powera  which  compose  ^(x),  we  find 

+,  &c., 
«ir,  more  simply,  by  using  the  notation  S^  S^,  &e., 

Substituting  a,  6,  c  ...  in  this  expression  instead  of  x,  and  adding  the  n- 
•nltB,  we  obtain 

2a(2a— .1) 
S/izsmSaa— 2aSiSM-.i+ — ryg — SiSj.^  .  .  .  -{-faSaa* 

In  this  second  member  it  will  be  perceived  that  the  terms  at  an  equal  dis- 
tance frqpi  the  extremes  are  equal ;  consequently,  stopping  at  the  middle  tenn 
of  the  expression,  and  taking  only  the  half  of  that  term,  we  have  the  geoeiil 
va^ne  of/o,  to  wit, 
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/a=i»S^-2aSxS*,^+?!?^?^SgS^ .... 

2a(2a-l)(2a-2)...(aVl), 
^'-^  1.2.3.. .a  ^•^«- 

A«  the  signs  are  alternately  +  and  — ,  there  wiD  never  be  any  uncertainty 
es  regards  this  last  term.  Let  us  view,  then,  the  operations  which  must  be 
oerformed. 

1°.  We  calculate  the  sums  S„  S,,  S3.,  up  to  Sfl«  by  means  of  the  known 
relations  Si+P=0,  S,+PSi+2Q=0,  &c. 

2°.  In  the  formula  which  expresses  7i  we  make  successively  a =1,  2,  3, 
-  .n,  and  we  thus  have,  to  determine  the  n'sums/i,^,^;,  .../„ 
/,=mSa— SiSi,/s=mS4— 4SxS3+3S,Sa,  &c. 
3°.  FinaDy,  the  relations  exbting  between  these  n  sums  and  the  n  coeffi 
cients  j?,  ^,  r,  . . .  will  give  the  values  of  these  coefficients,  viz., 

P^-fi^  9=-i{A+pfih  r=:-i(f,+pf,+gfi),  &c. 
364.  A  method  entirely  analogous  to  that  which  has  been  employed  in  find 
ing  the  equation  of  the  squares  of  the  differences  can  be  employed  in  a  great 
number  of  cases,  and  particularly  in  those  where  the  roots  of  the  transformed 
equation  are  similar,  and  entire  powers  of  the  difference,  of  the  sum,  of  the 
product,  or  of  the  quotient  of  any  two  roots  whatsoever  of  the  given  equation. 
For  example,  suppose  that  each  new  root  is  to  be  the  power  k  of  the  sum 
a+b  of  two  roots  of  equation  [A].  Taking  nr=^m(m— 1),  the  transformed 
equation  ought  to  have  the  form 

2«+|,2«.-I+gzM-J J-te+ttrsO [C] 

and  if  we  make 

fa={a+hr+{a+c)^+  . . .  +(6+c)^«+,  &c., 
the  calculation  will  reduce  itself  to  expressingy^  by  a  general  formula*    To 
do  this,  we  take  the  function 

^{x):=(x+a)^+(x+b)^+{x+c)^+,  &c., 
tli6  development  of  which  is 

But  if,  before  the  defelopment,  we  substitute  in  ^{x)  successively  a,  5,  e, 
. .,  instead  of  or,  the  sum  of  the  resultants  will  be  equal  to  ^fa+^'S^; 
hence  it  is  easy  to  perceive  that  by  making  the  same  substitutions  in  flM 
^     development,  we  shall  have 

2/.+2^«Ska=»iSka+A:aSiSu-i  •  •  •  +mStj,. 
Finally,  we  derive  from  this  equation  the  required  formula, 

When  ka  is  even,  we  stop  at  the  term  which  contains  S  with  two  equal  in* 
dices,  and  we  take  only  the  half  of  it ;  but  when  ka  is  uneven,  we  stop  at  the 
term  in  which  the  two  indices  are  l{ka — 1)  and  f(^a-f.l),  and  we  take  ths 
entire  term* 

aUADRATIC  FACTORS  OF  EaUATIONS. 
36&.  Eveiy  equation  of  an  even  degree  has  at  least  one  real  quadratic  fiMtor* 
Let  the  prop  ^sed  equation  be 

£e 
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i*4-jpia*-^+jp,r"-«4. . . .  4-^0=0,  having  roots  a,  &,  c,  &c.,  and  let  )i=:. . 
betog  an  odd  number.  Let  it  be  transformed  (Art.  362)  into  ao  e.^^  ■ 
whose  roots  are  the  combinations  of  every  two  of  its  roots,  of  ihe  fonn  =: 
•^b^mdb,  ffi  being  any  number;  also,  let  the  transformed  et^udi^..^ 
fm{y)^=^0;  then  its  coefficients  will  be  symmetrical  functions  of  a,  kd. 
and,  therefore,  rational  and  known  functions  of  pi,  p^  &c. ;  and  its  de^rx  t. 

be '^  which  is  odd ;  therefore,  ^„(y) =0  will  have  at  least  one  real  ret 

whatever  be  the  value  of  m.  Hence,  making  fn=l,  2,  3, . . .  {/f(2^— 1)4-1' 
■uccessively,  each  of  the  equations  ^t(y)=0,  ^(y)=0,  &c.,  wiD  b^vettirt^ 
one  real  root;  that  is,  we  shall  have  fi{2fi — 1)+^  ^^  values  for  comlirrja 
oitwo  roots  of  the  proposed  equation,  of  the  form  a+b'\'fndb ;  but  thfrea!* 
only  fi(2fi — 1)  such  combinations  which  are  differently  composed  of  tit- vii 
a,  5,  c,  &c. ;  therefore,  two  of  these  combinations,  for  which  we  hav? .  i- 
ed  real  values,  must  involve  the  same  pair  of  the  quantities  a,  by  die: 
this  pair  of  roots  be  a,  6,  and  a,  a',  the  real  roots  of  the  correspondisi  r{i 
tions  f^{y)scOj  ^mKy)s=0,  so  that 

a«|-&+ma&=<x«  a+h'i'm'ahssza' ; 
therefore,  a-\-h  and  ah  are  real,  and  the  proposed  equation  has  at  leisu> 
real  quadratic  factor,  and  two  roots,  either  real,  or  of  the  form  ai3^/-i 
Hence  every  equation  whose  degree  is  only  once  divisible  by  2  has  at  ks 
one  real  quadratic  factor. 

We  shall  now  prove  that  if  it  be  true  that  every  equation  has  at  ktst  ^t' 
real  quadratic  factor  when  its  degree  is  r  times  divisible  by  2,  or  when  f =3; 
where  f*  is  odd,  the  same  is  tme  when  the  degree  of  the  equation  b '4'> 
times  divisible  by  2.  For,  let  n=2'+V;  then  the  degree  of  the  tmders- 
equation  will  5e  27i(2'+V — l)i  which  is  only  r  times  divisible  by  2;  thereKR 
by  supposition,  thb  transformed  equation,  ^Bi(y)=0,  wiD  have  two  roots,  enfe* 
real  or  imaginary.  If  they  are  real,  then,  exactly  in  the  same  way  as  k^- 
preceding  case  of  the  index  being  only  once  divisible  by  2,  it  may  be  sbm 
that  the  proposed  equation  has  at  least  one  real  quadratic  factor.  Uthejff 
imaginary,  we  shall  have  y=o±/?-/  — 1,  each  of  which  expresses  the n^ 
of  some  one  of  tiie  combinations  a+h'\-mahy  a+e-^mact  &c.  Snppf» 
therefore,  that  we  have  a+h+mab=:a+0  ^  -^l ;  then,  as  showo  above, r« 
can  give  m  such  a  value  m%  that  ^„.(y)=0  shall  have  a  root  oorre^^^ 
the  combination  of  the  same  letters,  so  that  a'\'b+m'ab:=af'\'p'}/-U^ 
which  equations  we  can  obtain  values  of  a 6  and  a-^-b  under  the  fonos 

ab=zy+6W-l. 

...  a-— (y+d-/— l)x+/+<J'  V  -1  i«  a  factor  of/{x) ; 

but  if  any  real  expression  have  a  factor  of  the  form  M+NV*"^'*^™"*** 
have  one  of  the  form  M — N  -/ — 1 ; 

.-.  2«— (y— d-/— l).r+/— <JV"^  is  a  factor  of/(r); 
if,  therefore,  these  two  expressions  have  no  simple  factor  in  comnwD.  m 
product  will  be  a  biquadratic  factor  of/(r), 

(i*-yx+y')«4.(«Jx-cJ')«, 
which  can  always  be  resolved  into  two  real  quadratic  ftctors.   (See  t^ 
of  Biquad  .utics.)    If  they  have  a  factor  in  common,  since  they  may  be  wnff^ 
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a*-)r+y'-  V^(^^-^).  a^-7ar+/+  V^(<5r-(5'). 
St  can  only  bo  of  the  form  x^e;  and  the  factors  themselves  become 

(r-«+;iV"^IT)(x-e),  (x-ic-A  Vi:r)(x-f) ; 
and,  therefore,  the  proposed  equation  admits  the  real  qaadratic  factor 

Hence  an  equation  whose  degree  =2'+^  will  have  a  real  quadratic  factor, 
provided  an  equation  whose  degree  =2>  has  one ;  but  we  have  proved  this 
to  be  the  case  when  r=l ;  therefore  it  is  universally  true  that  every  equa- 
tion of  an  even  degree  has  at  least  one  real  j^uadratic  factor.  If  now  this  fac- 
tor be  expelled,  the  depressed  equation  will  have  its  coefficients  real  and  its 
degree  even,  and  will,  therefore,  as  before,  have  one  real  quadratic  factor. 
Hence  the  first  member  of  every  equation  of  an  even  degree  may  be  resolved 
into  real  quadratic  factors. 

366.  Hence  if  we  divide  the  first  member  of  any  equation 

hj  xl*'{-ax-{^bf  admitting  no  terms  into  the  quotient  that  have  x  in  the  de- 
nominator,, we  shall  at  last  obtain  a  remainder  of  the  form  A£-|-6,  A  and  B 
being  rational  functions  of  a  and  h;  and  in  order  that  3*~\-ax~\-h  may  be  a 
quadratic  factor  of  the  proposed  equation,  it  is  necessary  and  sufficient  that 
this  remainder  should  equal  zero  for  all  values  of  r,  which  requires  that  we 
separately  have  A=0,  B =0.  The  diffi^rent  pairs  of  values,  real  or  imaginai^, 
of  a  and  b  which  satisfy  these  equations  will  give  all  the  quadratic  factors  of 
the  proposed;  and  as  the  number  of  these  factors  is  ^n(n — 1)  (Art.  244,  Cor. 
2),  ^e  final  equation  for  determining  one  of  the  quantities  a,  (,  obtained  by 
eliminating  the  other  between  the  two  preceding  equations,  will  be  of  the 
degree  ^n{n — 1),  which  exceeds  n,  if  n^3  ;  therefore,  the  determination  of 
the  quadratic  factors  of  an  equation  will  generally  present  greater  difficulties 
than  the  solution  of  the  equation. 

As  the  proposed  equation  has  necessarily  ^n  or  i(n^l)  real  quadratic  fac- 
tors, according  as  n  is  even  or  odd,  there  will  always  exist  the  same  number 
of  pairs  of  real  values  of  a  and  6,  satisfying  the  equations  A=:0,  B=0  ;  and 
if  any  of  these  pairs  of  real  values  be  commensurable,  they  may  be  easUy 
found;  and  the  commensurable  quadratic  factors  being  known,  the  equatioD 
may  be  depressed. 

EXAMPLES. 

(1)  To  resolve  x*—6x»4-na:— 3=0  into  its  factors.  Dividing  by  2*4- ax-|-^ 
we  find  a  remainder, 

(n+2a5+6a— a»)x— (a«b— 5«— 65+3) ; 
therefore,  to  deteitnine  a  and  ft,  we  have 

n+2a5+6a— a'=0, 
fl«5«.6«-.66+3=0. 
Sohring  the  former  with  respect  to  6,  and  substituting  in  the  latter,* we  find 

^a*— 4)'sn>— 64«  or  as=:yji+  Vn«— 64 ;  from  whence  i,  and  die  other 
quadratic  factor, 

2*— ox-fa'— 5— 69 
may  be  deterk'ttned. 
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(2)  The  resdutien  of  x^^-j^z'-l-^x^-l-rx^-f  into  its  two  (jnadmic  fa^ 
''^-mz-l-n,  2*-|-m'x-|-»,  may  be  effected  by  the  following  fonnofe: 

r— gm+pm"— m*     ^     r — yyi^  +P^  ^  — •  y^*"^ 
*~         J?— 2to  •  *'~  J?— 2i»' 

wuere  z  is  a  root  of  the  equation, 

r»— (3p«---8^)2«+(3/i*— 16p«g+165«+16pr— 64»)2--(8r--4p5+p»)'=., 
which  has  necessarily  a  real  root. 

ELIMINATION  BT  8YMMETB.IC  FUNCTIONS. 

367.  Symmetric  functions  furnish  a  method  of  elimination  whidi  he  tJs 
tdraotage  of  making  known  the  degree  of  the  final  equation. 

Let  the  two  equations  be 

x^+Px-^-i-hftr-^+Rr— •...=0 (1) 

a*+P'^"*+Q'^"^+B''*^---=*^ (2) 

in  which  P,  Q. . .,  P',  Q'. . .  are  functions  of  y.  If  we  could  resohre  (1)  ^m 
respect  to  x,  we  would  derire  from  it  m  values,  a,  6,  c. . .,  of  z,  whidi  woi 
bf»  functions  of  y ;  and,  by  substituting  these  tbIuos  of  x  in  eqnatioo  (2).  we 
would  have,  for  determining  the  values  of  y,  m  equations  free  from  z,  ia^ 

6«+P'6-»+Q'6-^+R'6-*...=o5   .  .  .  .  (3) 

c"4-P'c»-»4-Q'c— '+R'<?"*^-'-=0  3 
&c.  &c. 

Bnt,  in  general,  the  resolution  of  equation  (1)  is  impossible,  and  the]in#> 
lem  is  to  obtain  a  final  equation  which  embraces  all  the  values  of  y  vn&si 
distinction. 

We  shall  have  an  equatk>n  which  will  fiilfiD  this  condition  by  moltipl^' 
ti^ther  the  m  equations  (3),  for  the  resulting  equation  wiB  be  satisSeii^ 
each  value  of  y  derived  from  any  one  of  them,  and  it  can  not  be  sa&s&d  s 
any  other  way.  But  the  fiu^tors  of  this  resultant  can  only  diange  f^oes, 
whatever  permutations  we  may  make  between  the  quantities  a,  6,  c...;  tlv 
product,  then,  will  only  contain  entire  and  rational  symmetric  fanefioBS  d 
tihese  quantities ;  hence  we  shall  be  able  to  express  these  factors  bj  seis 
of  the  coefilcients  of  equation  (1),  and  in  this  way  we  shall  have  the  fiail  e^a- 
tiott  in  y. 

This  method  of  elimination  leads,  in  general,  to  very  tedious  caknlit^- 
but  it  has  the  advantage  of  giving  a  finnl  equation  containing  all  the  roots  thtf 
it  ought  to  embrace,  without  any  complication  of  foreign  roots. 

368.  This  method  has  also  the  advantage  of  leading  to  a  general  tbeorea 
with  respect  to  the  degree  of  the  final  equation.  In  the  precediog  artktetb 
first  equation  is  of  the  degree  m,  the  second  of  the  degree  n,  and  P,  Q--*  ^• 
Q'. . .  are  any  functions  whatsoever  of  y ;  but,  for  the  theorem  to  qnestko, 
these  foQCtions  must  evidently  be  polynomes,  such  that  the  sum  of  the  ^ 
ponents  of  x  and  y  shall  be,  at  most,  equal  to  m  in  each  term  of  eqoatioo  (i\ 
and,  at  most,  equal  to  n  in  each  term  of  equation  (2).  We  have,  tbeo,  ^^ 
termite  to  what  degree  y  can  be  raised  in  the  symmetric  fonetaiDi  wticfi 
compose  the  product  of  equations  (3). 

Each  term  of  this  product  is  the  product  of  m  terms  taken  rospeetivelf  ^ 
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tbe  m  equatioiw  (3) ;  hence,  designatiDg  these  tonus  by  Ya",  Y'6^,  Y"i^,  the 
term  of  the  product  will  be  YY'Y". . .  a'^bPc^ ...  But  the  product  of  these  m 
equations  being  symmetric  with  respect  to  the  quantities  a,  5,  c...,  all  the 
t«rtns  should  have  tbe.  same  form  with  the  one  that  we  have  given  above ; 
consequently,  we  kno^  that  the  product  embraces  all  the  terms  represent- 
ed by 

YY'Y"...xS(a«6V...) (4) 

We  have  now  to  determine  the  degree  of  y  in  this  expression.  Obsei-ving 
that  the  degree  of  y  in  Y  is,  at  most,  equal  to  n-^a,  in  Y'  to  n— /?,  in  Y^'  to 
n — 7,  &c.,  we  shall  readily  see  that  in  YY'Y".. .  its  degree  will  be,  at  most, 
equal  to  mn^-a — /? — y....  On  the  other  hand,  if  we  refer  back  to  the  rela- 
tions (Art.  356)  from  which  the  sums  S„  Sa,  S3,  &c.,  are  derived,  we  shall 
see  that,  P  being,  at  most,  of  the  first  degree  in  y,  Q  of  the  second,  R  of  the 
third,  and  so  on,  the  degree  oty  in  these  sums  can  not  surpass  the  subscript 
number  of  S  ;  and,  in  like  manner,  if  we  refer  (Art.  359)  to  the  formulas 
which  express  double,  ti'iple,  &c.,  functions,  we  shall  perceive  that  in 
^{a*'lrc^...)  the  degree  of  y  can  not  surpass  a+/?+;'...  Hence  in  expres- 
sion (4)  the  degree  of  y  will  be,  at  most,  equal  to  mn. 

The  same  remark  will  apply  to  all  the  symmetric  functions  whose  sum 
composes  the  product  of  the  m  equations  (3) ;  therefore,  kistly,  the  final  equa- 
tion can  not  be  of  a  degree  superior  to  mn.  • 

The  demonstration  seems  to  require  that  equation  (1) contain  m.  But  we 
can  suppose  that  at  first  x"  had  a  coefficient.  A,  independent  of  y,  and  that  we 
have  divided  the  whole  equation  by  A.  The  final  equation  ought  to  subsist, 
whatever  may  be  the  value  of  A ;  we  can  make  A£=0,  and  it  is  evident  that 
this  supposition  will  not  raise  the  degree  of  the  final  equation.  Finally,  the 
theorem  is  to  be  thus  understood :  that  the  elimination  between  two  general 
equations,  the  one  of  the  degree  m,  the  other  of  the  degree  n,  ought  to  give  a 
final  equation  of  the  degree  mn  ;  but  that,  in  particular  cases,  tlie  degree  of 
the  final  equation  can  be  less  than  mn. 

EXAMPLES. 

The  two  equations,  x — y°=0,  ar^+ay'+fty+csrsO,  although  veiy  simple, 
wilt  give  a  final  equation  fully  of  the  degree  mn ;  for,  by  substituting  in  the 
second  the  value  of  x  derived  from  the  first,  it  becomes  y"°-|-fly"+2)y+c=0. 

On  the  other  hand,  in  elimmating  x  between  the  equations  2** — y"'=0, 
x*-|-ay"-{-&y4'^^=^i  ^^  obtain  a  final  equation  of  a  degree  less  than  mn^  viz., 

y«4.ay«+6y-|.C=0. 

369.  For  extending  the  theorem  to  any  number  whatsoever  of  equations, 
we  have  the  general  theorem  given  by  Bezout,  viz.,  that  If  between  equations 
equal  in  number  to  that  of  the  unknoums,  we  eliminate  all  the  unknowns,  except 
one,  the  degree  of  the  final  equation  wiU  be,  aJL  most,  equal  to  the  product  of  the 
degrees  of  these  equations. 

Before  Bezout,  the  theorem  had  been  known  for  the  case  of  two  equations ; 
and  Cramer,  in  the  appendix  to  his  Introduction  to  the  Analysis  of  Right 
Lines,  has  given  a  very  simple  demonstration,  which,  in  reality,  does  not  differ 
from  that  which  We  have  stated.  It  has  been  a  desideratum  that  the  same 
demonstration  should  be  capable  of  bising  applied  to  all  other  cases ;  tliis  has 
been  accomplished  by  Poibson,  in  a  memoir  which  appeared  in  the  eleventh 
volume  of  the  Journal  de  Vtcole  Polytechnique. 
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METHOD  OF  T8CHIRNHAUSEN  FOR  SOLVTNO  KQXTATIOSS. 

370.  As  another  application  of  the  theory  of  elimination,  we  shaB  hryt^ 
fllustrate  the  principle  upon  which  Tschimhausen  proposed  to  aocoaip6s^  r> 
general  solution  of  equations,  but  which,  as  obsenred  at  Art.  277,  was  » • 
found  to  be  of  but  very  limited  application,  not  extending  beyond  eqnatkii^  i 
die  fourth  degree ;  and,  even  within  this  extent,  too  laboriooa  for  general  i^. 
The  principle  consists  in  connecting  with  the  proposed  an  auxiliaiy  eqnatKc 
of  inferior  degree  with  undetermined  coefficients,  and  of  as  simple  a  foim  as 
possible  consistently  with  the  office  it  is  to  perform,  but  inyolving,  beskies  u» 
unknown  quantity  x,  a  second  unknown  y.  The  unknown,  common  to  bi>*> 
equations,  is  then  eliminated  according  to  the  method  at  Art.  315,  and  a  B:sl 
equation  in  y  thus  obtained,  of  which  the  coefficients  are  functions  ai  the  i^ 
determined  coefficients  in  the  auxiliary  equation.  The  arbitrary  quaotzties. 
thus  entering  the  coefficients  of  the  final  equation  in  y,  are  then  detenniz^ 
so  as  to  cause  certain  of  these  coefficients  to  vanish ;  by  which  means  tb» 
equation  is  ultimately  reduced  to  a  prescribed  form,  supposed  to  be  satvaUe  hj 
known  methods. 

371.  As  an  example,  let  it  be  required  to  reduce  the  culnc  equation 

3fi-\.cu^+bx+c=zO (1) 

to  the  binomial  form 

y»+A:=0. 
Assume  an  auxiliary  equation 

x«+a'x+6'4-ys=0 (2) 

and  eliminate  %  from  (1)  and  (2)  in  the  usual  way.     The  remainder  anaag 
firom  dividing  the  first  member  of  (1)  by  the  first  member  of  (2)  is 

(a'«_aa'+&_5'-y)x+(a'-a)(5'+y)+c 
which,  equated  to  zero,  gives 

•  ^— a'«— aa'+6— 6'— y' 
and  this  value  of  x,  substituted  in  the  proposed  equation,  transfemis  it,  ate 
reduction,  into  the  form 

y»+Ay«+ty+A:=0 (3) 

where 

A=35'— aa'+a'— 26 
t=36'«— 25'(aa'— a«+25)+a'«6 
+  (3c— a6)a'+6«— 2ac 
Ar=6'»— a6'«a'+66'a'«T-ca''+(a«— 26)6'»+ 
(3c— (i6)a'6'+aca'«+(6«— 2ac)6'— 6r!a'+c«. 

Hence,  in  order  to  reduce  (3)  to  the  prescribed  form,  we  must  detenmae 
the  arbitrary  quantities  a\  h'  conformably  to  the  conditions  A=0,  t=0 ;  thtf 
is,  these  quantities  must  satisfy  the  equations 

36'— aa'+fl«— 26=0 

36'«— 26'(aa'— a«+26)+a''6+ 

(3c— a6)a'+6«— 2a<r=0, 

of  which  the  first  is  of  the  first  degree  with  respect  to  a'  and  6',  and  the  otiiet 

of  the  second  degree,  so  that  their  values  may  be  determined  t>y  a  quadnitie 

aquation.     And  these  values,  or,  rather,  the  expression  for  them  in  terms  of 
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the  given  coefficients,  being  substituted  in  the  preceding  expression  for  k,  reo. 
der  that  symbol  luown ;  and  thus  the  required  form 

la  obtained. 

372.   In  a  similar  manner  may  the  general  equation  of  the  fourth  degree 
x*+ax^+  h2f+cx+d=si) 
be  transformed  into  one  of  the  form 

which  ia  virtuaHy  a  quadratic,  by  eliminating  x  from  the  pair  of  equations 
x*+a3^+b3f^+cx+dz=0, 

which  elimination  will  conduct  to  a  fioal  equation  in  y  of  the  form 

y^+gf+hf+iy+kz^o, 

from  which  the  second  and  fourth  terms  will  vanish  by  the  equations  of  con« 
dition 

^=0, 1=0, 

the  first  of  which  will  be  of  the  first  degree  as  regards  the  arbitrary  quantities 
a%  h\  and  the  second  of  the  third ;  both  quantities  are,  therefore,  determina 
ble  by  means  of  an  equation  of  the  third  degree,  and  thence  the  quantities 
h,  Jc,  which  are  known  functions  of  them. 

All  this  is  very  laborious,  but  it  reaHy  does  effect  the  object  proposed  thus 
far ;  that  is,  it  reduces  the  solution  of  equations  of  the  third  and  fourth  de 
grees  to  those  of  inferior  degrees ;  but  beyond  this  point  the  method  fails,  as 
the  conditional  equations  resolve  themselves  ultinoately  into  a  final  equation 
that  exceeds  in  degree  that  ij^hich  they  are  intended  to  simplify. 

On  this  subject  we  may  add  that  Mr.  Jerrard  has  greatly  extended  the  prin- 
ciple of  Tschirnhausen,  and  has  succeeded  in  reducing  the  general  equation 
of  the  fifUi  degree 

2fi+k^+K3^+A^+Ax+'Sz=0 
to  the  remarkably  simple  forms 

so  that  the  solution  of  the  general  equation  of  the  fifth  degree  might  be  con- 
sidered as  accomplished  if  either  of  the  above  forms  could  be  solved  in  general 
terms. 

For  a  very  masterly  analysis  of  Mr.  Jerrard's  researches,  the  reader  is  re- 
ferred to  the  paper  of  Sir  W.  R.  Hamilton  in  the  Report  of  the  sixth  meet- 
ing of  the  British  Association. 

METHOD  OF  LAGRANGE  FOR  SOLVING  EaUATIONS. 

373.  A  remarkable  application  of  the  theory  of  symmetrical  functions  is  that 
made  by  Lagrange  to  the  general  solution  of  equations ;  by  that  means  he 
solves  the  general  equations  of  the  first  four  degrees  by  a  uniform  process, 
aod  one  which  includes  all  others  that  have  been  proposed  for  that  purpose, 
the  common  relation  of  which  to  one  another  is  thus  made  apparent. 

It  consists  in  employing  an  auxiliary  equation,  called  a  reducing  equation. 
whose  root  is  of  the  form 
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denotiog  by  r:,  x^, . . r.  the  n  roots  of  the  proposed  eqaatioD,  and  hj  tmi 
the  n^  roots  of  uoity ;  and  the  principle  on  which  it  is  based  is  u  iskm 
Let  y  be  the  unknown  quantity  in  the  reducing  equation,  and  let 

ysaiXi+OaXaH ^a^,, 

Alt  <%«•••<>>  denoting  certain  constant  quantities ;  then,  if  n—l  Tihei  i\ 
and  suitable  values  of  the  constants  a^,  a,, . . .  a„t  can  be  found,  so  dnt  we  oi; 
have  n— '1  simple  equations,  these,  together  with  the  equation 

— i'i=^i+*«H 1-^ 

win  enable  us  to  determine  the  n  roots. 

Now,  supposing  the  constants  in  the  value  of  y  to  preserve  an  mm^ 
order,  Ci,  02,  dec.,  since  the  number  of  ^ays  in  which  the  n  roots  mj  be  each 
bined  with  them  to  form  the  expression  aiXi-f-a^ra^-t  ^m  ^  the  same  as  lis 
number  of  permutations  of  n  things  taken  all  together ;  therefors,  the  n^ 
•ion  for  y  will  have  n(n-*l) . . .  3.2.1  values,  and  the  equation  for  detemii^ 
y  will  rise  to  the  same  number  of  dimensions,  or  will  be  of  a  degree  hj|k 
than  that  of  the  proposed  equation ;  hence  the  method  will  be  of  00  me.  lo- 
lesa  such  values  can  be  assumed  for  the  constants  oi,  Os, . . .  «&  as  shsll  coite 
the  solution  of  the  equation  in  y  depend  upon  that  of  on  equation,  it  mogtiCi 
«— 1  dimensions.  Now  this  may  be  done  (at  least  when  n  does  not  eicKd 
4)  by  taking  the  n*  roots  of  unity  aP,  a,  a«,  a», . , .  o»-*  for  oif  fhf.,,a^,sii'k 
y:=cfixi+^iX9+  . . .  +«'"'^r+«'JCH-iH [-ar-^. 

For,  in  the  first  place,  with  this  assumption,  the  reducing  sqnadoB  rl 
eootaiu  only  powers  of  y  which  are  multiples  of  n ;  for,  since  a"=l, 

or  c— 'y=oOj,^,+aa:,^.,-| h^'^'^n 

which  is  the  same  result  as  if  we  had  interchanged  Xi  and  Zr^i,  fisodx,** 
dec.,  so  that  if  y  be  a  root  of  the  reducing  eqtuition,  a^'y  is  also  a  root;  tber^ 
fore,  the  reducing  equation,  since  it  remains  unaltered  when  a*^y  is  wiiaa 
for  y,  contains  only  powers  of  y  which  are  multiples  of  n;  iC  there&re.ve 
make  y"ssz,  we  shall  have  a  reducing  equation  in  z  of  only  1.2.3... («-^ 
dimensions,  whose  roots  will  be  the  different  values  of  z  which  ns^^ 
the  permutations  of  the  n — 1  roots  Xgi  Xj, . . .  Xb  among  themselves.  WasiuS 
now  have,  expanding  and  reducing, 

zs=:y»=tfo+«ia+«,o«-| \'U,^ar-\ 

in  which  tio,  «i,  ««, . .  •  u^^i  are  determinate  functions  of  the  roots,  triuchvi* 
be  invariabla  for  the  simultaneous  changes  of  X|  intoxp^-i,  X|iofeoxH«^^ 
nnce  2=(a'y)" ;  and  when  their  values  are  known  in  terms  of  the  coeffiw 
of  the  proposed  equation,  we  shall  immediately  know  the  values  of  the  i«b 
For  let  Zo,  zi,  z,, . . .  z^i  be  the  different  values  of  z,  when  It  4  A  /> "' 
the  roots  of  y"— 1=0,  are  substituted  for  o ;  then,  since  y=  V^i  ^^  ^*'* 

^i+a:,+  . . .  +x„=  V5 


'i+^2^H l-A— »x»=  Vz«^ ; 

rfbre,  adding,  ani  taking  account  of  the  properties  of  At  san»^ 
powers  of  1,  o,  5,  y,  dec.,  (Art.  357,  [2]),  we  get 


\ 
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nxi==  V^+  V7+  .  •  •  +  V^i- 
Again,  mtJtiplying  the  above  system  of  equations  respectively  by  1,  a""' 
?»-*, . . .  A*-*,  we  get 

and  so  on  for  the  rest  Hence,  since  — j7|Z=:  V^oi  and  .*.  (--pi)"=zossii« 
-l-tii-f-  •  •  •  +^»-ii  ^o  problem  is  reduced  to  finding  the  values  of  Ui,  u«, . .  .«i»^|. 
374.  When  n  is  a  composite  number,  the  above  general  method  admits  of 
simplifications.  For  let  n  have  a^i visor  m,  so  that  n=mpt  and  let  a  be  a  roo< 
of  y"— 1=0;  then,  since  a»=l,  a'^^ssa,  a^+^ssa',  &c.,  a^=l,  a'^«*+^=sia 
\4i.f  we  have 

y=Xi+aara+a«X3+  .  .  .  +a"-»x„ 
=Xx  +  aXa+a«X3+  .  .  .  +a»-»X„,  . 
where  X,=r,4-a^m-fr+^a«»+r+  •  •  •  +3ra_m+n  and  consists  ofp  roots; 

where  Uq,  «i,  &c.,  are  known  functions  of  Xi,  Xs,  ice. ;  and  when  they  art> 
found  in  terms  of  the  coefficients  of  the  proposed  equation,  we  shall  be  able  to 
determine  immediately  the  values  of  Xi,  Xs,  &c.,  as  before.  To  deduce  the 
values  of  the  primitive  roots  Xj,  Xj,  Xj, . . .  Xq,  we  must  regard  separately  those 
which  compose  each  of  the  quantities  Xi,  X2,  &c.,  as  the  roots  of  an  equa- 
tion of  p  dimensions.  Thus,  let  the  roots  whose  sum  is  Xi  be  those  of  the 
equation 

xP— XiXP-i+Lx»^— MxP-»H =0, 

where  L,  M,  &c.,  are  unknown ;  then  the  first  member  of  this  equation  it  a 
divisor  of  the  first  member  of  the  proposed,  since  all  its  roots  belong  to  the 
latter.  Hence,  effecting  the  division  and  equating  to  zero  the  coefiicieots  of 
rP~~S  xP-*,  &c.,  in  t^e  remunder,  we  shall  have  p  equations  in  Xi,  L,  M,  &c.,' 
of  which  the  first  p — 1  will  give  the  values  of  L,  M,  &c.,  in  terms  of  Xi  by 
linear  equations.  It  will  then  remain  to  solve  the  equation  so  formed  of  p 
dimensions.  Similarly,  substituting  the  value  of  Xs  in  place  of  that  of  Xi,  we 
sball  have  an  equation  giving  the  next  group  of  roots  Xs,  Xarf  3,  &c. ;  and  to  on 

EXAMPLE  I. 

x»— j?x»+ yx— r  ^0. 
Let  the  roots  be  a,  h,  c,  and  let 

y=a-4-a6-J-d»c; 

But  tf  1,  tffl  are  roots  of  the  quadratic 

tt«— (ui+ti«)tt+Ui«a=0, 
and  «{+ti9=32(a«6)=3p9— 9r  (Arts.  357, 369), 
ttitta=9jaJcSs+2(a'63)+3a«6«c«} 
=:97»+9(p'— 6p9)r+81r«. 
Hence  111,  ««  are  known, 

and  .«.  «o=i''— (vi+tta),  is  known. 
Heoce^  denoting  by  z*,  z«,  the  values  of  z  when  a  and  o*  are  reapeedvef> 
written  for  a,  we  have 
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from  which  we  obtain  the  valnes  of  a,  5,  and  c,  to., 

EXAMPLE.  la 

I*— ;pa:«+ jz*— rr+# =0. 
Sinee  4ss2.2,  let  a  be  a  root  of  y'^lsO,  so  that  a*=l ; 
then  y=Xi+axa+r3+aj:4=X,  +  aXt, 

if  Xx=xi+x„  XiS=X9+x^; 

where  tio=X'+X|,  «i =2X1X3,  and  iio+«*i=zo«=i»*- 

Hence  Uis=2{xi+X9){Xf\-x^),  by  interchanging  the  roots  among  tfaenoe^ 
will  admit  the  two  other  values  2(zi4.Xa)(r3+Z4),  and  2{xi+x^){xt+Zi),tad 
will,  therefore,  be  a  root  of  an  equation  of  the  form 
tt»«.Mu"+Ntti-P=0; 
the  coefficients  being  symmetrical  functions  of  Z|,  x^y  Xa,  x^,  and,  caafaqiiaii((f, 
assignable  in  terms  of  |>,  9,  r,  s.  It  is  easily  seen  that  if  we  noake  ii|=s2f-^ 
we  shall  have  an  equation  in  u  whose  roots  are 

XiX^^XaXi,  XiXi-\-X3X^t  *iJ4+avc» ; 
and  the  transformed  equation  is  (Art.  362) 

Let  tt'  be  a  root  of  this  equation,  then  Ui=z2q — 2«' ;  hence,  raaku^ 
a=:^l,  Z|=iio— tii=p*— 2tti=^— 49-|.4tt' ; 
,•.  Xi+Xa=^Xi— Xjrr:  V^i  •_ 
•••  X,=:J(j?+  Vzi),  Xa=J(p—  V^i)- 

Hence  Xi,  X3  may  be  regarded  as  roots  of  a  quadratic  x* — XiX+LssI^; 
dividing  the  proposed  by  this,  and  putting  the  first  term  of  the  remainder  eqial 
to  Boro,  we  find 

X*— j?X*+7X|-^ 

therefore,  X|,  X3  are  known;  and  x^,  X4  will  result  from  the  same  fomnb 
by  mterchanging  X,  and  Xji  or  by  changing  the  sign  of  the  radical  yZr 

EXAMPLE  III. 

X-— 1 


^.-=0,  ft  being  a  prime  number. 

If  r  be  one  of  the  roots,  and  a  be  a  primitive  root  of  the  prime  Bowbert 
(that  is,  a  number  whose  several  powers  from  1  to  n^l,  when  divided  by ». 
leave  different  remainders),  it  will  be  proved  hereafter  that  all  the  roots « 
his  equation  may  be  represented  by 

r,  ra,  r««,  r«», . . .  ra»-*. 

Let  y =»'+  0^"+ 0^*+  •  •  •  4-a'»-«r«x»-«, 
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a  beiijg  a  root  of  the  equation  y*^^— 1  =0.  Therefore,  obBerving  that  a*~^ssl 
and  r"  =  l, 

2=y»-»=Uo+«»i+«'«2H h«— ^i»-«.  ....  (1) 

Uot  ^19  &c.,  beiog  rational  and  integral  functions  of  r  which  do  not  change  by 
the  Bubstitution  of  r^,  ro^,  jr^,  &c.,  in  the  place  of  r ;  for  these  quantities,  re- 
garded as  functions  of  X|,  Xg,  r,,  &c.,  do  not  alter  by  the  simultaneous  changes 
of  2:1  into  r,,  x^  into  X3,  &:c.,  nor  by  the  simultaneous  changes  of  Xi  into  X3, 
X2  into  r4,  icc;  to  which  correspond  the  changes  of  r  into  ra,  into  r^^,  &c. 

Now  every  rational  and  integral  function  of  r,  in  which  r"=l  may  be  re- 
duced to  the  form 

A+Br+Cr«4-Dr»+ J-Nr»-S 

the  coefficients  A,  B,  C, . . .  N  being  given  quandties  independent  of  r ;  or, 
since  in  this  case  the  powers  r,  r^yf^f.  r»-*  may  be  represented,  although 
in  a  different  order,  by  r,  r«,  r«*, . . .  r«»~*,  we  may  reduce  every  rational 
function  of  r  to  the  form 

A+Br-f  Cr«+Df««^ -f  Nr«»-^. 

Therefore,  if  this  function  is  such  that  it  remains  unaltered  when  r  is 
changed  into  ?«,  it  follows  that  the  new  form 

A-|.Br«+Cra8+Dr«'+ . .  .+Nr, 
coincides  with  the  preceding ; 

.*.  B=C,  C=D,  D=E,  &c.,  N=B, 
«nd  therefore  the  function  is  reduced  to  the  form 

A+B(r4-r«+r«»-| 1-^"~')»  or  A— B, 

since  the  sum  of  the  roots  =rt^l ;  hence  each  of  the  quantities  Uo,  Ui,  «» 
&c.,  will  be  of  the  form  A — B,  and  its  value  will  be  found  by  the  actual  de- 
velopment of  z=:y°~~^ ;  so  that  we  have  the  case  where  the  values  of  Uo,  t^i,  Us, 
&c.,  are  known  immediately,  without  depending  upon  the  solution  of  any 
equation.  Hence,  tf  we  denote  by  1,  a,  /9,  7,  &c.,  the  n-*l  roots  of  the  equa- 
tion X"-*— 1=0,  and  by  z©,  Zi,  Zg,  &c.,  the  value  of  z  answering  to  the  substi- 
tution of  these  roots  in  the  place  of  a  in  equation  (1),  we  shall  have,  as  m  the 
former  cases, 

an  expression  for  one  of  the  roots  of  the  equation  x"~>ls=0 ;  and  the  othei 
roots  are  ?*,  r*,  &c. 

Thus,  the  solution  of  x" — 1=0  is  reduced  to  that  of  the  inferior  equation 
y*^*— 1=0,  of  which  1,  o,  )9,  7,  &c.,  are  the  roots ;  also,  since  n — 1  is  a  com 
posite  number,  the  determinadon  of  a,  ^  7,  &c.,  will  not  require  the  solution 
of  an  equation  of  a  higher  degree  than  the  greatest  prime  number  in  n— 1 ; 
that  is,  the  solution  of  x"— 1=0  (n  prime)  may  be  made  to  depend  upon  the 
BoiutioD  of  equations  whose  degrees  do  not  exceed  the  greatest  prime  number, 
which  is  a  divisor  of  n— 1. 

SXAUPLE  IV. 

x«— 1=0. 
The  least  prinitive  root  of  5  is  2 ;  for  the  powers  of  2  from  1  to  4,  wbes 
dtivided  by  5,  leat  e  remainders  2,  4,  3,  1 ; 


144  ALOBBBJL 

■Ito  a«=l,  r»=l,  and  r+f<+r«+ra=r  —1 ; 

Baft  die  foar  rooto  of  y^^l  s=0  are 

1.  -1,  V-^1.  -  V^ ; 

.-.  26=lf  21=25,  2a=— 15+20-/  — 1, 
2,=— 15— 20^/— 1; 


.-.  r=fj— l+l/5+V— 15+20\/— 1+V— 15— SOV-lj. 
375.  For  the  proof  that,  in  the  general  equation  of  the  n^  degree.  i:i 
formation  of  the  reducing  equation  will  require  the  solution  of  an  equatioD  c 

1.2.3...R 
1.2.3...  (fi — 2)  dimensions,  when  n  is  prime ;  and  of  r — (i  2  3 — 7^ 

dimensions,  when  n  is  a  composite  number,  and  =zmp^  where  m  is  yrioe; 
end  that,  consequentlj,  the  method  fails  when  n  exceeds  4,  the  readers 
referred  to  Lagrange's  TraiU  de  la  resolution  des  iquations  numeriqua,  m^e 
ziii.,  from  which  the  matter  of  this  section  is  taken. 


BASOLUTION   OF   THE    GENERAL   EaUATIONS    OF    THE  THIRD  ISO 
FOURTH  DEGREES. 

KESOLUTIOir   OF   THX  E^DATION  OF   THB   THIKD   DE3KEX. 

376.  I^shaH  suppose  that  we  have  made  the  second  terra  of  the  eqoatkn  i 
the  third  degree  disappear,  and,  to  avoid  fractions,  I  will  write  this  eqat^ 
under  the  form 

3fi+Zpx+2q=0 (1) 

Among  the  different  modes  of  resolving  it,  the  most  simple  consists  in  &ni' 
ing  a  priori  an  equation  of  the  third  degree,  without  a  second  tonn,  which  li- 
mits of  one  known  root,  but  expressed  with  indeterminatea,  and  to  make  me 
afterward  of  these  indeterminatea  to  render  the  equation  ideotics]  with  ib 
proposed  equation  (1).  To  establish  this  identity,  it  will  be  necesaujto 
write  two  equalities,  and  for  this  reason  we  employ  two  indeterminates. 

Let  there  be  made  x=sa+h:  the  cube  will  he  a?=za*+l^'\-3a^a'i-h)i 
then,  repbiciog  a-4-&  by  z,  and  transposing,  we  shall  have 

x»— 3a6x— a»— 6»=0 (2) 

an  equation  which  admits  the  root  xrsa-f&t  an<I  which  it  is  necessaiytorefi* 
der  identical  with  equation  (1).    Therefore  we  place 

aJr=— ;?,  a»+6»=— 27  ....  (3) 

The  first  of  these  equalities  gives  a'&'=— ;i'.  Thus  we  know  the  na 
a'4-6>,  and  the  product  a^h^.  Then  the  vslues  of  a'  and  ^  ars  mots  of  la 
equation  of  the. second  degree,  in  which  the  coefficient  of  the  second  tenn  is 
equal  to  +2y,  and  the  last  term  equaJ  to  — ^  (see  Art  191) ;  so  liiit  diii 
equation  will  be,  callmg  z  the  unknown, 

2«+2^2— j?»=0. 

This  is  called  the  reduced  equation. 

Its  two  roots  represent  the  values  of  a'  and  M ;  moreover,  we  can  take 
either  of  them  indifferently  for  the  value  of  a',  because  this  amounts  to  chtos* 
inn^  a  into  6,  and  h  into  a,  in  the  value  r=a-|-&.     I  will  take 
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«'=f~^+  Vv'+i^.      6»=-?-  Vf+P"' 

fiach  radical  of  t\ie  secood  degree  here  has  but  one  value,  but  each  one  of 
the  third  degree  has  three.    If  we  could  satisfy  equation  (3)  without  makuig 
any  choice  between  these  values,  we  could  also,  by  the  same  values,  render 
equation  (1)  identical  with  equation  (2) ;  and  since  a+h  is  a  root  of  the  see* 
ond,  the  first  ought  to  be  satisfied  by  taking 

*=v -!7+  VT+F^+'^-q-  V7+?  •  •  (4) 

which  is  the  formula  of  Cardan. 

But  an  important  remark  presents  itself:  it  is,  that  since  each  radical  of  the 
third  degree  has  three  values,  the  above  expression  must  have  nine,  while 
the  equation  (1)  ought  to  have  but  three  roots.  It  is  necessary  to  explain, 
then,  whence  comes  this  multiplicity  of  values,  and  to  discern  among  them 
which  ought  to  be  true  roots  of  the  equation  (1). 

For  this  purpose,  let  us  observe  that,  properly  speaking,  it  is  not  the  reso- 
lution of  equations  (3)  which  has  given  a  and  6,  but  rather  the  equations 
a»i»=— p»,  a'+68=— 2g  ...  (6) 

Now  if  we  designate  by  a  and  a^  the  two  imaginary  cubic  roots  of  unity, 
which,  as  we  know,  are  the  one  the  square  of  the  other,  it  will  be  readily 
seen  that  the  equation  a^&^=— ^  may  result  indifferently,  from  raising  to  the 
cube  these  following : 

a6=— J?,  ah=z — op,  a6= — a^p> 

Hence  it  follows  that  the  nine  values  contaiDed  in  formula  (4)  ought  to  give 
the  roots  of  the  three  equations, 

a?+3px+2^=0,  a^+3apx+2q=0,  a*+3a^px+2q=0  ....  (6) 

We  can,  moreover,  consider  these  nine  values  as  the  roots  of  the  equation 
of  the  9*^  degree,  which  would  be  obtained  by  multiplying  together  the  three 
equations  (6).  But  it  will  be  more  simple,  and  will  amount  to  the  same  thing, 
to  raise  to  the  cube  either  one  of  these  equations,  after  transposing  to  the 
necond  member  the  term  which  contains  p.    In  this  manner  we  find  at  once 

As  to  the  roots  which  belong  especially  to  each  of  the  three  equations,  what 
precedes  furnishes  the  means  of  distinguishing  them ;  because,  according  as 
the  coefficient  of  x  shall  be  3p,  3ajp,  or  3a^,  it  is  clear  that  we  ought  to  add 
only  the  values  of  a  and  6,  for  which  we  have  a5=— |?,  or  ahzs^-^ap, 
ora5= — a*j?. 

By  this  rule  it  will  be  easy  to  form  the  roots  of  the  proposed  equation 
2^4-3^^4-2^=0,  the  only  one  with  which  we  have  to  do.  Designate  by  A 
one  of  the  values  of  the  first  cubic  radical,  and  by  B  one  of  the  values  of  the 
second ;  the  values  of  a  and  h  will  be 

a=A,  oA,  o'A;  6=5B,  aB,  o«B. 

Moreover,  suppose,  for  this  is  admissible,  that  A  and  B  represent  the  values, 
the  product  of  which  is  — j?*  From  what  has  just  been  said  we  ought  to  add 
only  the  values,  the  product  o£  which  is  AB;  then,  recollecting  that  o^asl* 
«re  must  tate 
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x=A+B,  x=:oA+o«B,  z=ztfiJL+aBi 
•nd,  besides,  we  know  (303)  that  we  have 


2  '-•-  2 

If  we  replace  A  and  B  by  the  two  cubic  radicals,  and  a  and  ^  bj  iLm 
m  ues,  we  shall  have 


These  are  the  roots  of  the  proposed  equatioo,  bat  we  mast  take  care  to  «• 
tach  to  the  two  cubic  radicals  the  same  restricted  sense  as  to  A  and  B,  whi:- 
out  which  we  should  find  false  roots. 

377.  To  discuss  these  valr;es,  it  will  be  more  convemeot  to  leare  A  aad  E 
substituted  for  the  cubic  radicals,  and  to  isolate  the  one  which  ia  mnhipiisfl  bf 
V— 3.    By  this  means  we  have 

x=A+B, 


2^2 

A+B     A-B    - 
*= 2 2-V3. 

I  shall  suppose,  also,  as  is  done  ordinarily,  that  the  coefficients  Spnad^ 
represent  real  quantities.  Then  equation  (1),  being  of  an  uneven  degree,  bn 
always  one  real  root,  and  it  is  admissible  to  suppose  that  A  and  B  are  tl» 
values  of  a  and  6,  which  give  this  root;  so  that  A-f-B  will  be  a  real  quantity. 
This  being  premised,  let  us  return  to  the  two  radicals 


«=V -?+  Vq^+p",  6=V-?-  ^ 


If  f+f^^O,  each  of  them  has  one  real  value  ;  then  we  can  suppose  A  sad 
B  real.  Consequently,  A-f-B  and  A— B  will  be  so  also ;  then  the  fint  root 
rrs A-f-B  is  real,  and  the  other  two  are  imaginary. 

If  q^^p^szOf  we  have  A=B,  and  then  the  three  roots  will  be  xss'ZA, 
xss  —A,  x=  —A.  They  are  all  three  real,  and  the  last  two  are  eqasl  with 
one  another. 

Finally,  let  q^+jp^K^,  which  requires  j?  to  be  negative.  Then  a  and  i 
have  no  longer  any  real  determination,  and,  consequently,  the  three  values  of 
X  are  found  complicated  with  imaginary  quantities.  However,  we  know  thit 
one  of  them  must  be  real,  and,  indeed,  it  is  evident  that  the  cases  in  which 
the  three  roots  of  equation  (1)  are  real  and  unequal  can  only  be  found  00  the 
hypothesis  in  question,  that  q^-i-j^K^O^  as  may  be  seen  by  referring  to  the 
supposition  just  above  of  ^-|-jp^>0.  It  would  be  wrong,  then,  to  affirm  that 
the  values  of  x  are  imaginary.  I  will  prove,  in  fact,  that  neither  of  them  are 
so ;  and  as  we  can  always  suppose  that  A  and  B  are  determinattona  such  that 
the  sum  A-f-B  represents  the  real  root,  tlu  existence  of  which  is  demoo- 
strated,  tiie  whole  is  reduced  to  showing  that  the  part  |(A— B)  V — 3,  whi(^ 
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I A  found  in  the  o:ber  two  values  of  j:,  must  be  real.    By  the  rules  of  algebra 
alone  we  have  (A— B)(A«+AB+B«)=A»— B';  then 

A»-B« A»— B» 

^"'^""A'+AB+B'-CA+B)*— AB* 


But,  because  of  the  values  of  a'  and  of  ¥,  we  have  A'— B'=2  V^+p^ ;  and, 
by  the  manner  in  which  A  and  B  have  been  chosen,  we  have  ABss— p; 

then,  making  A+Bs=a:',  there  results  A— B=       I  ;  consequently 


A-B    _-      V^3(q^+jP) 
2      V-'^--        x^+p 

But  by  hypothesis  we  have  q^+p^KO  ;  then  the  quantity  above  is  real ;  then 
the  three  values  of  x  are  also. 

It  is  thus  demonstrated  that,  upon  the  hypothesis  of  ^+p^K.O,  the  imag- 
inary quantities  which  affect  the  three  values  of  x  must  destroy  one  another. 
It  would  seem,  therefore,  that  analysis  ought  to  fumijsh  the  means  of  making 
them  disappear,  but  as  yet  it  has  not  been  found  capable  of  effecting  this  re* 
duction.  For  this  reason,  the  case  under  examination  has  been  called  the  tr* 
reducible  case*  Whenever  the  equation  falls  under  this  case,  the  general  ex- 
pressious  of  the  roots  will  be  of  no  use  in  calculating  then-  numerical  valuea. 
and  then  we  can  recur  to  the  methods  of  Arts.  290-297. 

EXAMPLES. 

(1)  r»— 6r— 9=0. 

9  7 

We  have j?=— 2,  ^=—2  •*•  '^9'+i^=2'  ^Y^^^  &^^ 


B=\/I7W?T?=\|=1- 


Thus  the  three  roots  are 
ar=3, 

3:=-!+  V3^/^+i(-.i-  -/s  /3i)=:i(_3+  yaydi), 

(2)  a:»— 21x+20=0. 

Here  j?=— 7,  ^=10; 

.-.  x=V —  10+ 9  -/^+ V  — 10— 9  V^^- 
This  example  is  one  of  the  irreducible  case.    The  general  value  of  x  ap» 
pean  in  an  imaginary  form,  and  yet  the  roots  are  real,  being  the  numbers  1, 
4,  and  —5,  which,  by  substitution,  wiU  be  found  to  verify  the  given  equation. 
378.  The  solution  of  the  irreducible  case  may  be  obtained,  also,  by  the  help 
of  a  table  of  smes  and  cosines.    We  subjoin  the  method,  for  the  benefit  of  the 
Btodent  acquainted  with  trigonometry. 
Solution  of  the  irreducible  case  by  trigonometry. 
3oa  2^=2  cos*  ^—1 
COS  39s=2  coa  2B  cos  ^—  cot  ^ 
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Snbttitatiiig  the  fint  expression  in  the  second, 

cos  3tfs=4  cos*  6—3  cos  0. 
Whence 

3              1 
cos*  e—j  cos  6— 7  cos  36=0 (1) 

In  the  proposed  cubic  eqaation,  which  we  may  write  under  tlis  fbm 
x»+3px+2q:=0 (2) 

X 

ptft  the  unknown  r  cos  6  for  r ;  or,  which  is  the  same  thin^,  pot  -  for  cos  f 

and  (1)  becomes 

3  1 

z»— 7r«x— Tf*  COB  36=50. 

4  4 

Comparing  this  with  (2),  we  have 

1 


r*cos  36=— 2^, 


.  r=2  V  — j>,  which  is  real,  p  being  negptivio , 
.-.  cos  36=-?=—^— 


Consequently,  the  trigonometrical  solution  of  the  proposed  cubic  < 
that  is,  the  determination  of  6,  and  thence  of  r  cos  6,  depends  lapoo  du  trier- 
fton  of  an  arc^  or  the  determination  of  cos  6  from  cos  36. 

The  mode  of  proceeding  by  aid  of  trigonometrical  tables  is  obTioiis ;  we  «« 

to  seek  in  the  table  of  cosines  for  the  angle  whose  cosine  is  qyj — —\  this^ 

be  the  angle  36,  and,  consequently,  one  third  of  it  wiD  be  6 ;  and  the  conne  of 
this,  multiplied  by  r,  or  2  V  ^i't  will  give  r  cos  6s:x  for  one  of  the  real  roots 

of  equation  (2).    As  the  given  cosine,  qy^;;^*  belongs  equally  to  three  so 

ris.,  36,  27r-f.36,  and  2ir— 36,  by  taking  the  cosine  of  one  third  of  each  of  tk 
latter  two,  we  shall  have  the  values  of  the  remaining  roots.  Thus  al  tk 
three  roots  will  be  expressed  as  follows : 

2  V—P  cos  6,  2  V— P  co»  3(2n'+3»),  2  V  — ^  cos  -(2ir — 36). 

Or,  using  the  supplements  of  the  two  latter  arcs  instead  of  the  arcs  themsdies, 
and  remembering  that  the  cosine  of  an  arc  is  equal  to  minus  the  cosine  of  its 
supplement,  we  have  somewhat  more  simply  the  three  values  of  x  in  die  fill- 
lowing  form : 

2-/^ cos  6,  — 2-v/^co8(60^— 6),  — 2V^cos(60«+6). 
This  method,  with  a  single  exception,  applies  to  the  irreducible  case ;  iot, 
as  the  trigonometrical  cosine  of  an  arc  is  always  less  than  uni^,  except  wfase 
that  arc  is  a  multiple  of  180®,  we  must  have 

When  36  is  a  multiple  of  180®,  two  roots  must  be  equal 
The  reducible  ease  may  also  empk>y  the  aid  of  trigonometry. 
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379.   If  in  the  expreMion 

put  cot  ^=2(7)  » Jt  becomes ^|(—  cot  0±  coeec  ^)i. 
1  root  of  2r»-{- jx+r=0 


WO 

Hence,  reducing,  the  real  root  ofa^-^-qx-^-r^O  is 


which,  by  putting  tan  r^  tan'  0,  may  be  further  transformed  into 


2" 


-.2^/|cot2(>. 


Similarly,  the  real  root,of  a:*— ja:+rs=0,  ^<Ti  becomes  (by  putting  cosec 


T/3\f         d 


\y. 


■^/l 


I  cosec  26. 


380.  The  following  method  of  arriying  at  a  new  and  valuable  formula  for  the 
solution  of  cubic  equations  will  be  found  an  excellent  exercise  for  the  student  :* 
Let  the  given  equation  be 

a:»+px+g=0 ,.  .  (1) 

Placing 

'x=m+y  .  .  .  » (2) 

we  obtain 

y»+3my«+(3m«+p)y+m»+iwii+g=0 (3) 

Taldng 

y4 <*) 

weobtun 
which  gives 

Placing 

_  3m'+y 

^•"^■"3(m»+/>m+?) ^  ' 

we  find 

. .  3jw»«+9gm-p»     .  -27yii»+18;>W+27p^+27g«+2p'     ^ 
'^+3(m»+pii+g)«'^+  27(m»+i>m+9)>  ^-^     •  •  i^) 

*  It  ii  tbe  pfodnction  of  tn  old  pupil  of  the  author*! ,  Ur.  James  8.  WcwUey,  whom  ill 
beikb,  and  other  discoora^g  ciicomstaxices,  have  not  prevented  from  making  some  im- 
portut  diKoveriea  in  algebra,  which  it  would  be  prematore  at  preient  to  pablish  «n  the 
world. 

Fr 
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The  value  of  m,  which  renders  the  coefficient  of  w  sett),  namy  be  fiw  nd  tki 

Than 


The  Tnhie  of  v  in  (7),  substituting  the  Tslue  of  m,  foond  hi  (8},  is  express. 
in  the  ibUowing  four  equations,  (9),  (9,  a),  (9, 6),  (9,  c),  the  last  thjnra  be:i: 
obtained  by  decomposing  (9)  into  factors. 

\/-r|-"''««*-*'±(»J+"'»»)7l?+| 


V+K+..»,)(-|-|f±Vi;^;f) 


__(^)(-iW^i'+?) 


("?+'=)(-t±4^ 


SubstitatiDg  in  (6)  the  vahieg  of  m  and  ic,  found  in  (8)  and  (9,  c),  wa  ifciD 
have 


(10) 


Substituting  in  (4)  the  values  of  z,  given  in  (10),  and  decomposizig  one  more 
of  its  terms  into  factors,  we  shall  have 

Hence                             • 
kontinmng  the  numerator)  (si^iaj  (-|±-i/--f  ^ (13 
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But  the  fint  tenn  in  the  namerator  of  (12)  may  be  transformed  thus : 

And  the  last  term  in  the  numerator  of  equation  (12)  is 
Therefore  the  sam  of  the  first  and  last  temia  of  the  numerator  of  (12)  i« 
Therefore, 

T|^/^!■^^^-8lg(-|:l:^/af+7)'^^^^^+"^ 

64  n     ^ 

DiTidiog  both  numerator  and  denominator  by  ^'^VsT^'^T'  ^®     ^® 


ar=- 


(-1^,4^'-? 


'(-I±v®^+I(-I±x©^' 

The  numerator  of  this  Talue  of  ir  is  equal  to 

[(-I±^i^'+fl  •  [(-i±%i^'-g 

The  denominator  is  equal  to 

■  t(-|±^i^'+S■(-l±^i?^' 

IKriding  nnmerator  and  denominator  by  the  common  factor,  ^e  hove 

TbJs  formula  may  be  reduced  to  that  of  Cardan  by  dividing  the  numerator 
by  the  denominator,  and  observing  that 


we  thus  obtain 


(-l±^i^*+(-lT^g;;9*• 


But  the  first  form  is  preferable,  as  it  gives  only  the  three  values  which  aaimlf 
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equation  (1),  whereas  Cardan's  formula  gtyes  nine  nJues,  six  oi  wiieh  \an 
to  be  rejected. 
A  partial  diyision  gives 

which  is  an  advantageous  form,  inasmuch  as  but  one  third  root  has  to  be  ei- 
tiacted,  both  radicals  having  the  same  form. 

A  shorter  solution  of  the  above  might  be  given,  but  we  have  already'  ext^sd- 
ed  our  article  on  cubics  sufficiently  far. 

laaATlOlVAL   EXPaESSIONS   ANAI/OOOUS  TO  THOSE   OBTAINKB    UT    TKE   a£«0- 
LUTION  or  Ei^UATIONS  OF  THE  THIKD  DZeRXE. 


.^/a 


381.  One  of  these  expressions  is  "y  A  J:  \/B ;  but  it  fzeqaentlj  happeei 
that  A  and  B  are  rational  numbers,  and  then  it  may  be  posaible  to  reduce 
these  radicals  to  simpler  expressions,  in  which  there  are  no  looger  Tm&ak 
over  pidicals.  This  problem  has  already  been  resolved  for  radicals  of  the 
second  degree,  and  it  is  now  proposed  to  resolve  it  with  reiereiica  to  rmSak 
of  the  higher  degrees. 

,1 — z 

I  shaK  commence  with  the  cubic  radical  V^+  'Z^*  "^^  ^^^^  im>^  aoppoM 
for  this  root  a  quantity  of  the  form  -^a^  y/b,  for  we  have 

( y/a+  -/hy^a  ^li+Za  ^/S+Sft  >/a+5  -/T 
5=:(<i+36)  -/a+(3a+6)  y/h,  * 
a  result  which  contains  the  radicals  \/a  and  \/6.    But  the  precediog  cafeuls- 
tion  shows  that  we  should  have  a  result  of  the  form  A4-  VB,  by  raisii^  fo  ' 
the  third  power  the  expression  a-f-  */&  and  {a-\-  ^h)  yc,    I  will  choosa  tbii 
kst  expression  as  the  more  general ;  we  shall  then  have 


'I 


A+  yfB^{a+y/h)yc _  (1) 

Raising  both  members  to  the  third  power,  it  becomes  A-f-  •/B=:c(a*-{-Sa&) 
4-^(30^4"^)  \^ »  equating  the  rational  parts  together,  and  the  irralioiMl  psits 
by  themselves. 

A=:c(a»+3a6) (2) 

VB=c(3a«+6)  V^ (3) 

The  problem,  tl^n,  is,  to  find  for  a,  6,  c  rational  values  which  satisfy  these 
two  equations.  But  squaring  these  equations,  and  then  subtracting  the  oae 
from  the  other,  we  have 

A«— B=c»(a«— 3a*6+3a«6«— 6»)=c»(a«—5)» ; 

hence  a*— 6r= . 

c 

Since  a  and  h  ough^to  be  rational,  it  will  be  necessary  to  tak^  e  sueh  that 
(A*— B)e  be  an  entire  or  fractional  cube,  which  is  always  possible.  Csfiing 
the  second  member  of  the  above  equation  M,  we  shall  have  a* — &=rM, 
whence  bssa*— M.  B/  substituting  this  value  of  h  in  equation  (2),  it  wiO 
become 
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4ca»— 3Mc<i— AssO (4) 

This  equation  must  give  for  a  at  least  a  commensurable    '«lue,  without 
whpch  the  transformation  (1)  will  be  impossible. 

,/ — z  ./ — I 

If,  tostead  of  y  A+  >/£,  we  should  have  to  reduce  V  A—  VB,  it  would 
■ufUce  to  change  throughout  in  the  preceding  method  the  sign  of  y/h. 

»/ — — 

For  example,  let  the  expression  be  V  14±  V^OO.  We  shall  have  A =14, 
B=206,  A«— B  =  — 4;  hence  (A«— B)c=— 4c;  we  shall  then  have  the 
perfect  cube  —8,  by  taking  c=2.  Consequently,  M=— 1,  6=a^-fl,  and 
equation  (4)  becomes  Qa^-\-Qa — 14=0.  It  can  be  satisfied  by  the  comnien- 
fiurable  value  a=l,  which  gives  &=:2.  Again,  we  have  already  obtained 
c=2 ;  hence,  finally, 

Vl4±  V200=(l±  V2)  V2- 

»/ = 

Agiun,  let  the  expression  be  %( — 11  rb2  %/  —1.    We  will  pass  2  under  tne 

radical  of  the  second  degree;  we  shall  then' have  A  =  —  11,  B= — 4,  A'— B 
=125.  As  125  is  already  the  cube  of  5,  it  will  suffice  to  make  c=l.  Con- 
sequently, wc^have  M=5,  &=a'— 5,  and  equation  (4)  becomes  4a' — 15a 
4-11^0.  But  this  equation  is  satisfied  by  the  value  a=sl ;  hence  &ss^4, 
and,  consequently. 


V-ll±2  V-l=(l±  \/-4)  Vl. 


382.  Let  us  consider  the  more  general  expression  V-^^  '/^»  <^°^  *^® 


tion  V  A^±  "/^i ' 


4^ 


lk±  >/B=(a±  Vb)Vc (5) 

The  problem,  agun,  is  to  determine  rational  numbers  for  a,  6,  c,  if  it  be 

(lOfsible. 
Raismg  (5)  to  the  power  n,  and  equating  separately  the  rational  parts,  we 

obtain 

VB=c[na->+-^^^=^^^a-»l+,  &c.]  ^6  .  .  .  (7) 

We  can,  as  in  the  case  of  the  cubic  radical,  square  these  two  equalities,  and 
subtract  the  one  from  the  other ;  but  the  reductions  will  be  immediately  per- 
ceived by  observing  that  we  ought  to  have,  at  the  same  time, 

A+  '/B=c(a+  -/ft)".  A—  -/BscCa-  y/by ; 
and  that,  consequently, 

A«— B=c9(a+  VT)"(a—  V6)«=c«(a«— 6)' ; 

V(A«-B)c-^ 

whence  a* — 6 = . 

c 

We  see  from  this  that  it  will  be  necessary  to  take  c  of  such  a  value  that  the 

secoDd  member  of  this  last  equation  shall  be  rational.     Calling  this  senond 

iDomber  M,  we  shall  have  a*— 6  =  M,  whence  6r=a'— M ;  substitutinj:  rbi.« 
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f  alue  of  6  in  (6),  the  resultiog  eqnatioD  m  a  will  have  a  oommeiwiirable  rout 
every  time  that  the  transformatioD  (5)  is  possible. 

383.  In  the  resolution  of  equatimis  of  the  third  degree,  what  renders  the  ir- 
reducible case  so  remarkable  is,  that  although  we  are  assured  that  the  three 
loots  are  re^l,  it  is,  nevertheless,  impossible  to  make  the  imBginary  quantities 
disappear  otherwise  than  by  means  of  series.  This  difficulty  is  not  coofioed 
to  the  equation  of  the  third  degree ;  it  will  be  encountered  equally  in  the  gen- 
eral formula 

VA+BV^i+VA-B  V"^ (8) 

which  formula  I  shaA  stop  to  consider  for  a  moment. 

To  consider  tiiis  expression  in  its  most  general  sense,  we  ought  to  comoin« 
the  n  determinations  of  the  first  part  with  the  n  determinatfons  of  the  second, 
so  that  we  shall  have,  in  all,  n'  values.  But  the  expression  is  rarely  taken  in 
so  general  a  sense,  and  I  proceed  to  define  that  which  we  ordinarily  attach 
to  it. 

As  the  two  radicals  which  have  the  index  n  represeat  the  roots  of  the  bi 
nomial  equation,  their  determiniftions  are  equal  in  number  to  the  quantities 
which  have  the  form  /-f-g'  y/  — 1.  Moreover,  it  is  manifest  that  to  each  de- 
termination of  the  first  radical  there  corresponds  one  of  the  second,  which 
only  dififers  by  the  sign  of  V  —1.  But  we  suppose  that  these  corresponding 
values  are  those  which  ought  to  be  added  in  formula  (8) ;  and,  with  these  re- 
strictions, the  values  of  x  are  all  real,4md  only  n  in  number. 

The  product  of  these  two  radical  values,  thus  taken  in  a  same  pair,  is  real 
and  positive ;  but  for  the  product  of  the  two  radicals  we  have,  in  general, 

V  A+B  V^  X  V  A— B  >/-a  =  VA*-fB«, 
and  the  radical  which  expresses  this  product  can  only  have  a  sinf^e  real  ana 
positive  value ;  hence,  if  we  represent  it  by  K*,  we  ought  to  be  able  to  charac- 
terize the  conjugate  values,  which  must  be  added  In 'formula  (8),  by  die  con- 
dition that  their  product  be  equal  to  K*. 

Formula  (8)  can  be  regarded  as  a  general  expression  of  the  roots  of  an  equa- 
tion whose  degree  is  marked  by  the  number  of  values  of  which  the  equation 
is  susceptible ;  hence,  provided  that  it  be  taken  in  its  greatest  extension,  m- 
with  the  restriction  which  we  have  just  mentioned,  the  degree  of  the  equa- 
tion must  be  either  n'  or  n. 

This  last  remark  leads  us  to  explain  how  we  form  an  equation,  when  we 
know  the  expression  for  its  root ;  that  is  to  say,  that  an  equation  being  given, 
susceptible  of  taking  different  values,  by  reason  of  the  multiple  values  of  tiie 
radicals  which  it  contains,  it  is  required  to  find  an  equation  free  from  radicals 
which  has  these  values  for  roots.  I  will  take,  for  example,  the  same  expres- 
sion (8). 

To  abridge,  let  us  make 

A+B  V"^=«.  A— B  V"^=&  ; 
tlie  problem  reduces  itself  to  eliminating  y  and  z  between  the  three  equations 
y4-2=x,  y"=a,  r»=6. 
Bnt  here  the  elimination  can  be  conducted  according  to  a  very  sii  t|/    ;>ro- 
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analogous  to  that  which  has  been  employed  for  reciprocal^  eqaatioDs.    By 
tlie  rules  of  multiplicatioii  we  have 

But  y-{-z=x  and  yzzs^'ab;  hence,  making  ^ah=zCf  the  equation  will 
become 

By  means  of  this  formula  we  express,  in  function  of  x  and  c,  successively  all 
the  quantities  y'+2^»  y'+^t  ^^'  When  we  have  arrived  at  y"+2"»  '^^  ^^- 
place  y^'\^z^  by  a-|-6»  and  then  we  shall  have  the  required  equation,  which 
"will  be  of  the  degree  n  in  x. 

This  equation  contains  e ;  but  we  have  e=z  ydb'ss.  VA'+^'i  hence,  c  is, 
in  general,  susceptible  of  n  different  values.  By  putting  in  the  equation  each 
of  these  n  values  in  its  turn,  we  shall  have  n  equations,  and,  consequently, 
n  X  «»•  or  n'  values  of  x.  This,  in  fact,  ought  to  be  the  case,  from  what  has 
been  said  at  the  close  of  the  preceding  article.  If  we  should  wish  to  have  a 
single  equation  which  has  all  these  values  for  roots,  it  would  be  still  necessary 
to  eliminate  I  c  between  the  equation  of  the  degree  n  in  x  and  t}ie  equation 

t^=ah,  ! 

But  if  in  formula  (8)  we  only  wish  to  associate  the  radical  values  whose 

product  is  real,  it  is  this  real  value  solely  which  we  must  choose  for  c,  and  we 

shaU  only  have  a  single  equation  of  the  degree  n  for  detemiining  all  the  vfdues 

of  r. 

fiZSOLUTION  OF  THE  EQUATION  OF  THE  FOURTH   DEGREE. 

384.  After  having  made  the  second  term  disappear,  the  general  equation  of 
the  4^  degree  is 

ar«+jpx8+^a:+r=0 (1) 

If  we  make  xsza-fft+c,  squaring,  there  results 

jj«=a«+6«+c«+2(a6+ac+6c), 
)r,  transposing, 

raisiDg  anew  to  the  square,  we  have       x. 

then,  replacing  a'\'h'\-chj  x^  and  transposing,  we  obtain 

a:4_2(a«+6«+c8)a:«— 8a6cx+  (a«+  6«+c«)« 
•      -.4(a«6«+a«c»+  6»c«)=0. 

This  equation  is  without  a  second  term,  and  by  the  manner  in  which  it  has 
been  formed,  we  Jmow  that  it  admits  of  the  root  x=a-{-&+^'  Thus,  we  re- 
solve equation  (1)  in  determining  a,  6,  c,  by  the  condition  that  it  shall  1»  iden- 
tical with  the  preceding,  which  gives 

— 8a&c=:g 
(a«+6«+c«)»— 4(a«6»+aVH-6'c«)=:r. 

These  equalities  show  that,  by  taking  aS  &",  c'  for  unknowns,  these  three 
quantities  are  the  roots  of  an  equation  of  the. 3°  degree,  the  coefficients  of 
which  are  (see  Art.  245) 
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2 


-a't'C^ g. 

Consaqnentity,  this  equation  of  the  3^  degree  is 

,+|.+£-%_g=„ p, 

Such  is  the  reduced  equation  upon  which  the  solntioii  of  eqimtioD  (1)  dapeiid& 
Suppose  that  the  three  values  of  z  have  been  determioed,  irfaicfa  desigoele 
by  z\  r'%  r"%  we  shaU  have 

If  the  signs  be  combined  in  all  possible  ways,  there  wiH  result  eight  vaiaef 
for  a-^-h^c  or  x.    But  as  the  last  term  of  the  reduced  equation  (3)  ws 

formed  by  squaring  the  equation  a6c=— r^,  it  folloi^  diat  die  Tallies  caotais 

tot  only  the  roots  of  the  proposed  equation,  but  also  those  of  an  equatiiE 
which  would  differ  from  it  in  the  sign  of  q* 

At  the  same  time  it  may  be  perceived  that,  to  have  only  the  roots  of  t2» 

proposed,  it  is  necessaiy  to  add  only  the  values  of  <z,  &,  c,  for  which  abes^ — rf 

and  the  product  of  which  has,  consequently,  the  contrary  sign  to  q.  In  eadb 
particular  case  it  will  be  easy  to  determine  for  the  radicals  three  vahies.  A,  B, 
C,  which  shall  fulfill  this  condition;  and  afterward,  with  these  Tahies,  we 
form  the  four  roots  of  the  proposed,  to  wit, 

xss+A+B+C,  x=+A— B-C, 

X-S-.A+B— C,  x=— A— B+C. 
Generally,  instead  of  A,  B,  C,  the  three  radicals  are  placed,  and  the  valnei 
of  z  are  written  thus : 

r=+  -/?+  V£^—  \/£^  a:=r+  V?—  '/^+  V^. 
xss—  '/z'+  V2"+  \/2%  r=— V^'—  ■•«"—  y/^'"' 

But  it  is  necessary  to  understand  thai  in  applying  these  formuhis  to  psztieo- 
lar  cases  there  must  be  taken  for  -/z'**  V?'.  ^/^'  three  determinatioos,  d» 
product  of  which  shall  be  of  the  same  sign  as  q*    This  observation  is  im 
portant ;  failing  to  have  regard  to  it,  we  might  find  false  roots. 

385.  The  nature  of  the  roots  of  the  reduced  equation  will  make  known  tlis 
nature  of  the  roots  of  the  proposed.  But  the  reduced  having  its  last  tmn 
negative,  has  always  one  positive  root  (see  Art.  248,  Prop.  VIII.,  Cor.  4),  tod 
the  product  of  the  other  two  roots  sboald  be  positive  ;  then,  if  these  last  are 
not  imaginary,  they  will  be  both  positive  or  both  negative.  I  pass  over  the 
case  in  which  g^O,  because  then  the  proposed  would  be  solved  by  the  rules  /or 
the  second  degree.    Consequently,  there  are  three  cases  only  to  be  examined* 

1°.  Case  where  the  three  roots  of  the  reduced  equation  are  positive.  Thei* 
the  four  values  of  a:  are  evidently  real,  and  if  the  radicals  -/z',  -/^^'t  V*'"^ 
regarded  as  representing  positive  determinations,  their  product  will  be  positire', 

*  This  explains  an  operation  in  Art  3^ 
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then  tne  preceding  formulas  wiU  be  speciaUy  applicable  to  the  case  of  9>0. 
For  9<0  it  would  be  necessary  to  change  the  sign  of  one  of  the  radicals. 

2®.  Ca$e  tohere  ths  reduced  has  one  root  z'  positive,  and  two  z'\  %'"  negative. 
'The  radical  \/z'  will  be  real,  but  the  radicals  Vz"  and  V^'"  will  be  imagi- 
nary ;  consequently,  the  four  values  of  x  will  be  imaginary  also,  unless  z*'=zz"\ 
Wlion  2"=2'",one  of  the  two  quantities  -/?'+  V?^  and  •/?'—  V?^  will 
become  zero,  and  supposing  it  to  be  the  latter,  the  values  of  x  will  be  simply 

x=  VF»  x=i  -/z^,  x==  —  -Z? 4-2  \/?%  x=  —  V?— 2  vP- 
The  first  two  are  real,  since  z'  is  positive,  and  the  other  two  are  imagi- 
nary* since  z"  is  negative.  Besides,  as  in  the  reduction,  we  havd  supposed 
-y/ X*' •=. -yj  z'" y  we  ought  to  have  here  yf  z*  ^f  z"  -yj z*"  ^zz"  ^  z' \  so  that  tliis 
product  can  only  have  the  sign  of  q  by  choosing  for  '/z'  a  sign  contrary  tc 
that  of  9 ,  since,  by  hypothesis^  z"  is  negative. 

3^.  Case  in  which  the  reduced  has  one  root  z'  positive,  and  two  roots  z",  z' ' 
imaginary.  Tho. positive  root  zf  being  known,  we  cafr  divide  the  reduced  by 
X — z%  and  we  shall  have  an  equation  of  the  second  degree,  which  will  give  for 
z"  and  z'"  imaginary  values  of  the  form  ^ 

z"=/+g /III,  z"'^f-g  /=!. 
Consequently,  two  of  the  values  of  x  will  contain  the  sum 


V/+^  yf  -1+ V /-^  -/  -1 5 


and  the  other  two  will  contain  the  difference 


VZ+^V-i-VZ-^V-i. 


THE  DIOPHANTINE  ANALYSIS. 

38Q.  This  branch  of  analysis  derives  its  name  from  its  inventor,  Diophan- 
tos,  of  Alivcandriaf  in  Egypt,  who  flourished  about  the  year  360,  A.D.  It 
relates  chiefly  to  the  finding  of  square  and  cube  numbers.    * 

The  solutions  of  the  questions  must  frequently  be  left,  notwithstanding  the 
various  rules  that  have  been  given  for  this  piurposei  to  the  talents  and  ingenui- 
ty of  the  learner,  who,  in  pursuing  these  inquiries,  will  soon  perceive  that 
nothing  less  than  the  most  refined  algebra,  applied  with  great  skill  and  judg- 
ment, can  surmount  the  various  difliculties  which  attend  them ;  and,  in  this 
respect,  no  one,  perhaps,  has  ever  excelled  Diophantust  or  discovered  a  greater 
knowledge  of  the  extent  and  resources  of  the  analytic  art. 

When  we  consider  his  work  with  attention,  we  are  at  a  loss  which  to  ad- 
mire most,  his  singular  sagacity,  and  the  peculiar  artifices  he  employs  in  form- 
ing such  positions  as  the  nature  of  the  problems  requires,  or  the  more  than 
ordinary  subtilty  of  his  reasoning  upon  them. 

Every  particular  question  puts  us  upon  a  new  way  of  thinking,  and  fur- 
nishes  a  fresh  vein  of  analytical  treasure,  which  can  not  but  prove  highly  use- 
ful to  the  mind  in  conducting  it  through  other  difliculties  of  this  kind  whon- 
ever  they  occur,  and  also  in  enabling  it  to  encounter  more  readily  those  that 
may  arise  in  subjects  of  a  different  nature. 

The  followmg  directions  for  resolving  questions  in  the  Diophantine  analysis 
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win  be  fouid  useful ;  but  oo  geoeraJ  rule  cao  be  given,  and,  tiuireliDre,  ti 
•tudent  must  often  be  loft  to  depend  solely  upon  bis  awn  ingennitj  sod  ski 

RULE. 

Substitute  for  the  root  of  the  square  or  cube  required,  one  or  mote  lett^^ 
such,  that,  when  they  are  invobr ed,  either  the  given  number  or  the  higi>s 
power  of  the  uolmown  quantity  may  vanish  from  the  equation ;  and  theL 
the  unknown  quantity  be  of  the  first  degree,  the  problem  will  be  soked  ; 
reducing  the  equation.  But  if  the  unknown  quantity  be  still  a  sqasre  cr  ^ 
higher  power,  some  other  new  letters  must  be  assumed  to  denote  the  n>ii 
with  whlcE  proceed  as  before,  and  so  on  tiQ  the  unknown  quantity  is  batof  :ii^ 
^rst  degree,  and  from  this  all  the  rest  will  be  determined. 

EXAMPLES.* 

(1)  To  find  two  square  numbers  whose  sum  is  a  square. 
Let  3^  and  y*  be  the  two  squares ;  let  3z  and  4z  be  the  roots. 

Then  25z«=af  =n— 52l«=n«— 10nz+25z«; 

n* 
.•.2s=rr-;  ifnsslO,  z=l,  then  2X3=3  and  2X4=4, 

and  the  two  squares  are  9  and  16,  whose  sum  is  25,  a  square,  if  as20,:zS. 
and  from  this  we  get  another  value  of  x  and  y,  and  so  on. 

(2)  To  find  two  square  numbers  whose  difference  is  a  square. 
Let  afi  and  ^  be  the  two  squares. 

Assume  a*— y*=(x— «y)«=2«— 2nj:y+'*y« 
Then  — y=— 2nxy+ny, 

or  2nx=(n«+l).y; 

n«+l 

Suppose  y:=2n,  then  x=n'4-l«  If  «=2,  y=4,  and  xrrS;  ahw^-^ 
s=25— 16=9,  a  square  number.  If  n=3,  ys=6,  and  z=slO;  slao^-/ 
sslOO— 36s=64,  a  square  number. 

(3)  To  change  the  sum  of  two  squares  into  the  sum  of  two  othecs  sbj  sbb- 
Der  of  ways  at  pleasure ;  for  example,  in  three  different  ways. 

Let  a^  and  h^  be  the  given  squares,  and  let  a — x  end  ex — b  be  the  i^nts'^ 
the  required  squares ;  then,  by  the  question,  we  get 

a— x|3+caw^h=a«+6« ; 

by  involution,  a«— 2ar+x«+c«x«— 26cr4-6*=:a«+5« ; 

by  transposing  and  dividing, 

— 2a+i-|-  c»r  — .2c&=0, 

25c4.2a 
or  c*x+x^26c+2a  and  x=   i  /  «   » 

where  e  may  be  taken  at  pleasure  ;  for  example, 

c=2,  3,  and  4 1 
4&+2a   6h+2a       ,  86+2a 
^ ^="— 5~-  -[Q-^  "'^  ^^'  

*  Many  of  these  problems  are  selected  from  the  Aritiimotical  QMettiaoa  ^  liioS^^*^'^ 
of  which  six  oat  of  thirteen  books  now  remain.  The  best  edition  is  thit  poUiibe*^  d 
Paris,  by  Backet,  in  the  year  1670,  with  notes  by  Fermat. 

f  This  sign  Q  denotes  that  the  nomber  placed  eqaal  to  it  is  a  perfect  MparB 
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(4)  To  divide  a  number  which  is  die  product  of  the  sum  of  two  squares  oy 
tlie  sum  of  two  others^  into  two  squares  two  different  ways. 

Let  a>-|-6^  be  the  3um  of  two  squares,  and  <?'\-cP  the  sum  of  two  others, 
whose  product  (a«+6») .  (ca+£?»)=(ac  +  6^)«+(5c— a(/)»=\ac— 6rf)«  4-  (6e 
-4- a  J)',  as  required, 

(5)  To  find  a  nualber,x, such, that  x-f-l  and  x — 1  shall  be  squares. 
Let  a:+l=aS 

and  .  X— !=&« 

.•.  2=a«— 6«  by  subtraction; 

3 
or  3=2a,  and  0=5* 

9 
and  0*=- 


Or  thus: 


■4' 

9       ^        5 
.-.  1+1=7,  and  xssT. 

4  4 

« 

.      x+l=y»  . 

X— l=:y«— 2=  O  ==«— y|«=««— 2«y+y« 
.'.  »«— 2«y=— 2 

2«y=««+2,  and  y=^-; 

9  5 

take  «=1  .'.  ys=|,  and  x=y*— 1=-— Irrj,  as  before. 

(6)  Required  to  find  four  square  numbers  whose  sum  shall  be  a  Q . 

Let  1,  4,  9,  and  x^  be  the  required  squares ;  then,  by  the  question,  we  get 
14+x«c=:D  =n— x|»=:n«— 2nx+x», 
n'— 14 
and  ^=-2^:^' 

5  25 

where  n  may  be  any  number  at  pleasure,  if  n=3,  x=  — g,  3:"=5g»  or  if  n=:4, 

1  1  1       225    "15 

x=2»  "*d  *®  numbers  are  1,  4,  9,  and  r^;  then  1+4+9+— =—=b— 

as  required. 

(7)  Divide  2  into  three  rational  squares. 

Let  X,  2x— >1,  and  3x — 1  be  the  roots  of  the  three  squares  respectively: 
then  x»+4x«— 4x+l+9x«— 6x+l=2 ; 

by  transposing  and  dividing, 

r  o  Q 

x=-,  2x— 1=-,  3x-.l=^,  the  roots; 

and  the  a  *«  will  be 

25  ,       9        , ,      64 

X»=j5,2x-.l|»==j^,an.l3x-l|.«-, 

25      9      64     98 
the  sum  of  which  is  49+49+49=49=2,  the  proof. 

Or  thus: 


Let  1,  x^,  and  y*  be  the  squares ;  then 
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14,a*+y«s=:2  and  a*+^=l, 
UP  a*=l— /=  Q  5=sl— nyl«s=l— Sny+fiy 

where  n  may  be  taken  any  number  greater  dian  1 ;  if  n=2,  tben  yz.  7  a:;^ 

16  9 

y*s=rj= ;  tben  will  ^'ss— ,  and  the  sum  of  these  pins  1  ia  evidently  2. 

(8)  Divide  -r  mto  three  rational  sqnares. 

Let  T,  ^^Qt  ^^^  ^^^'^o'  ^  ^®  '^^^  ^  ^^  ratboal  sqnaree,  and  tbes 
aquaresare 

a",  4a*-.2i4.  J,  9jt«-3x+j, 

•ad  2«+4a^— 2x+j+9a<— 3x+j=-, 

5  .      S 

and  z  will  be  found  to  be  r^,  from  which  we  get  the  three  equuea,  vb^  -r^ 

lOfi'  Tofi'  '°°^  **  evidently  -,  as  required. 

(9)  To  divide  a  given  square  number,  100,  into  two  such  parts,  tiiat  etA 
of  them  may  be  a  square  number. 

Let  2*  be  one  of  the  parts,  then  100—2^,  the  other  partC  win  be  a  sqan 

number. 

Assume  100— x8=(2a:—10)»=:4a*— 40x4-100. 

.*.  xs8,  and  2x— 10:=6 ;  hence  64  and  36  are  the  parts  requized. 

The  same  problem  may  be  resolved  generally  in  the  foHowing  manner: 

Let  €^  be  the  given  square,  x'ss  one  of  its  parts,  and  a* — z*  the  other. 

Assume  a«— x«=(nx— a)«=n*x«— 2anr+a»; 

Then  '     — x«=:n«j:«— 2flnx; 

2na        ,  an* — a 

.%  j=s  a  I  It  *nd  fix— a=- 


/  ^nay      ,  /an*-^aY 


9+1/   —^  \n«+l- 
are  the  two  squares  required ;  in  which  expressions  a  and  n  may  be  any  wbob 
numbers  whatever,  provided  n  be  greater  than  unity. 

(10)  To  find  a  number,x,6uch,that  x+128  and  x-f-192  shaJl  be  boliisqiiirB 
numbers. 

Assume  x+128=z^  .*.  x=:2^ — 128,  which  is  one  condition  answered;  tbsi 
2'— 128+192=2^4-64=sD=:a'.*.z^=(l'— 64;  then  we  have  only  to  assame 
such  a  value  for  a  as  will  make  a'— 64  a  square ;  but  it  is  plain  that  if  a  be 
taken  =10,  then  a^-^64 =36=  a ,  and  z'=36  r&ut  this  would  make  the  vshw 
of  X  negative ,  tben,  in  order  to  find  values  fcr  z  that  will  make  z  positzFe,  take 
a=17,  and  tkej  a*=289,  and  .•.  a«— 64=225=  a  ••.  z«=225  and  .-.  x=225 
—128^97,  the  value  required. 

(11)  To  divide  a  g^ven  number,  13,  consisting^f  two  known  sqaarea,  9  sod 
4,  into  two  other  square  numbers.* 

*  Li  tlie  Bolutian  given  of  the  above  problem,  %  and  m  may  be  taken  equal  to  my  vem 
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Let  no:— 3  be  the  root  of  the  fint  square  sought,  and  mx— 2  the  root  of 
the  other  square. 

Then  nx— 3|t^,na:— 2|«=rl3, 

or  {n^+m^)  .  a«=(4w+6n)  ,x;  % 

6n4-4m 


,  X  = 


n«+m^ 


lS  ' 


_                              ^     3»«+4m»— 3m«       ^  ^  ,     ^ 

whence  na:— 3= ,  .     , =  the  root  of  the  first  squire, 

6iiin— 2n«+2m« 
and  fjur— '2=3 r-r — sss  the  root  of  the  second. 

X*.        «      J  ,  ^        3n«+4mn— .3w«     17 

If  n^2  and  m^l,  we  naye z-; — r ^-Tr=:  the  root  of  one  square, 

^  6mn— 2n«+2m»     6       ,  .  ,        , 

and r-j — r =1=  the  root  of  the  other  square. 

(12)  Let  14  be  divided  into  three  rational  squares.  It  is  web  known  that 
die  least  three  squares  in  whole  numbers  are  1,  4,  and  9,  which  will  answer 
the  question;  but  to  give  a  general  solution, 

Let  1,  3a;— 2,  2z-~3,  be  the  roots  of  the  required  squares ; 

24 
then  l+(3x-.2)»+(2a:— 3)«=14,  or  x=— ; 

^  IJ 

24  72 

then  13  ^  ^  ^  13'  ^^™  which  subtract  2 ; 

/46\«     2116     24  48  ,  , .  ^      . 

then  yY^J  =  -j^ ;  j^X  2=55.  from  which  subtract  3 ; 

hV    '81        ,  ,  2116  .   81     •    ^ 
^^°  Vis/  =169  •••  J+T69 +I69=1^- 

(13)  To  find  two  square  numbers  whose  difiference  shall  be  eqaal  to  any 
given  number. 

Let  X  be  the  root  of  the  lesser  square  sought ;  and  let  cf,  the  given  difilsrence 
of  the  squares,  be  resolved  into  any  two  imequal  factors  a  and  6,  of  which  a  it 
the  greater. 

Let  x-l-  6  be  the  root  of  the  greater  square ; 
then  (a:+6)«— a:«=:rf=a6, 

t.  c,  2x^h=:a. 

Whence  x=:-^=  the  root  of  the  lesser  Q , 

a+h 
and  ar+&;r=— Q— =  the  root  of  the  greater. 

Tf  (2=60,  and  a  X  6=30  X  2,  we  have 

30-2     ^^        _ 
— ^=14,  and 

whence  16"  and  14'  are  the  squares  required  whose  difference  s=60. 

ben  whatever,  provided  their  ratio  be  zwt  that  of  3 :  S.    For  if  n  were  to  m  as  3  to  8/the 
root!  of  the  sqaarea  aooght  woald  be  foond  the  same  as  the  roota  of  the  known  aqnarei. 
Tf  it  were  required  to  divide  a  giVen  square,  2*,  into  twc  other  sqaares. 
Since  {«i»-f  n«)«=(mii— n;i)«-f-(2«m)». 

where  m  and  n  nuiy  be  aaamncd  at  pleatfore,  m  being  greater  than  n. 


30-2      ,^        .30+2     ,^ 
—^=14,  and  —^=16 ; 
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(14)  To  fiiicl  two  nombers,  sndi,  that  if  oiliiw  of  diem  bo  idded  to^ 
square  of  the  other,  the  sum  shall  be  a  sqiiare  number. 

Let  3^+2x1/  and  y  be  the  required  nombers ; 
then  a*+2zy +y»=:  D  =:x+y\* ; 

hence  it  only  remains  to  make  « 

14-40:3— 2iu« 

3  19 

If  n=s2},  and  :r=l,  then  ^=£3  and  a^4-2rys=Yx«  whidi  are  two  mmben 

that  win  answer  tlie  conditions ;  for 


3[«     19     256     16 


19 «      3      400     20p 
"^13   +13-169"-13r 


Orthns: 
Put  J— X  and  x  for  the  numbers;  then  -— x+x«=s:^-— xj  ,  asqoare^is 

R«  1      X  1      X  1       !• 

+^s=jg-5+r+a*=— +5+a«=:j+x|  =  a,  wherexmaybetiki 

at  pleasure,  provided  it  be  less  than  -• 

(15)  To  find  two  numbers  whose  sum  and  difference  ahaO  be  both  spti 
numbers. 
Let  X  and  y  be  the  two  numbers ;  tiien,  by  the  queatioQ, 
x4-y=s  D  =a*  and  x — y^  a  =s6» ;  • 
add  both  squares,  and  we  get 

2x=a«+6«-, 


hence 
Agwn,  by  subtraction, 


2y=a'— &*  and  y=- 


2     ' 

where  a  and  b  may  be  taken  at  pleasure!,  provided  a  be  greater  than  hi 

9+1  9—1 

ass3  and  ft^l,  then     ^    =5  ^^^  — q^^^^«  whose  sum  and  difference  1 

both  squases.    Or  thus : 

Let  X  and  2"— x  be  the  numbers. 

It  18  evident  that  their  sum  is  a  square ;  and,  in  order  to  satisfy  the  ot 
condition  in  the  question, 
Assume  x— n|«=sx«— .2x,  the  difference  of  the  numbers ; 

^  n* 

whence  x=g^--^; 

Hence  the  two  numbers  are  r r  and  <  r ^  >  — ^  -  ^,  ia  which ni 

9 
be  taken  at  pleasure,  provided  it  be  greater  than  1.    If  nas3,  xs^, 

-.  45 

X"— X:b — \ 
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^16)  Find  two  numbers  whose  snm  is  a  square,  the  sum  of  their  squares  a 
square,  and' either  added  to  the  square  of  the  other  a  square. 

£jet  7— a;  and  x  be  the  numbers ;  then  their  sum  7  is  a  souare,  and  -  ^x 

4  4  4 

i     !•  \     X  1 

+x«=i  D  =--.a:|  a  square,  and  ~—-+x+a*=D=j+a: 
in  order  to  satisfy  the  other  condition,  we  assume 


a  square;  and« 


n— 1 


fix      1 
="'^-2+16- 


which,  solved,  gives  xss^^,^^,  if  n=4,  arss^g,  and  -— x=— ,  bo  that  ^ 


and  ^  are  numbers  that  answer  the  conditbns  as  foBowtf : 


281  ^28 


""S;m»""28l  281  ■'"28"'Qftl«'^"5Ql«~"Ml»'~28|  * 


28l*     281 


also, 


28 


■28T 

s 


+28""ofl!«"'"oRi«""Qn«""28 


""28I*  '  281'      28  I 

(17)  Find  two  such  numbers,  that  if  then:  product  be  added  to  the  sum  of 
their  squares,  the  sum  shall  be  a  square.  • 

Let  2x  be  their  sum  and  2y  be  their  difference ;  then  the  greater  will  be 

x-f-y  and  the  less  x— y ;  hence  ofl — y*=  their  product,  and  2x^-|-2y*=  the 

sum  of  their  Squares ;  then,  by  the  question,  Sx'^-y^sr  □  =:yix— y|'  and 

2nt/ 
xs^  ,__g ;  if  n=2  and  ys2,  . .  xs=8,  which  wlD  answer  the  conditioDs. 

(18)  To  find  two  square  numbers,  such,  that  the  difference  of  their  cube 
roots  shall  be  a  square  number. 

Let  7fi  and  y^  be  the  required  numbers.  Then  x"— y':=  D ;  consequently,  t 
and  y  may  be  any  two  numbers  which  are  the  hypotenuse  and  one  leg  of  a 
right-angled  triangle,  and  the  least  nun.  hers  of  this  description  are  5  and  3,  and 
the  numbers  themselves  15625=125*  and  729s=27>. 

(19)  Find  three  numbers,  such,  that  not  only  the  sum  of  all  thrae  of  them, 
but  also  the  sum  of  every  two,  shall  be  a  Q . 

Put  4x,  x^— 4x,  and  2x-|-l  for  the  three  numbers ;  then  it  only  remains  to 
render  6x4-1=0. 

Assume  its  root  n — 1 ; 
then  6x4.1=n^Il]«=n«— 2n+l; 

n«— 2» 
whence  x=: — g — , 

if  nsl2,  xssifiO,  which  will  answer  the  conditions  of  the  problem. 

(20)  Find  two  numbers,  ^uch,  that  the  sum  of  their  squares  and  the  sum  o! 
their  cubes  shall  be  both  squares. 

Let  &  be  the  base,  p  the  peipendicular,  and  h  the  hypotenuse  of  a  rational 
right-angled  triangle,  x  any  multiplier  of  ft,  p,  and  h ;  then  (&x)'-|-(l'x)'=(Ax)*, 
bat  {hxY+ipxfss    a   rational   square    ssr^x";  hence   (ft>-f-jp>).x=r7^,   01 

las^^r^;  now  if  r=ft»+jp», .  .x=ft'+ii»,  and  .-.  ixssft(5'+f>),  jpxssjpx 
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rt»+|3»),  now  let  6=3,17=4;  then  b  j:=91,  6jr=273.  and  j;x=364.     If 
6ss6  and  jp=8,  then  x=728,  6z:=4368,  and  ^x=5824,  and  00  on  in  geneial. 

(21)  Find  a  number^  to  which  if  8  be  added,  the  sum  shall  be  a  cube,  and 
from  which  if  Ibe  subtracted,  the  remainder  shall  be  a  cube. 

Let  X  be  the  number;  6=2,  c=l ;  then  x-^-l^s^  a  cube  and  x-7C*=  a 
cube; 

hence  r+i»=(6+ Ja)»=6»+3c«fl+^+S«'  ^ 

3c*        c« 
...x=3c»a+-^a«+j^». 

Assume  x — c^=z{a — c)»=  a   cube  =0=— 3a*c+3ac'— c*,  and  .•.  rasa' 
—  Sa'c-f-Sac";  and,  equating  both  values  of  x,  we  get 

3c*        c^ 
'a»-«3a«c+3ac«=3a(^+-jjii«+^a», 

Whence  a=gs3^X3c&»=j53^; 

■od,  putting  the  right-hand  member  of  this  equation  into  ntunbers,  we  get 

3X^     24 

"=83i=y' 

6256 
henee   .  ^=_.. 

(22)  To  find  three  square  numbers,8uch,  that  the  sum  of  every  two  of  them 
ihall  be  a  square  number. 

Let  X*,  y^t  &ud  z*  be  ih»  numbers  sought. 

Then  a*+2!",  y*+2*.  and  a*+^  are  the  three  numbers ;  t.  e., 

?+l'?+l.and-+5 

are  three  square  numbers. 

X     m«— 1  y     n«— 1 

Assume  -s=    ^      ,  ana  - 1^— r; — , 

2        2i»  •        2        2ft 

we  have 

•      ^  ,  ,     m*+2m«+l  y«  n*+2n«+l 

which  are  evidently  two  squares ;  and  therefore  it  remains  to  make     "^     a 
aqnare  number. 
Now 

x«+y« 


2«     "■  \     2»i    J    "^  (     2n     )    —     4m«      "^     4ft«      "" 
(ot«— l)«.n«+(n«— l)«.m« 
4mV  ' 

a  square  number. 
Hence 

(m»-l)«.n«+(n»-l)^m^or(m+l)«.(w-.l)^n«+(ft+l)^(tt-t)^w•a■ 
a  square  number. 

Let  m+l=ft— 1 .-.  n=fft+2.  * 

Hence        (m+l)«.(m-l)«.  (m+2)«+m^ .  (m-i.3)«x («+!)*, 
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or  (»»— 1)'  •  {m+2y+m* .  (m+3)»» 

or  2m*+8ni'+6TO«— 4m+4,  / 

is  a  square  number. 

Let  the  root  of  this  quantity  be  assumedss  -r m+2. 

Then  (-^ m+2J  =2m*+8m»+6m«— 4i7i+4 

whence  m=s— -24,  and  n=— 22. 

.,  X    m*— 1      676        ^y     n»— 1      483 

^^  ;=^sr=:^48'  ^°^  z="^;r=:i44  • 

575z       ^             483r 
kence  x= ^,  and  y= jj-. 

To  obtain  the  answer  in  whole  numbers,  let  z=528  ;*  then  r=  — *6<326|  and 

'ys:— 5796.    Hence  628,  —6796,  —6326  are  the  roots  of  the  squares,  and 

528",  5796^  6326*  are  the  squares  required. 

(23)  To  find  three  cube  numbers,  such,  that  if  from  every  one  of  them  a 

given  numoer  1,  be  subtracted,  the  sum  of  the  remainders  shall  be  a  square. 

Let  1-4-^f  2 — 3:,  and  2  represent  the  required  roots. 

Then,  per  question,  (l+a:)'— 1+(2— a:)'— i+8-.l=  D  ; 

or  (l+ar)»+(2— a:)5+8— 3=  D  ; 

a«+3i:«+3x+l+8— 12x+62;«— a*+8— 3=a  ; 

9a:»— 9x+14=Q,  =:(a— 3ar)»=a«-.6ar4.9a* ; 

14— 9ar=a«-.6ar; 

a«— 14 
and  6<m:— 9a:=:a'— 14  .•.  ar=-- 


'6a— 9 
_17 
16     --15' " ''^—16'  """  """-^iS' 


Suppose  a  s=:4 ;  then  x== — r^ — =71^  ^^  l+^=={c»  ^^  ^""^^Tfi' 


4913   ,         ,.      /28\a     21952 
.     -  <^+^)'=3-376'  (2-^i  -  y  =^376-'  ^^  « 
are  the  numbers. 

(24)  It  is  required  to  find  three  integral  square  numbers,  such,thkt  the  dif* 
ference  of  eveiy  two  of  them  shall  be  a  square  number. 
Let  the  roots  of  the  required  numbers  be  denoted  by 

»«+2/'.  «'-2^»  and  r«+a:«.  • 

Assume  t«— a:«=«'+y« ; 

then  »       r«— j»— «*=y»=  D 

and  y<=r*— 2r«ja-.2rV+ar*+2a:»»«+«* ; 

but  (r«+a«)«— (««— y«)«=  a 

=(r»+a^)«— (««— r*4.a:«+«9)«=r*+2r«a:«+a:*— **+27*5«— 2««a^— 2*«— ** 
+2r«j«+2r«5»— x<— 2<3a:«— **=  D 
=4r»i«+4i^«»— 4««J*— 4**=  D 
=4(r8a:«+r««»— 5»J*— «*)=  D, 
.-.  T»a«+r^fi«— «»a*— **=  D  =za\ 
and  (**—«')  •  a«=a»— r*j»4.**, 

take  rs=:21  and  «r=13, 

*  Tba  least  oommon  multiple  of  the  denominaton,  48  and  44i 
Go 
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=272-169. 

Take  a=340, 

then  2«r=256  and  y«=»*— »«— x»=441— 256— X69  =  :  6, 

.-.  (r«+a«)«=:(441+256)«s=:(697)«=r  one  oamler. 
and     (r«— z«)*=(*«+y»)«=(441— 256)«=(186)»s=:  the  second  mynber, 
and  (<'^y*)*=5(169— 16)'=r(153)*,  which  u  the  ether  omnber. 

(25)  To  find  three  square  numbers  such,  that  their  sum,  being  serenir 
added  to  their  three  roots,  shall  make  square  numbers. 
Let  2x,  6X|  and  9x  denote  the  three  roots;  .*.  by  the  questaon* 
121x«+2x=D, 
121a«+6x=  D , 
12l2>+9x=:a. 

Assume  '=j|j;  then  121r=y ;  and  .-.  121x8=~j,  and  121i*+2r=^ 

+121" 
Hence,  we  get 

y +2y=  D , 
^+6y=D, 
^4.9y=  D . 

Assume  y«+2y=  (-2^ j  ;  and...2/»+2y+l=(-^j-;  +1= j^" 

2*-2z»+4««  +  l     z«+2z»+l      /««+l\«         ^  ^      ,, 

=-"2^-  .'.  =y-2^ 1  = 2i =      22      '      "**•  ^  substitnnoD  lo  lb* 

secoDd  equation  above,  we  have 

(«— 1)«  U— 1)'  (2—1)*  («  — !)• 

Rut  4z'  is  a  square  number; 

.-.  (z— 1)^+122  X  (2— !)»=□ 
=(2-l)«x(2-l)«+12r.(^-.l)«=(z-l)'X{(:^-l)«+122|. 
But  (2— l)«i8  D, 

...  (2— l)«+12;r=  n  =2»+102+l=:a. 
4  gain,  by  substitution  in  the  third,  wo  have 

^'-^^Voir^'-^^'     n      (^-ir,^8^X(2-l)» 
42»    "^^^      22     —  °-     4z»     +  42«  -"• 

. .  (2— 1)«+182X(2--1)«=  D.  and  .-.  (^— 1)».(2-.1)«4.182.(2— 1)»=0 

Hence  (t— l)9x  {(2— 1)«+182}=:  a, 

and  .-.  (z— 1)»+182=  D  =2»+162+l ; 

benee  (2«4.16z+l)— (2«+102+l)as62=:32X2, 

1  3i  i  g     3: 

the  r  sum  of  which  factors  is  —^=—+1,  the  root  of  the  greater  Q. 


/32         \«      92» 

.^»+162+l  =  (-+l)  =— +3Z+1, 
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.-.  :»«+16*=— +3;r,  and  4«»+64£=9;^+12«, 

52 
ma  .*.  Az+64ssi9z+l2,  5^=52,  and  z= 


/52       y      /47y     2209     2209 

_\5""V        \5/ 25^  _-25" 

'''^■"  62    "■       52 ""     52  ""104" 

2X  ^         2X  g      2.^      -y- 

2209  y 2209 

""  620  ■"121'  •"  62920' 

4418    13264       ^19881 
••   weseethat    ^  ^^^,  ^^^,  ^rid  ^^^  are  Ihe  roots. 

QUESTIONS  FOR  EXERCISE. 

(1)  Required  six  numbers  whose  sum  and  product  shall  be  equal. 

15 
Ads.  1,  2,  3,  4,  5,  and  ^75- 

(2)  Required  five  square  uumbers  whose  sum  shall  be  a  square 

Ads.  1,4,  9,  16,  and  {. 

(3)  Divide  the  number  3  into  four  ratioual  squares. 

.        16    1     9       ^49 

^°^- 25' 26' 25''°^  25- 

(4)  Divide  unity  into  three  rational  squares. 

Ads.  — Ti  — Tt  and  — . 
49'  49'         49 

(5)  FiDd  two  numbers  whose  sum  is  a  cube,  and  difference  a  square. 

Ans.  1612  and  216. 

(6)  Find  two  d umbers  whose  product  plus  their  sum  or  differeoce  is  eacb 
%  <)quare. 

5       ,     6 
Ans.  — r  and  4 — . 
12  12 

(7)  To  find  two  number8,such,  that  when  each  is  multiplied  into  the  cube 
of  the  other, the  products  will  be  squares. 

Ans.  2  and  8. 

(8)  To  find  two  square  numbers  whose  difference  is  40. 

Ans.  49  and  9. 

(9)  To  find  two  square  numbers,  such,  that  their  sum  added  to  their  prod- 
uct may  be  a  square  number. 

Ads.  g  and  5. 

(10)  It  is  required  to  find  two  whole  numbers,  such,  that  their  difference, 
the  difference  of  their  squares,  and  the  difference  of  their  cubes  shall  be  squares. 

Ans.  10  and  6. 

(11)  Find  two  numbers,  such,  that  the  sum  of  their  squares  shall  be  both 
'    a  square  and  a  cube. 

Ans.  76  ancTlOO. 

(12)  Find  two  numbers  whose  sum  shall  be  a  cub».  but  their  product  and 
ijnotient  squares. 

Ans.  26  and  100.  ' 
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(13)  It  is  required  to  find  three  integml  sqciare  numbers  that  shall  be  is 
arithmetical  progression. 

Ans.  1,  25,  and  49 

(14)  To  find  three  square  integral  numbers  in  hatrnonical  progression. 

Ans.  1225,  49,  and  25. 

(15)  To  find  three  numbers,  such,  that  if  to  the  square  of  each  of  them  the 

sum  of  the  other  two  be  added,  the  three  sums  shall  be  all  squares. 

8  16 

Ans.  1,  ^,  and  y. 

(16)  It  is  required  to  find  three  whole  numberB,such,  that  if  to  the  square  of 
each  of  them  the  product  of  the  other  two  be  added,  the  sums  shall  be  squares. 

Ans.  9,  73,  and  328. 

(17)  It  is  required  to  find  three  whole  numbers  in  geom%trica]  progressioa 
such,  that  the  difference  of  every  two  of  them  shall  be  a  square  number. 

Ans.  567, 1008,  and  1792. 

(18)  It  is  required  to  find  three  integral  square  numbers,  such,  that  the  dif- 
ference between  every  two  of  them  and  the  third  shall  be  a  square  number. 

Ans.  149«,  241«,  and  269«. 

(19)  To  find  three  square  numbers,  such,  that  the  sum  of  their  squares 
shall  also  be  a  square  number. 

,  144 
Ans.  9",  16,  and  — .  ' 

(20)  To  find  three  biquadrate  numbers  the  sum  of  which  shall  be  a  square. 

Ans.  12*,  15*,  and  20*. 
For  generalization  of  Diophantine  problems  in  certain  cases,  see  Bonny- 
castle^s  Algebra.     See,  dso,  Theory  of  Numbers. 


THEORY  OF  NUMBERS. 

387.  We  have  already  had  occasion  to  demonstrate  some  propositions  which 
iail  under  this  head,  and  which  wonkl  have  been  reserved  for  this  place  had 
they  not  been  required  for  the  elucidation  of  previous  parts  of  the  work. 

We  recur  to  one  or  two  of  these  for  the  purpose  of  exhibiting  some  of  the 
other  methods  by  which  they  may  be  established. 

I.  To  prove  that  a  X  ^=&  X  a*     Suppose  a>5  and  c  their  difference ; 
.-.  axh=z{b+c)b=:h»+ch; 
t.  €.,  5  taken  b  times  and  c  taken  b  times,  and 

6Xa=&(6+c)=6«4  6c; 
t.  e,,.b  taken  b  times  and  also  c  times. 

We  perceive  that  the  product  a  X  ^  wiU  be  the  same  as  &  X  ^i  if  the  partial 
product  cx^  is  equal  to  &Xc.  But,  by  similar  reasoning,  the  equality  of  eb 
and  5c  will  be  proved  by  the  equality  of  two  smaller  products,  cd  and  dc ;  and 
continuing  thus,  we  arrive  necessarily  at  the  case  where  the  two  &ctors  are 
equal,  or  at  the  case  where  one  of  them  is  equal  to  unity.  In  the  first  case 
the  equality  is  manifest ;  in  the  second,  it  will  follow,  from  the  fact  that  &X  1 
is  ^  as  well  as  1 X^*  Then  the  product  ax^'^  always  equal  to  the  prodoitt 
6X«- 
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II.  To  demonstrate  that  N x « X  6s=N  x aft,  I  obaenre,  first,  that  the  prod- 
act  ah  is  nothiDg  else  than  a-fa-f-a-f-,  &c.,  the  number  of  these  terms  being  fr. 
Th«n  N xai=Na+Na+Na+,  &o.,  to  h  terms,  ==Na  x h.        Q.  E.  D. 

III.  Na&sN&a ;  for  Na=N-f-N-|-N-(-  ...  to  a  terms ;  then,  to  multiplj 
r^a  by  6,  it  is  necessary  to  take  each  of  the  terms  h  times, 

thuB  Na6=N6+N6+N6 . . .  =N6a.  Q.  E.  D. 

€U>roUary  1. — ^If  all  the  factors  of  N  be  1,  then  1 X  a5=l  X  ia,  or  ah=sha. 
according  to  I. 

OoroUary  2. — The  abo^e  reasoning  applies  only  to  entire  factors.  The  prin- 
ciple is  equally  true,  however,  when  some  of  the  factors  are  fractions ;  because, 
if  the  entire  factors,  which  are  combined  with  the  fractional  ones,  be  written 
in  a  fractional  form  by  placing  unity  under  them,  all  the  factors  to  be  multi- 
plied together  will  be  fractions ;  the  product  of  tihese,  we  know,  is  obtained  by 
taking  the  product  of  the  numerators  and  denominators  separately,  which  are 
entire  numbers,  and  therefore  the  order  is  immaterial,  from  what  has  b^en 
proved  above. 

Corollary  3. — ^If  the  factors  be  incommensurable,  it  is  to  be  observed  that 
the  product  of  two  incommensurable  quantities  has  no  precise  meaning. 

Bat  by  regarding  the  incommensurables  as  limits  to  which  approximating 
comnaensurables  tend,  since  the  above  reasonmg  applies  to  the  latter,  and  their 
order  is  immaterial,  we  may  infer  that  the  order  is  immaterial  also  in  a  prod- 
uct of  incommensurable  factors. 

CoroUary  4. — ^We  have  seen  that,  from  the  above  preposition,  it  follows  that 
the  order  of  factors,  in  a  product  is  immaterial ;  hence  it  foUows  that  if  a 
number,  P,  contains  the  fiictors  a,  5,  c,  &c.,  it  is  divisible  by  their  product. 

Corollary  5. — If  a  number,  P,  is  divisible  by  another,  Q=a6c,  then  ia  P 
divisible  by  each  of  the  factors  a,  h,  e. 

THB  70BA1S  AND  RELATIONS  OF  INTB6BAL  NUMBERS,  AND  OF  THEIR 
SUMS,  DIFFERENCES,  AND  PRODUCTS. 

386.  I.  The  sum  or  difference  of  any  two  even  numbers  is  an  even  num- 
ber. *  For,  let  A=2n  and  BssSn'  be  any  two  even  numbers  ;  then 

AdbB=2n±2n'=2(n±n')=2n", 
which,  being  of  the  form  2n,  is  ao  even  number. 

II.  The  sum  or  difference  of  two  odd  numbers  is  even,  but  the  sum  of  three 
odd  numbers  is  odd. 

Let  A=2»+l,  Bs2tt'+1,  and  C=:2n''+1,  be  three  odd  numbers;  then 
A+B=2n-f-2n'+2=2n", 
and  A+B+C=:2»+2n'+2n"+3=2n'"4-l; 

the  former  having  the  form  of  an  even,  and  the  latter  of  an  odd  number. 

In  a  similar  way  it  may  be  shown, 

(1)  That  the  sum  of  any  number  of  even  numbers  is  even. 

'2)  That  any  even  number  of  odd  numbers  is  even,  but  that  any  odd  num- 
jer  of  odd  numbers  is  an  odd  number. 

(3)  That  the  sum  of  an  even  and  odd  number  is  an  odd  number. 

(4)  That  the  product  of  any  number  of  factors,  one  of  which  is  even,  wiD 
be  an  even  number,  but  the  product  of  any  number  of  odd  nuabers  is  odd '. 
ud  hence,  again. 


f 
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(5)  £f  ery  power  of  an  even  number  U  even«  and  eyexy  power  of  an  od: 
nomher  is  an  odd  nomber. 

(6)  Hence  the  sum  aad  difference  of  aof  power  and  its  root  is  an  eveo 
nnmber. 

For  the  power  and  root  wiQ  be  either  both  even  or  both  odd,  and  the  tm 
or  difference  in  either  case  it  an  even  niunber. 

III.  If  an  odd  number  divide  an  even  number,  it  will  abo  divide  the  ialf 
of  it.  ' 

Let  As=2ii,  Bss2n'+1  be  any  even  and  odd  nomber,  audi  that  B  is  i 
diviaor  of  A ;  Jet  the  division  be  made,  and  call  the  quotient/' ;  then  vre  bve 

2n=|>(2n'+l); 
consequently  (4),  p  is  even,  or  of  the  form  2n" ; 
hence  2n=2n"(2n'+l), 

and  S^^*^"' 

that  is,  nss^A  is  divisible  by  B,  if  A  itself  be  so. 

DEFiyiTIONS. 

389.  (1)  A  perfect  number  is  that  which  is  equal  to  the  aom  of  sD  its  ab 

quo!  paxts,  or  of  all  its  diviiors. 

6     6     6 
Thus,  Css^-f-^-f'E*  ^°^  ^*  therefore,  a  perfect  number. 
A      o      t> 

(2)  Amicable  numbers  are  those  pairs  of  numbers  eacl}  of  which  is  e({ialto 
an  the  aliquot  parts  of  the  other.  Thus,  284  and  220  are  a  pair  of  anuciUd 
■umbers,  for  it  will  be  found  that  all  the  aliquot  parts  of  284  are  equal  to  230, 
and  aU  the  aliquot  parts  of  220  are  equal  to  284. 

(3)  Figurate  numbers  are  aU  those  that  fidl  under  the  general  expression 

n(n+l)(n+2)(n+3)....(n+m) 
1.2.3.4....(m+l)  • 

and  they  are  said  to  be  of  the  1^,  2^,  3^,  &:c.,  order,  according  as  m=I 
2,  3,  &c. 

(4)  Polygonal  numbers  are  the  sums  of  different  and  independent  tA 
metical  series,  and  are  termed  lineal  or  natural,  triangular,  quadnogiziir 
or  square,  pentagonal,  dec.,  according  to  iho  series  from  which  they  an 
generated. 

(5)  Natural  numbers  are  formed  from  a  series  of  units ;  thus : 
Units,  1,  1,  1,  1,  1,  dec. 

Natural  numbers,  1,  2,  3,  4,  5,  &c. 

(6)  Triangular  numbers  are  the  successive  sums  of  an  arithmeticsl  senei, 
beginning  with  unity,  the  common  difference  of  which  is  1 ;  thus : 

Arithmetical  series,  1,  2,  3,   4,    5,  &c. 

Triangular  numbers,  1,  3,  6,  10,  15,  &c. 

(7)  Quadrangular  or  square  numbers  are  the  sums  of  an  arithmetical » 
ries,  beginning  with  unity,  and  the  common  difference  of  which  is  2 ;  thoi : 

Arithmetical  series,         1*  3,  5,    7,     9,    11,  &c. 

Quadrangular     or ) 

\wJZni^rs,\       1.4.9,  16,  25,36.  &c. 


THEORY  OF  NUMBERS.  471 

(,8)  Pentagonal  oumbera  are  the  sums  of  an  arithmetical  series,  beguuiing 
^nritii  unity,  the  coma^on  difference  of  which  b  3  ;  thus : 

Arithmetical  series,        1,  4,    7,    10,  13,  16,  &c. 

Pentagonal  numbers,      1,  5,  12,  22,  35,  51,  &c. 

And,  universally,  the  m — gonal  series  of  numbers  is  formed  from  the  suc- 
cessive sums  of  an  arithmetical  progression,  beginning  with  unity,  the  com- 
mon difference  of  which  is  m — 2. 

DIVISIBILITY  OP  NUMBEBB. 
390.  I.  The  product  of  two  numherSf  a  and  b,  U  divisible  by  every  numoer 
which  exactly  divides  one  of  the  two  factors  fi  and  h. 

For  let  d  be  a  number  which  divides  b,  so  thnt  b=,c$t  we  have  by  the  fore 
going  ab=iacxO'    Then  ab,  dirided  by  6,  gives  the  exact  quotient  ac, 

CoroUary. — To  divide  a  product  of  several  factors,  divide  one  of  the  factors 
and  multiply  the  quotient  by  the  others. 

On  this  subject  we  must  observe  that  a  number  may  sometimes  divide  a 
product  when  it  will  not  divide  any  hctor.  Thus,  20  divides  neither  12  nor 
15,  bu^  does  their  product,  180.  This  is  because  20  is  composed  of  factors 
some  of  which  are  found  in  12  and  others  in  15.  fiut  if  the  number  20  had 
no  common  factor  with  one  of  the  factors,  it  must  divide  the  other.  (See 
Art.  84,  note.) 

II  If  there  be  n  numbersj  each  of  them  divisible  by  k,  then  is  their  product 
dimsihU  by  k". 

For  a^skq,  bzszkq'^  c=:kq'\  . .     .•.    abc  . .  .=^.tr, 

to  being  equal  to  qXq'Xq"X  •  •  • 

III.  The  sum  of  several  numbers,  a-f-b-{-c-f-<3i  w  divisible  by  a  number,  k, 
when  the  sum  of  the  remainders  obtained  by  dividing  each  bykis  divisible  by 
this  number. 

For  a=zkq+r,  b^kq'+r",  c=A:^'+r",  &c. 

...  a+b+c+d=:ik{q+q'+q"+,  &c.)+r+r'+r"+,  &c. 
Whence  it  is  evident  that  a+&+^»  ^-j  *®  divisible  by  k  when  r+r'+r  , 
to.,  it. 

IV.  The  difference  of  tvx)  numbers,  a  and  b,  is  divisible  by  a  number,  k, 
when,  if  each  be  divided  by  k,  the  remainders  are  equal. 

For  a=sA:g+r,  and  bz^kq'J^r 

V.  Every  number  consisting  of  units,  tens,  hundreds,  Sfc.,  is  divisible  by  a 
numher,  k,  when  the  sum  of  the  products  of  the  number  of  units,  tens,  Sfc.,  by 
the  remainder,  after  dividing  the  units,  tens,  Sfc.,  each  by  k,  is  divisiUe  by  this 
number. 

For,  representing  by  A,  B,  C,  &c.,  the  quotients,  and  by  a,  ^,  y,  6cc.,  tfa« 
remainders  of  the  units,  tens,  &c.,  by  k,  we  have 

10*    =Aifc+o  a  .  10"    s=aA*+aa 

10— »=BA:+/3  b  .  10«^>=  6BA:+W 

lO-^sCit+y  c  .  10-  *=  cCk+cy 


10'    r=DA-+<J                     d  .  10«    ^dJ^k+dd 
W    =EA:-|-e                      e  .W    =zeEk+ee 
10°    =  ...  1  /.lOO    = / 
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VI.  The  product^  P»  of  several  numherSf  a,  b,  c,  d, . . .  i$  ditndUe  by  a 
mmber,  k,  only  ti^ien  the  product  of  Hie  remainders,  after  dividing  each  of  the 
faotars  by  k,  is  so  divisible. 

For,  let  a=ikq+ai  h^kq'+p,  c=A:g"+y,  &c., 

.%  absskzJ^a.p. 

VII.  The  product,  P,  of  several  factors,  a,  b,  c,  d, .  .  .  u  t^visihU  by  a  prime 
number,  W,  only  when  one  of  the  factors  is  divisible  by  this  prime  number 

For,  let  a=:k'q+a,  b=:k'q'+p,  c^k'^'+y,  &c., 

.-.  P=Ac'z+a./?.y..  . 
Therefore,  if  k'  divide  P,  it  must  divide  a,  p,  y  .  ,  . 

But  k'  is  not  foimd  among  the  factor^  a,  /3,  7,  .  .  .  since,  being  remaioden 
to  the  divisor  k',  they  are  all  leas  than  it.  Neither  is  k^  any  combination  of 
them*  since  it  is  supposed  to  be  a  prime*  number.  Hence  a,  j9,  7,  .  .  .  aiid 
therefore  P  is  divisible  by  k^  only  when  one  of  the  remainders  ^0. 

VIII.  Jf  the  factors,  a,  b,  c,  . .  .  o/'a  product,  P,  are  prime  to  k,  then  is  the 
product  not  divisible  by  k. 

For,  if  A:  be  an  absolute  prime  number,  this  fottows  from  VII.  Again,  if 
A:  be  a  multiple  of  a  prime  nuzhber,  as  p'v ;  then,  if  P  be  divisible  by  k,  we 
liave  . 

P     a.5.c.... 

k         p'.v  ^ 

therefore  a .  & .  c . . . .  must  be  divisible  by  p',  which  by  VII.  is  impossible. 

391.  I.  Problem. — To  find  all  the  divisors  of  any  number  whatever.  The 
first  thought  which  presents  itself  is  to  tiy  successively  as  divisors  each  of  the 
numbers  1,  2, 3,  ^.,  to  N.  But  this  groping  process  may  be  abridged.  Lei 
D  l^  a  divisor  of  N,  and  D'  th^  quotient,  we  have  DD'ssN,  or,  under  anoth- 
er form,  DD'=  ^/N  X  ^f^\  then,  if  Djs  <  -/N,  D'  wiU  be  >  V"N.  Then, 
after  having  found  all  the  divisors  '^  '/N,  the  quotients  which  shall  have  been 
obtained  in  dividing  N  by  these  divisors  wiU  be  the  divisors  >  VN. 

For  example,  let  N=:360.  The  square  root  of  36P  is  comprised  between 
18  and  19 ;  thus,  we  divide  360  only  by  the  numbers  1,  2,  3  .  •  .  18.  In  this 
manner  we  find  all  the  divisors  of  360,  to  wit : 

1,      2,    ,  3,     4,    5,     6,    8,    9,    10,  12,  15,  18. 
360,  180,  120,  90,  72,  60,  45,  40,  36,  30,  24«  20. 

392.  II.  Problem. — To  form  a  table  of  prime  numbers.  When  the  above 
proceeding  produces  no  divisor,  the  number  is  a  prime  number.  To  avoid 
the  long  calculations  necessary  in  these  cases,  tables  have  been  constructed 
which  contain  the  prime  numbers  up  to  certain  limits.* 

The  most  simple  manner  of  constructing  it  is  to  write  in  succession  the 
series  of  uneven  numbers  3,  5,  7,  &c.,  to  such  a  limit  as  we  seek,  and  to  efface 
all  the  multiples  of  3,  of  5,  of  7,  &c.  It  is  evident  that  the  prime  numbers 
are  all  that  remain.  At  the  head  of  these  numbers  it  must  not  be  forgotten  to 
place  1  and  2. 

Nothing  is  easier  than  to  know  what  multiples  to  efface.    Those  of  3  are 

*  The  studei^  ii  referred  to  the  tables  of  Barakhardt,  in  which  the  prime  namben  ex 
tend  to  ,'1036000. 
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found  bj  conntiog  the  numbers  3,  5,  7,  &c.,  in  threes,  settiog  out  from  5 ; 
those  of  5  in  counting  them  in  fives,  beginning  with  7,  and  so  on.* 

393.  Remark  I. — The  series  of  prime  numbers  is  unlimited.  For,  suppose 
it  to  be  otherwise,  and  that  n  is  the  greatest:  if  we  form  the  product 
P=s2.3.5  . . .  n,  which  contains  all  the  nrime  numbers,  then  P+^i  which 
^n,  must  be  divisible  by  some  one  of  these  numbers ;  but  this  is  impossible, 
because  there  will  always  be  the  remainder  1.  Then  it  is  impossible  that  the 
series  of  prime  numbers  should  be  limited. 

II.  In  comparing  all  numbers  with  multiples  of  the  same  number,  we  are 
led  to  present  them  under  different  forms,  of  which  use  is  often  made.  For 
example,  if  we  compare  them  with  multiples  of  6,  they  may  be  represented 
first,  by  one  of  the  six  formulas, 

6a:,  6x+l,  6x+2,  6a:+3,  6x+4,  6a:+6, 
in  which  x  is  any  whole  number  whatever. 

Bat  if  we  wish  to  consider  only  prime  numbers,  it  is  necessary  to  preserve 
'  only  the  two  formulas, 

&r-|-l  and6a;+6; 
because  the  others  give  numbers  divisible  by  2  or  by  3. 

We  can  ako,  in  place  of  6a:+5,  write  6(x+l)— 1  or  6ar— 1,  smce  ar  is  any 
entire  number  whatever.  Thus  all  the  prime  numbers  except  2  and  3 Avhich 
are  divisors  of  6  A  are  comprised  in  the  formula 

N=&r±l. 
The  reasoning  would  be  analogous  for  any  other  number  than  6. 

394.  III.  Problem. — To  decompose  a  number  into  prime  factors^  and  to  find 
afterward  aU  its  divisors, 

A  number  N,  if  it  be  not  a  prime  number,  can  be  represented  by  the  product 
of  several  prime  numbers  a,  b,  c,  &c.,  raised  each  to  a  certain  power,  so  that 
we  can  always  suppose  N=a*°&''cP  . . .  This  is  the  decomposition  which  it  is 
required  to  effect. 

Taiie,  for  example,  the  number  504.  Divide  it  first  by  2  as  many  times  as 
possible  ;  we  find  thus, 

604=252X2=126X2X2=63X2X2X2. 
Then  divide  63  as  many  times  as  possible  by  3,  which  is  the  sa  sliest  prim* 
number  greater  than  2 : 

63=21X3=7X3X3. 
Then  we  have  •• 

504=7X3X3X2X2X2, 
or,  rather,  under  another  form, 

504=23X3»X7. 
The  divisions  by  3  have  led  to  the  quotient  7.    If  the  quotient  had  not  been 
a  prime  number,  we  should  have  continued  the  operations  by  trying  success- 
ively the  other  prime  numbers,  5,  7,  6cc. . 

We  can  now  readily  form  all  the  divisors  of  504.  They  are,  in  fact,  the 
numbers  which  we  obtain  in  taking  all  the  prime  factors  one  by  one,  two  by 

*  Conceive  a  board  pierced  with  bolei  in  which  the  nomben  3,  5,  7,  &c.,  are  placed  in 
order.  Then,  aa  we  airive,  m  ooonting  them  by  threes,  fivea,  &c.,  at  the  moltiplea  to  be 
effaced,  anppoae  theae  mnltiplea  to  fall  throag^h  tlie  holea,  there  will  remain  only  prime 
numben.    Sncb  wai  the  famooa  aieve  of  Bratoathenea,  of  Alexandria,  who  lived  280  B.C. 
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two,  &c.    That  we  may  be  sure  not  to  omit  any  i  tvisor,  we  adopt  the  f* 
lowing  arrangement : 


1, 

504 

2 

2, 

262 

2 

4, 

126 

2 

8. 

\ 

63 

3 

3, 

6,     12, 

24, 

21 

3 

9, 

18,    36, 

72, 

7 

7 

7, 

14,    28, 

66, 

21,     42, 
84,  168,  63,  126,  262,  604. 

The  first  cohimn  on  the  left  contains  the  given  nnmber  and  the  qnotient  ai 
the  Boocessiye  diyisiona.  By  the  aide  of  these  numbers,  in  a  second  cofannn. 
are  written  the  prime  numbers,  which  we  employ  as  divisorB,  and  whicb 
are  the  prime  facton  of  the  number  604.  Finally,  we  place  at  Ae  ri|^t  m 
this  column  all  the  divisors  of  604 ;  and  I  now  proceed  to  state  hofw  we  obtsis 
them. 

At  the  top  of  the  third  column,  but  on  the  line  above'  that  which  oootaiss 
604,  we  write  unity,  which  may  be  regarded  as  the  first  divisor  of  504.  We 
multiply  this  unity  by  the  first  number  of  the  second  column,  and  thus  obtais 
the  divisor  2,  which  we  write  by  the  side  of  this  first  prime  number.  We 
next  multiply  1  and  2,  the  divisors  already  found,  by  the  second  number  of  the 
second  column,  and,  neglecting  the  product  1 X  2,  or  2,  which  has  already  bees 
found,  we  obtain  the  new  divisor  4,  which  is  written  on  a  line  w^th  the  hst 
multiplier.  We  proceed  in  the  same  manner,  multiplying  the  number  of  the 
second  column  on  the  horizontal  line  which  we  are  forming  by  each  of  the 
numbers  above  it  in  the  third  column  successively,  until  we  multrf^,  finsBv. 
by  the  last  number  of  the  second  column,  which  gives  a  last  series  of  divisors, 
which  series  will  always  be  terminated  by  the  given  number. ' 

When  we  know  the  prime  factors  of  a  number,  we  can  find  its  divisors  hj 
another  process.  Suppose  that  a  number  N,  when  decomposed  into  prime 
6ctoTS,  gives 

Nssa^fc-cP...; 
the  divisors  of  N  will  be  represented  by  the  formula  a^'h^<^ . . .,  in  whidi  the 
exponents  m',  n',  |/ . . .  can  not  surpass  m,  n,  j7 . . . 

Hence  ^we  know  that  these  divisors  will  be  the  different  terms  which  wv 
obtain  in  effecting  the  product 

P=(l+a+a»H a'")(l+6+&«4:...i-)(l+c+c3+...c») 

396.  Remabks. — The  multiplication  of  the  first  two  polynomes  gifes  a 
number  of  terms  equal  to  (m-|-l)(n+l) ;  consequently,  that  of  the  first  three 
polynomes  gi^s  a  number  equal  to  (yn-{-\)(n'{'\)(p'\-\)^  and  so  on;  heoos. 
the  number  of  aU  the  divisors  of  N  is  expressed  by  the  formula 
(m+l)(n+l)(i7+l) 

We  also  see  that  P  is  the  sum  of  all  these  divisors.  But  we  know  that  the 
polynomes  which  compose  P  are  respectively  eqjal  (Art  23)  to  , 

6'H'l  —  l 

i^^j^  %  &c. ;  hence,  the  sum  of  all  the  divisors  of  N  can  be  expressed  by  ths 
formula 
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a-1    ^   6-1   ^   c-1    ^ 

For  example,  taking  N=504=2'X3'X7,  we  shall  ha^e  m=:3,  n=:2, 
p=l.  HeDce  the  number  of  divisors  of  604  will  be  4x3x2t=24,  and  the 
sum  of  an  the  divisors  will  be 

2*— 1     3»— 1     7»— 1 
■2^X33Y^7lIT=^^^^^^®=^^^^- 

396.  IV.  Problem. — How  many  times  is  a  prime  number,  d,  factor  %n  a 
series  of  natural  numbers,  from  I  to  nl  or,  in  other  words,  what  is  thfi  highest 
power  of  6  which  divides  Ae product  1 .2.3 ...  n  ? 

Let  n'  be  the  entire  part  of  the  quotient  of  nhj  6,  In  the  proposed  series 
of  natural  numbers  we  find  the  n'  factors,  d,  2^,  3^ . . . .,  of  the  product 
6  ..26 .  36 .  • .  n'& ;  and  it  is  clear  that  they  are  the  ooly  iftimbera  of  the  series 
which  are  divbible  by  6.    This  product  can  be  written  thus : 

1.2.3. ..n'X^'. 
Hence  'we  shall  obtain  the  required  power  of  9  by  multiplying  6^  by  the  high- 
est powrer  of  0,  contained  in  the  product  1 . 2 . 3 . . .  n'. 

The  same  reasoning  may  be  repeated  with  reference  to  this  product; 
hence,  calling  n''  the  entire  pait  of  the  quotient  of  n'  by  0,  we  readily  perceive 
tl>at  the  highest  power  of  0  contained  in  the  last  of  the  above  products  is  com- 
posed of  the  power  6^"  multiplied  by  the  highest  power  of  6  which  is  contain- 
ed in  the  series  1.2.3...  n". 

In  like  manner,  calling  n'"  the  entire  part  of  the  quotient  of  n"  by  6,  we  are 
led  to  seek  the  highest  power  of  6  contained  in  the  product  1.2.3  .  .  .  n"'. 

We  continue  this  process  till  we  arrive  at  a  quotient  ^6.  For  the  sake  of 
definiteness,  suppose  that  n'''  is  this  quotient ;  then  we  conclude  that  the 
highest  power  of  0  contained  in  the  given  product  1  •  2 . 3 . . .  n  is  ^'■••«»"+n'". 

For  example,  suppose  we  wish  to  know  wliat  is  the  highest  power  of  7 
which  divides  the  product  1.2.3  ..  .  1000. 

We  make  n=1000,  and  taking  only  tht  entire  parts  of  the  quotients,  we 
shall  have 

1000     ,^^  142     ^^  20     ^ 

-y- =142,  —=20,  y=:2. 

The  sum  of  these  quotients  being  164,  it  foUows  that  the  required  power  is  7^^. 
397.  Corollary, — Let  m,  n,  p,  q  be  entire  numbers,  such  that  we  have 
m=n-|'i'~f~9+  *  *  '  *  ^^  expression 

1.2.3.4.m ,  ' 

1.2 nXl.2....^Xl.2....yX.  &c. ^^'^ 

wiU  always  represent  an  entire  number.    To  prove  this,  let  d  be  a  prime  factor 
of  the  denominator ;  we  shall  have 

m     n     p     a 

Cslling  these  endre  quotients  m\  n\  p*,  q' . . . .,  we  shall  have  also 

m'=:  or  >n'-J.p'+9'+,  &c. 
If  we  divide  again  by  6,  and  call  the  new  entire  quotients  m",  n"  • .  • .,  we 
shall,  in  like  manner,  have 

m"=  or  >n"+;>"+7"+,  &c 
We  continue' this  process  as  long  hs  the  quotients  are  not  all  less  than  9. 
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Then  adding,  we  shall  hare 
(«'+„»-+...)=  or  >(n'+n"+...)+iy+l»"+-)+(^+fl^'+-)^^ 
But  these  difTerent  sums  make  known  the  highest  pofwers  of  B^  hj  ^Xitjl 
ran  divide  the  products  which  compoee  expression  (1) ;  hence  there  .; 
prune  factor  in  the  denominator  which  does  not  exist  of  a  power  at  leas;  ^, 
in  the  numerator  of  the  fraction.  This  expression,  therefore,  represei!:- 
entire  number. 

398.  Perfect  numbers  are  expressed  or  determined  as  follows  : 

Find  '{"—1,  a  prime  nmnber,  tiien  will  N  ^2*^^(2^ — 1)  be  a  perfect  ncBrn 
For,  from  what  has  been  demonstrated  in  the  preceding  section,  the  »:i 

aU  the  divisors  pf  this  formula  will  be  represented  by  x  |^^. 

because  2*— 1  is  a  {ftimeby  hypothesis.  But  in  this  expressioo  1  is  roc-j> 
as  a  divisor,  which  must  be  excluded  in  the  case  of  perfect  onmben :  ^^^ 
sive  of  this,  therefore,  the  formula  will  be 

2-1  ^  (2--.1)— 1      ^  ^         ^ 

(2-— 1)  X  (2-— 1  +1)— 2-»(2»— 1)= 
2(2-— 1)2-+»— 2-*(2»— 1)=2*-*(2-— 1)=N, 
that  is,  the  sum  of  all  the  aliquot  parts  of  N,  exclusive  of  itself,  or  or*  i   • 
divisor,  it  equal  to  N,  and  is,  therefore,  bj  the  definition  a  perfect  numS-r 
The  only  perfect  numbers  known  are  the  following  elg^t : 
6,  33550336, 
28,  8589869056, 
496,  137438691328, 
8128,  2305843008139952128. 

399.  To  find  a  pair  of  amicaUe  numbers  N  and  M,  or  such  a  pair  that  cAcfc 
shall  be  respectively  equal  to  all  the  divisors  of  the  other. 

Make  N=:a"&°cP,  &c.,  and  M c=a''/?^/' ;  then,  according  to  the  definftioBiad 
from  what  has  been  demonstrated  in  the  last  section,  we  mnst  have 
a»+i_l     5«+»— 1     cH-»— 1     „     ^^ 

OM+I-I       /?^+l_l       yir+l^x 

Find,  therefore,  such  a  power  of  2,  as  2%  that 

3 . 2'— 1,  6 . 2'— 1,  and  18 . 2'— 1 
may  be  all  prime  nmnbers ;  then  will 

N=:2'+^iandMs2H^^fte 
be  the  pair  of  amicable  numbers  sought. 
The  least  three  pair  of  amicable  numbers  are 

284,  220, 

17296,  18416, 

9363583,  9437056. 

400.  We  shall  here  introduce  the  student  to  the  nomenclatnra  and  nolatios 
of  Gauss,  given  in  his  Disquisitiones  Arithmetics,  which  is  now  geaenllT 
adopted  by  writers  upon  the  theory  of  numbers. 
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•  CONGRUOUS  NUMBERS  IN  GENERAL. 
lOl  •   If  a  number  a  divide  the  difference  of  the  numbers  h  and  c,  h  and  c  are 
aid  to  be  congruous  with  reference  to  a ;  if  not,  incongruous.    The  quantity 
(  is  caOed  the  modulus ;  each  of  the  numbers  h  and  c  a  residue  of  the  other  in 
he  first  case,  a  non-residue  in  the  second. 

^\x&  numbers  may  be  either  positive  or  negative,  but  entire.  As  to  the 
Tiodulus,  it  ought  evidently  to  be  taken  without  regard  to  the  sign. 

Thus,  — 9  and  4- 16  are  congruous  with  reference  to  the  modulus  5;  — 7 
iB  a  residue  of.  15  with  reference  to  the  modulus  11,  and  not  a  re^due  with 
reference  to  the  modulus  3. 

Zero  being  divisible  by  all  numbers,  every  number  may  be  regarded  as  con-' 
grnons  with  itself  with  reference  to  any  modulus  whatever. 

All  the  residues  of  a  given  number,  a,  with  reference  to  a  given  number,  m, 
are  comprised  in  the  formula  a-{-km,  k  being  an  entire  indeterminate  num- 
ber.    This  is  self-evident. 

The  congruence  of  two  numbers  is  expressed  by  the  sign  =,  joining  to  it 
the  modulus,  when  necessary,  in  a  parenthesis,  thus  :* 

— 16  =  9(mod.  5),  — 7  =  16(mod.  11). 
402.  Theorem. — Let  there  be  m  entire  successive  numbers,  a,  a+1,  a-f-2, 
. . .  a-|-m — 1,  and  another,  A ;  one  of  the  former  wiU  be  congruous  unth  A, 
unth  reference  to  the  modtdus  m,  and  but  one, 

a— A.        .         _ 

For  if is  entire,  a= A ;  if  it  is  fractional,  let  k  be  the  nearest  entire 

m 

a— A 
number;  above,  if be  positive;  below,  if  it  be  negative;  A 4- Arm  will 

fan  between  a  and  a-4~^>t  ^°^  ^^  ^®  ^^  number  sought;  but  it  is  evident 
a^A  a+1— A 

that  the  quotients  , r— i  &c.,  are  comprised  between  k — 1  and 

^  m  m 

A:+l,t  therefore  one  of  them  only  can  be  entbre. 

403.  It  follows  from  this  that  every  number  will  have  a  residue  as  weD 
in  the  series  0,  1,  2...m — 1,  as  in  the  series  0,  —1,  —2... — (m— 1) 
They  are  called  mtnirna  residues ;  and  it  is  evident  that,  unless  zero  is  the 
residue,  there  will  be  two,  the  one  positive  and  the  other  negative.    If  they 

are  unequal,  the  one  will  be  <C^;  if  they  are  equal,  each  of  them  ss— ,  with- 
out regard  to  the  sign ;  from  which  it  follows,  that  any  number  whatever  has 
a  residue  which  does  not  surpass  the  half  of  the  modulus ;  this  is  called  the 
absolute  minimum  residue. 

For  example :  — 13  relative  to  the  modulus  5,  has  for  a  positive  minimum  res* 
idue  2,  which  is  at  the  same  time  its  absolute  minimum,  and  —3  for  its  nega- 
tive minimum  residue ;    -f-5,  witii  reference  to  the  modulus  7,  is  itself  its 

*  The  analogy  between  equality  and  congraence  led  Legendre  to  employ  the  iign  of 
eqaality  itself    This  modification  of  it  haa  been  introdnced  by  Gaoaa  to  avoid  ambiguity. 

t  Thia  may  be  seen  from  the  eqaality =h — n,  where  i»<m. 

\  Tbia  may  be  aeen  by  obaerving  that  — ^ = j —  and  it  is  not  till  the  name- 

m  n       01 

ratorof-  increaiea  to  m  tiiat  the  quotient  k  increaaes  to  k-\-\» 
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positive  minimum  residue ;   —2  is  the  negative  'minimum  roisidue,  and,  at  tba 
some  time,  the  absolute  minimum, 

404.  The  foUowing  consequences  follow  from  the  abo?e : 

Numbers  which  are  congruous  with  reference  to  a  composite  modultu  are  so 
with  reference  to  any  of  its  divisors. 

If  several  numbers  are  congruous  vnth  the  same  number  toith  reference  to  the 
ham^  modulus^  they  will  be  congruous  with  each  other  with  reference  to  this 
modulus. 

The  same  modulus  must  be  supposed  in  what  follows  : 

CongrUbus  numbers  have  the  same  minima  residues  ;  incongruous  have 
different, 

405.  If  the  numbers  A,  B,  C,  &c. ;  a,  b,  c,  &c.,  are  congruous  each  to  each^ 
i.  «.,  A=  a,  B  =  6,  &c,  we  shall  have 

A+B  +  C  .  .  .   =a+6+c  .  .  . 
If  A.'=  a,  B=  bfWe  have  also  A — B=  a — 6. 

406.  If  k=.a^we  have  also  JcA  ^  ka. 

If  k  is  positive,  this  is  but  a  particular  case  of  the  preceding  article,  in 
which  A  =  B  =  C  •..  and  a=fc~c  .. .  , 

If  k  18  negative,  —A:  will  be  positive;  then  ^^A=  ka  ,-.  kA.=ka. 
If  A  =  a,  B  =  &,  then  AB^ab ;  because  AB= AB  =  A.b= ba, 

407.  If  the  numbers  A,  B,  C  .  .  .  ^  a,  5,  c  .  .  .,  each  lo  each,  then 

ABC  ...  =a6c.  .  . 
for,  by  the  preceding  article,  AB=a6  ;   for  the  same  reason,  ABC=a6f, 
tnd  so  on. 

By  taking  all  the  terms,  A,  B,  C  .  .  .  equal,  and  a,  &,  c  . .  .  also  equal,  if 
A=a,  A*=a*. 

408.  Let  X  be  a  function  of  the  indeterminate  x  of  the  form 

Az-+Ba:*+Cx'+,&c., 
A,  B,  C  .  .  .  being  any  entire  numbers  whatever.     If  we  give  to  x  congruous 
values  with  reference  to  a  certain  modulus,  the  resulting  vedues  far  X  will  be 
■  congruous  also. 

Let/  and  ^be  congruous  values  of  x ;  by  the  preceding  articles,  Z'^^, 
and  A/'«= A^ ;  in  the  same  way  we  have  B/**=B^,  &c. 

This  theorem  may  be  easily  extended  to  functions  of  several  indetermi- 
nates. 

409.  If,  then,  we  substitute  in  place  of  x  all  entire  consecutive  numbers, 
and  seek  the  minima  residues  of  the  values  of  X,  they  will  form  a  series  in 
which,  after  an  interval  of  m  terms  (m  being  the  modulus),  the  same  terms 
will  be  again  presented ;  that  is  to  sty  this  series  will  be  formed  of  a  period 
of  m  terms  repeated  indefinitely. 

Let  there  be,  for  example,  X=:x^^  ^+6*  ^nd  m=5;  for  z=0,  1,  2,  3, 
&c.;  the  values  of  X  give  for  positive  minima  residues  1,  4,  3,  4,  3, 1,  4,  &c, 
or  the  five,  1,  4,  3,  4,  3,  are  repeated  indefinitely ;  and  If  we  continue  the 
series  in  the  contrary  direction,  that  is,  if  we  give  to  x  negative  values,  the 
same  period  will  reappear  in  an  inverse  order;  whence  it  follows  that  the 
^ries  contuns  no  other  terms  than  those  which  compose  the  period. 

410.  Then,  in  this  example,  X  can  not  become  =  0,  nor  =2(mod.  5);  and 
still  less  =0  or  =2 ;  from  which  it  follows  that  the  equations  3r^ — 8x+6=0 
and  r*— 6x4-4=0  have  not  entire  roots,  and,  consequently,  not  rational  roots. 
WtJ  sj?e,  u  general,  that  when  X  is  of  the  fonn 
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X'+Az— »+Bj»-*+,  &c.»  +N, 
A.,  13,  C. ..  being  entire  quantities,  and  n  entire  and  positive,  the  equation 
X.  =  0  (a  form  to  which  every  (Jgobratc  equation  may  bo  reduced)  will  have  no 
rational  root,  if  it  happen  that,  for  a  ceitain  modulus,  the  congruence  X  =E  0  be 
not  satisfied. 

411.  Many  arithmetic  theorems  may  be  demonstrated  by  the  aid  of  the 
tui*egoiog  principles,  as,  for  instance,  the  rule  for  determining  whether  a  num- 
ber is  divisible  by  9,  11,  or  any  other  number. 

AVith  reference  to  the  modulus  9,  all  the  powers  of  10  are  congruous  with 
unity;  then,  if  the  number  is  of  the  form  a+106+100c+1000d/+,  &c.,  it 
will  have,  with  reference  to  the  modulus  9,  the  same  minimum  residue  as 
a  -|-  6-|-c-|-,  &c.  It  is  clear  from  this,  that  if  we  add  the  figures  of  the  number 
without  regarding  their  place  value,  the  sum  obtained  and  the  proposed  num- 
ber "will  have  the  same  minimum  residue.  If,  then,  this  last  is  divisible  by  9, 
the  sum  of  the  figures  will  be  also,  and  only  in  this  case.  It  is  the  same  with 
the  divisor  3. 

Many  of  the  properties  of  prime  numbers,  the  divisibility  of  products  already 
^vea,  &c.,  may  be  demonstrated  by  the  aid  of  this  system,  but  we  shall  not 
repeat  them. 

412.  The  term  congruence  is  analogous  to  equation^  and  the  determination 
of  such  values,  for  an  indeterminate  r,  as  to  produce  congruence  in  expres^on, 
is  cnllcd  resolving  them.     There  are  congruences  resolvable  and  irresolvable. 

Congruences  are  also  divided,  like  equations,  into  algebraic  and  transcend- 
ental. Those  which  are  algebraic  are  divided,  again,  into  congruences  of  the 
first,  second!  and  higher  degrees.  There  are  congruences,  also,  containmg 
dififerent  unknown  quantities,  of  the  elimination  of  which  Gauss  treats^ 

413.  The  congruence  az+i  =  c  may  be  solved  when  its  modulus  m  is 
prime  with  a ;  thus,  let  e  be  the  positive  minimum  residue  of  c — 6.  Wo  find 
necessarily  a  value  of  x^m,  such  that  the  minimum  residue  of  the  product 
ax,  with  reference  to  the  modulus  m,  shall  be  e.  Call  v  this  value,  and  we 
shall  have 

av  =  e  =  c — b; 
then  ar+6  =  c(raod.  m). 

Here  v  is  called  the  root  of  the  congruence.     It  is  evident  that  all  the  num- 
bers congruous  with  v,  with  reference  to  the  modulus  of  the  congruence,  wil 
also  be  roots  (Art  408).    It  is  also  evident  that  all  the  roots  should  be  con- 
gruous with  v;  in  fact,  if  <  be  another  root,  we  have  aV'\-b^al-\-b;  then 
at^av;  and  therefore  v  =  L     We  may  therefore  conclude  that  the  congru- 
ence x=v(mod.  m)  gives  the  complete  resolution  of  the  congruence  aj:-f-&  ~  c. 
The  foregoing  exposition  will  serve  to  show  how  the  algorithm  of  Gnuss 
connects  itself  with  the  indeterminate  analysis,  and  we  shall  here  quit  the 
subject. 
414.  No  algebraical  formula  can  contain  prime  numbers  only. 
Let  p+qx+rif'+si^,  &c., 

represent  any  general  algebraical  formula.     It  is  to  be  demonstrated  that  such 
values  may  be  given  to  x,  that  the  formula  in  quest  ion  shall  not  with  that  value 
pro<luce  a  prime  number,  whatever  values  are  given  to  p,  q,  r,  &c. 
For  suppose,  in  the  first  place,  that  by  making  x=/n,  the  formula 
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18  a  prime  number. 
A.od  if  DOW  we  assume  x^m-|-^Pi  we  have 

JP= F 

9^= ffw+^P 

r2»= rTO«+2m^P+r^P» 

«:»= m'+3m«^P+3«»i^P«+*f^P* 

Or 

=P+P{?^+2m^+3m'^)+ 
P«(r^+  3*»i^)+»^P». 
But  this  last  quantity  is  divisible  bj  P ;  and,  consequendy,  tiie  equal  qmstCf 

jp-j-^x+rx*+*^i  &c., 
it  also  divisible  by  P|  and  can  not,  therefore,  be  a  prime  namber. 

Hence,  then,  it  appears,  that  in  any  algebraical  formula  such  a  wwSsob  nsr 
be  given  to  the  indeterminate  quantity  as  will  render  it  divisible  by  some  odisr 
aumM9r;  and,  therefore,  no  algebraical  formula  can  be  found  that  coataia 
prime  numbers  only. 

B,ut,although  no  algebraical  formula  can  be  found  that  oonCaizis  prime  dies- 
bers  only,  there  are  several  remarkable  ones  that  contain  a  great  many ;  ihsi, 
t*+x-|-41,  by  making  successively  x=0,  1,  2,  3,  4,  &c,  -will  give  a  secies 
41,  43,  47,  53,  61,  71,  &c.,  the  first  forty  terms  of  which  are  prime  numbea 
The  above  formula  is  mentioned  by  Euler  in  the  Memoirs  of  Berlin  (1772, 
.    p.  36).. 

To  the  above  we  may  add  the  following:  s^-^x-^-lT  and  2x^-^-29;  the 
former  has  17  of  its  first  terms  prime,  and  the  latter  29. 

Format  asserted  that  the  formula  2'"-(-^  was  always  a  prime,  whUe  m  vis 
taken  any  term  in  the  series  1,  2,  4,  8,  16,  &c. ;  but  Euler  found  this 
2°*-f  ls=641  X  6700417  was  not  a  prime. 

415.  If  a  and  b  be  any  two  numbers  prime  to  each  other,  and  each  of  the 
terms  of  the  series 

6,  2&,  36,  46,  &c.,  (a— 1)6 
be  divided  by  a,  they  will  each  leave  a  different  remainder.  For  if  any  two 
.,  of  these  terms,  when  divided  by  a,  leave  the  same  remainder,  let  them  be  rep 
resented  by  f  6,  yh ;  then  it  is  obvious  that  2-6^^6  would  be  divisiUe  by  a,  or 
(r— y)6  would  be  divisible  by  a.  But  tlus  is  impossible,  because  a  is  prime  to 
6,  and  x— ^  is  less  than  a;  therefore  6(:r — y)  is  not  dxvisiUe  by  a,  but  it 
would  be  so  divisible  if  the  terms  x6,  yb  left  the  same  remainder;  these  do 
not,  therefore,  leave  the  same  remainder ;  consequently,  every  term  of  the 
series 

6,  26,  36,  &c.,  (a— 1)6, 
divided  by  a,  will  leave  a  dififerent  remeunder. 

DEOCCTIONS. 

416.  Since  the  renuiinders  arising  from  the  division  of  each  term  in  the  serien 

6^  26,  36.  &c.,  (a-.l)6 
oy  a  are  different  fr)m  each  other,  and  a— 1  in  number,  and  each  of  them 
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necessarily  less  than  a,  it  follows  that  these  remainden  include  all  oamben 
from  1  to  a — 1. 

417.  Hence,  again,  it  appears  that  some  one  of  the  above  terms  will  leare 
^  remainder  1 ;  and  that,  therefore,  if  h  and  a  be  any  two  nnmbers  prime  to 
eacH  other,  a  number  7<a  may  be  found  that  will  render  hx — 1  divisible  by 
a,  or  the  equation  &x— ay=l  is  always 'possible  if  a  and  h  are  numbers  prime 
to  each  other. 

And  it  is  always  impossible  if  a  and  h  have  any  common  measure,  as  is  evi- 
dent, because  one  side  of  the  equation  hx — ay:=\  would  be  divisible  by  dils 
common  measure,  but  the  other  side,  1,  would  not  be  so ;  therefore,  in  this 
case  the  equation  is  impossible. 

418.  If  a  be  any  prime  number,  then  will  the  formula 
1.2.3.4.5,&c.,(a— 1)+1 
be  divisible  by  a ;  for  it  is  demonstrated  in  our  preceding  second  dednctioii, 
that  if  a  and  b  be  any  two  numbers  prime  to  each  other,  another  number  x 
may  be  found  <d,  that  renders  the  product  &x— l-H-^o*  or,  which  is  the 
same  thing,  6xs=^a4-l «  ftod  that  there  is  only  one  such  value  of  x^o,  may 
be  shown  as  follows : 

The  foregoing  equation  gives,  by  transposition, 

6x— a^ssl ; 
and,  if  it  be  posmble,  let  also 

fcx'-.a/rrl; 
tnd  make  x'sxdzm  and  y'=y±n,  where  m  is  necessarily  less  than  a,  be- 
cause both  X  and  x'  are  so  by  the  supposition. 
Now,  by  this  substitution,  we  have 

(hx±bm)^{ayi:an)ssl ; 
out  6x— ay=l ; 

therefore  J:  ftm=:=f  an,  or  hm^a;  but  this  is  impossible,  since  b  is  prime  to 
a  and  m  <a,  as  in  Art  415.    There  con  not,  therefore,  be  two  values  of  x  less 
\han  Ch  that  render  the  equation  bx — ajszl  possible. 
But,  in  the  series  of  integers 

1«2«3«4«5* ii^lf 

every  term  is  prime  to  a  except  the  first,  a  being  itself  a  prime ;  if,  therefore, 
we  write  successively  &=2,  6'=3,  6"=4,  &c.,  a  corresponding  term  x,  in 
the  same  series,  may  be  found  for  each  distinct  value  of  6,  that  renders  the 
product  xb^ay'^-h  x'^'xay'-)-^*  x"b":i:ay'^+l,  &c. ;  and  it  is  evident  that 
no  one  of  these  values  of  x  can  be  equal  either  to  1  or  a— 1 ;  for,  in  the  first 
case,  we  should  have  lxb^:ay+l,  which  is  impossible,  because  &<a ;  and 
the  second  would  give  (a— l)6=:fty+l,  or  a(6— y)=6-f  1 ;  that  is,  ft^l^a, 
which  can  on^  be  when  6=:a— 1,  or  when  &:=x,  which  case  is  excepted,  be- 
cause we  suppose  two  dififerent  terms  of  the  series.     In  fact,  since  {a — 1)* 

zay-l-l,  there  can  be  no  other  term  in  the  same  series  that  is  of  this  form ; 
for  if  a*aiay'+lf  then  (a— 1)»— x«  would  be  divisible  by  a,  or  (a^l-f-x) 

X(a— 1— x)-H-ai  which  fe  impossible,  since  each  of  these  factors  is  prime  to 

*  To  laye  the  repetition  of  the  words  "  diviiible  by/'  which  freqaently  occur,  the  sigs 
-n-  if  Tued  to  exprecs  them ;  and,  for  the  same  reason,  the  symbol  3Z  is  introdnoed,  to  ex- 
preu  the  words  "  of  the  form  oC"  which  are  ol«o  of  frequent  oocoirence. 

Hh 
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a,mk  «TideDt«  becaiue  x<a,  mud  a  is  &  prime  number.     Henee  cga  prs^ 

1.2.3.4.5....(a^l) 
beoomef  l.&7.&V.&'V....a— 1; 

but  each  of  tfaete  prodnda,  hx,  & V,  6"x'',  &Cm  is*  ••  we  faave  eeea,  o:  .. 
finrm  ay-f-l ;  therefore  thehr  continued  product  win  have  the  wmfi  fonn,  l- 
the  whole  product,  indnding  1  and  a— 1,  win  be 

5r:(ay+l)X(a— Ijara'y+ay+a— 1. 
to  which  if  unity  be  added«  the  result  wiU  be  evidently  divieible  bj  a;  ^ 
!§,  the  fonnula 

1.2.3.4.5 c(a-.l)+ 

is  always  divisible  by  a  when  a  is  a  prime  number. 

INDUCTIONS. 

(1)  The  product 

X.2.3.4.5 (a— 1) 

is  the  same  as 

l(a-l)2(a-2)3(fl-3),  &c.  (^)*; 

and  this  product,  as  regards  remainder,  when  divided  by  a,  is  the  Bsme  m 

±i«.2«.3«.4« (^y? 

die  ambiguous  sign  being  4-  when  a — 1  is  even,  and  —  when  a — 1  is  odd ;  i  u 
4-  when  a  is  a  prime  of  the  form  4n  4- 11  and  —  when  a  is  a  prime  of  the  &a 
4ii— 1 ;  also,  this  k»t  product  Is  the  same  as 

±(1.2.3.4 ^)*; 

dierefore,  from  what  is  said  above  relating  to  the  ambiguous  sign  we  «ii*B  isn 

|(l.2.3.4....:.i=i)'+lS^ 
when  a3:4ii4-l ;  and 

S(l-2.3.4 l=i)'_i|^ 

wben  a3:4n— 1. 
H«oee  eveiy  prime  of  die  form  4»4-l  ia  »  diviaor  of  the  mm  of  two  mpmm 
hf/ua,  the  tetter  form  may  be  readred  into  the  two  faetan 

i(l-2'3.4 £=i)+ijx 

i(-^-- ^)-S. 

which  product  being  divisible  by  a,  it  foUows  thst  a  is  a  divisor  of  one  or  jSm- 
of  these  factors  when  it  is  a  prime  number  of  the  form  4ii — 1. 

(2)  From  the  first  product,  which  we  have  shown  to  be  divisiUe  by  c,  ns 

1.2.3.4,  &c.,  (a— l)+i 
=:«,  an  integer, 

we  may  derive  a  great  many  others,  as 

is.2*.3.4,  &c.,  (fl—3)(a— 1)4-1 
=«,  an  mteger, 

1«.2».3».4.6,  Ac.,  (a-.4)(a— 1)+1 
;=«,  an  mteger, 

and  so  on  tin  we  arrive  at  the  same  form  as  tiiat  in  the  first  deductimi 
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PRIMinVB  ROOT& 
419.  Tbeobem. — If  p,  a  number  prime  to  a,  divide  the  sucessive  powers  1, 
B»  a",  a'  .  .  .  there  vnll  he  one  at  leasts  he/ore  arriving  at  a?,  which  vnlL  leave 
the  remainder  1. 

The  remaiiiders  being  each  less  than  p,  there  can  be  but  p^l  different 
ones,  and,  therefore,  in  the  p  first  terms  of  the  series  1,  a,  a^,  a'  .  .  .  aP~\ 
there  are  at  least  two  which  will  give  the  same  remainder.  Representing 
tbem  by  a™,  a*^,  and  their  conmion  remainder  by  r,  suppose 

a-rsEp+r,  a-'=E'j?4.r (1) 

.-.  a"'— a"=:(E'-.E)p,  or  a'»(a™'-"— 1)=(E'— E)j?; 
and,  as  J9  is  prime  to  a,  it  most  divide  a^~^ — 1.     Therefore  we  have  unity 
for  remainder  in  dividing  byjp  the  power  a"*''*",  which  is  ^o'*.    Q.  E.  D. 

420.  Let  a"  designate  tl^e  lowest  power  other,  than  a^  which  gives  the  re- 
mainder 1.  All  the  preceding  remainders  are  unequal.  For,  if  for  two 
poifvers,  a™,  «°"  less  than  a",  we  could  have  the  equalities  (1),  we  might  con- 
clude, as  just  now,  that  a""""*"  would  give  the  remainder  1.  Consequently, 
a*  would  not  be  the  lowest  power  to  which  this  property  belonged. 

THEOBSM  OF  FERHAT. 

421.  If  ^  he  a  prime  number  which  will  not  divide  a,  the  divisioif  ofaT"^  hy  . 
p  triZZ  gtw  1  forr  a  remainder.    In  other  toordst  a'-*—!  m  exactly  divisible 
by  p. 

It  must  be  carefully  observed  that  p  is  an  absolute  prime  number,  and  not 
simply  prime  to  a. 

Cell  9,  ^,  g'^  .  . .,  and  r,  r',  r'',  .  .  .  the  quotients  and  remainders  of  the 
p— 1  quantities  a,  2a,  3a  . .  .  (j?— l)a,  divided  hj  p.  IfVe  multiply  these 
quantities,  and  suppose  E  to  be  an  entire  number,  we  have 

a  .  2a  .  3a  . .  .  .  (jp-l)a=(gp+r)((7'p+r')(0+''")  •  •  • 
ssE+rr'r"  . .  . 
The  first  member  is  equal  to 

1.2.3 (p-.l)aM      ^ 

and,  as  the  remainders  r,  r',  r'' ...  are  all  different  (Art.  415),  the  product 
rr'r*' .  .  .  must  evidentiy  be  tiiat  of  the  whole  series  of  natural  numbers,  1,  2, 
3  . .  .  (jp— 1),  from  1  to  (p^iy    Hence  the  above  equality  becomes 

1.2.3 (p— l)Xa»^*=Ep+l  .2.3...  (l?— 1) 

.-.  1  .;2 .  3  . . .  (i?— l)(aP-^— 1)=E|?. 
The  1°  member  of  this  equality  is,  therefore,  divisible  by  p  ;  but  since  p  is 
a  prime  number,  it  can  not  divide  any  of  the  factors  1.2.3...  (i?— 1) ;  it 
must,  therefore,  divide  a>*~* — 1.  Q.  E.  D. 

Suppose  that  we  take  for  ^  only  prime  numbers ;  if  we  wish  that  the  pow- 
ers a?,  a^ ..  .  a^^  should  give  for  remainders  all  the  numbers  inferior  to  p,  it 
is  necessaiy  to  choose  a,  such  that  a^~^  should  be  the  lowest  power  above  a\ 
which  gives  the  remainder  1 ;  and  if,  among  those  which  Ailfill  this  condi- 
tion, we  take  for  a  only  numbers  below  pt  we  have  those  which  Euler  calls 
primitive  roots. 

For  the  best  method  of  calculating  them,  the  student  is  referred  to  the 
Article  by  Mr.  Ivory,  in  the  fourth  volume  of  Supplement  to  Encyclopedia 
^         BritRnnica.    We  shall  limit  ourselves  to  setting  down  here  the  primitive  roots 
of  DumberB  as  far  as  37. 
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Numbers  p. 

Primitioe  roots  of  p. 

3 

2 

6 

2.  3 

7 

3.  5 

11 

2.6.7.8 

13 

2.  6  .  7  .11 

17 

3  .  6  .  6  .  7  .  10  .  11  .  12  .  14 

19 

2  .  3  .  10  .  13  .  14  .  15 

23 

6  .  7  .  10  .  11  .  13  .  14  .  15  .  17  .  20  •  21 

29 

2.3.    8  .  10  .  11 .  14  .  15  •  18  .  19^  21  .  26  .  27 

31 

3  .  11 .  12  .  13  .  17  .  21  .  22  .  24 

37 

2  .  5  .  13  .  15  .  17 .  18  .  19  .  20  .  22  .  24  .  32  .  35 

THE  FOBMS  OF  SatJABE  NUMBEB3. 

422.  Eveiy  square  number  is  of  one  of  the  forms  4n  or  4n-l-l. 

Every  number  is  either  even  or  odd ;  that  is,  every  number  is^f  one  </te 
forms  2n  or  2n4-l ;  and,  consequently,  every  square  is  of  ooe  of  tlie  fixms 

4n«=c4n, 
4ii«+4n-fl=c4A+l. 

DSnUCTIONS. 

(1)  Eveiy  even  square  number  is  divisible  by  4. 

(2)  Since  every  odd  square  by  the  above  is  of  the  form  4(i«*-f-n)-f-l,  »si 
since  a'-|-a  is  necessarily  even,  it  foflows  that  every  odd  square  im  o€^fiatm 
Sn+1;  and,  consequently,  no  number  of  the  forms  8ii-f-3,  69t-|.5,  8s+7 
can  be  a  square  number. 

(3)  The  sum  of  two  odd  squares  can  not  be  a  square ;  for 

(8fi+l)+(8n+l)a:4n+2, 
which  is  an  impossible  form. 

423.  Every  square  number  is  of  one  of  the  forms  5f»  or  5n±l.  Foril 
numbers,  compared  by  the  modulus  5,  are  of  one  of  the  fomiB 

5n,  5n:tl«5n:L2; 
and  an  squares,  therefore,  are  of  one  of  the  forms 

25n«  a:6n, 

25n«±10n+l=c6fi+l, 

25n«+20n4-43i5n+4  or  5n— 1. 
Therefore  all  squares  are  of  one  of  the  forms  5n  or  5fi:l:  1* 

DEnnCTIONS. 

If 

(1)  If  a  square  number  be  divisible  by  5,  it  is  also  divisible  by  25 ;  and  if  a 

number  be  divisible  by  5  and  not  by  25,  it  is  not  a  square. 

(2)  No  mmiber  of  the  form  5n-|-2  or  5n4-3  is  a  square  number. 

(3)  If  the  sum  of  two  squares  be  a  square,  one  of  £he  three  is  divmbJe  bf 
5,  and,  consequently,  also  by  25 ;  for  all  the  possible  combinations  of  the  three 
forms  5n,  5n4*lt  and  5n— 1  are  as  follows : 

(5n+l)+(5«'+l)3c5n+2, 
.  (5n-.l)+(5n'— l)3:5n— 23:5n+3. 
Sn        4"  ^'         =5n, 
5n        +(5n'+l)ai5n+l, 
5n        +(5n'— l)3:5n— 1, 
(5n+l)+(5n'— l)a:5n. 
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Nomr,  of  these  six  forms,  the  latter  four  have  one  of  the  squares  divisible  by 
5,  SLdd*  therefore,  also  by  25.  And  the  first  two  are  each  impossible  forms 
for  square  nmnbers ;  that  is,  neither  of  these  two  combinations  ceeT  produce 
Bqviares ;  therefore,  if  the  sum  of  two  squares  be  a  square,  one  of  the  three 
squares  is  divisible  by  25. 

(4)   In  a  similar  way,  it  may  be  shown  that  all  square  numbers  compared  by 
modulus  10  are  of  one  of  the  forms 

lOn,  lOn+5,  lOn+1,  lOn+6,  lOn+4,  or  lOn+9. 
T>:ierefore,  all  square  numbers  terminate  with  one  of  the  digits  0,  1,  4,  5,  6, 
or  9  ;  and  hence,  again,  no  number  terminating  with  2,  3,  7,  or  6  can  be  a 
square  number. 

(5)  By  examining,  in  like  manner,  the  forms  of  squares  to  modulus  100,  we 
may  deduce  the  following  properties : 

(6)  A  square  number  can  not  terminate  with  an  odd  number  of  ciphers. 

(7)  If  a  square  number  terminate  with  a  4,  the  last  figure  but  one  must  be 
even. 

(8)  If  a  square  number  terminate  with  a  5,  it  must  terminate  with  25. 

(9)  If  the  last  digit  of  a  square  be  odd,  the  last  digit  but  one  must  be  even ; 
and  if  it  terminate  with  any  even  digit  except  4,  the  last  but  one  must  be  odd. 
*  (10)  A  square  number  can  not  terminate  with  more  than  three  equal  digits, 
unless  they  are  0*s ;  nor  can  it  terminate  with  three,  unless  they  are  4*s. 

424.  AD  square  numbers  are  of  the  same  form  with  regard  to  any  modulus, 
a,  as  the  squares 

0*,  1*,  2*,  3",  &c.  (^)*,  a  being  even ; 
and  as 

0",  1«,  2»,  3«,  &c.  (-y-)  .  a  being  odd. 

For  every  number  may  be  represented  by  the  formula  an-^r^  in  which  i 
shall  never  exceed  ^ 

Now  (an±r)«=a«n«±2am+r», 

where  it  is  obvious  that  r*  and  (anitr)*  will  leave  the  same  remainder  when 
divided  by  a;  therefore,  (andb^)*  ^od  f*  will  be  of  the  same  forai  compared 
by  modulus  a ;  but  r  never  exceeds  \a,  therefore  all  numbers  compared  bv 
modulus  a  are  of  the  same  forms  as 

0»,  !•,  2»,  y,  &c.,  r*. 
or,  as  the  squares, 

0",  1\  2»,  3«,  &c.,  (ia)«,  when  a  is  even, 
and  as 

/a— 1\« 
0",  1*,  2»,  3*,  &c.,  \— 2~/  » ^^®"  ^  *•  ^^* 

DEDUCTIONS. 

(1)  When  a  is  even,  the  general  formula 

becomes  4a'*n'  ±  4  a^nr-\-  r* 

ac4a'(a'n»dLnr)4-r». 
Therefore,  all  square  numbers  are  of  the  same  form  to  modulus  4a  as  the  sqaares 

0*,  1«,  2»,  3«,  &c.,  a«; 
and  hence  we  see  immediately  that  all  square  numbers  to  modulus  8  must  Ym 
of  the  same  forms  as  the  squares 
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that  IS,  they  are  aU  of  the  fonn' 

8n,  8fi+l,  8n-|-4, 
as  we  have  already  demonstrated. 

(2)  The  followiog  tables  exhibit  the  possible  and  impossible  forms  ^ 
sombers  for  all  moduli  from  2  to  10. 


PoMi6I«  J'omwl 

*. 

2«, 

2«+l, 

On, 

3»+l, 

4n, 

4n+l, 

5m 

5n±l, 

6m 

6«+l, 

6»+3, 

6»+4, 

7ii. 

7"+l. 

7n+2, 

7i»+4, 

8n, 

8i»+l, 

8»+4, 

9m 

9«+l. 

9n+4, 

9«+7, 

lOn, 

10n±l, 

10n±4, 

10n±5 

/mp(M«tbI«  Formulae. 

3n. 

4n, 

4n+3, 

fin. 

5n+3, 

6m 

6n+5, 

7«, 

7«+5. 

7n+6, 

en. 

8ii±3, 

8n+7, 

9m 

9i.±3, 

9n+6, 

9»+* 

lOn, 

10»i:3. 

CONTINUED  FRACTIONS. 
425.  Tus  name  continued  fraction  is  given  to  an  expressiim  of  the  farm 

t.  «.,  a  fraction  whose  denominator  is  a  whole  number  and  a  fractioo,  and 
which  latter  fraction  has  also  for  its  denominator  a  whole  number  pins  a  fac- 
tion, and  so  on. 

An  expression  whose  numerators  and  denominators  ^re  any  quantities  what- 
ever, may  have  the  form  of  a  continued  fraction ;  but  continued  fractioos,  of 
which  the  numerators  are  1  and  the  denominators  whole  positive  numbers,  aro 
the  kind  which  most  usually  occur. 

These  expressions  arise  in  various  ways,  and  are  of  great  use  in  finding  the 
approximate  values  effractions  and  ratios  that  are  expressed  in  large  numbers, 
as  well  as  in  the  resolution  of  certun  unlimited  problems  of  the  fint  and  second 
degrees ;  in  the  latter  of  which  the  answer  can  not  be  easily  obtained  in  whole 
numbers  by  any  other  method. 

Thus,  in  order  to  represent  the  irreducible  fraction  or  ratio  t  by  a  condnied 

b 
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tractdon,  let  fr  be  contained  in  a,  p  times  with  a  remainder  c ;  also,  let  c  be  con- 
UBLined  in  bf  q  times  with  a  renuunder  d^  and  so  on,  according  to  the  following 
sclieme  : 

bya^p 

c)_Hq 

e)d{8 

/.  &»•. 

B.nd  "we  shall  hare,  by  the  principles  of  division, 

a  c  h  d   e  « 

b^P+V  'c'^^+P  5=^^+5'  ^'' 

e         d 
Pj  qj  r,  ^.,  are  called  partial  quotients,  and  jp+Ti  ^-f — >  &c*»  complete 

quotients. 

By  taking  the  reciprocals  of  the  second,  third,  &c.,  of  the  above  aquations, 
we  have 

e     I     ^  d     1 

T=~  i  d   -=:-  ,  e     . 

^     «+-.  <^     r+-,  &c. 

^^c  ^^r+j&c. 

Whence,  by  extending  the  number  of  terms  and  generalizing  the  formtUa,  we 
shall  have 

«        .  1     ,  «      1     , 

r+-.&c.,  ^+;+^l,^., 

according  as  the  numerator  is  greater  or  less  than  the  denominator ;  for  in  the 
tetter  case  we  should  invert  the  first  as  well  as  the  second,  third,  &c.,  equations. 
To  convert  a  given  irreducible  fraction  into  a  continued  one,  we  have  the 
following 

RULE. 

Divide  the  greater  of  the  two  terms  of  the  fraction  by  the  less,  and  the  last 
liivisor  continually  by  the  last  remainder,  till  nothing  remuns,  as  in  finding  their 
^atest  common  measure  ;  then  the  successive  quotients  thus  found  will  be 
vhe  denominators  of  the  several  terms  of  the  continued  fraction,  the  numera* 
tors  of  which  are  always  1. 

SXAMPLES. 

2431  .       ^  ^      . 

(1)  Reduce  jr^  to  a  continued  fraction. 

1051)  2431  (2 
2102 

329)  1051  (3 
987 

64)  329  (5 
320 
9)64(7 
63 
1)  9  (9. 
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2431         ,  1 

(S)  1096     1 

9119""8+i     1 

3+-     1 

8+-     1 

(«)  *E-l     1 

972-2+i     1 

Ai  tfao  fraetkn  f,  in  ereiy  caae  of  thi*  kind,  u  iuppoted  to  bo  irreducible,  « in  tobt 

Ml  term,  H  ii  mieiA,  by  foDowfaig  tfa«  abore  prooeis  (whidi  i«  sinnlsr  to^  neW 
wed  for  (JnAinQ  the  common  meajraro  of  trae  namben),  that  we  thaJl  neceaamtf  ume  t 
a  remainder  eqoal  to  1 ;  or  otherwise  a  and  &  would  have  a  commnn  diruor,  which  is  os 
traiy  to  the  bypolbeais. 
Hie  ooDtbned  firaction  obtained  will  connat  of  a  greater  or  lew  immber  of  tennt,  accs^ 

Ins  aa  the  fractiJi  t  ia  more  or  leaa  complicatod ;  but  they  will  always  termioste  wh&t- 

iarationaL 

426.  A  continaed  frBCtion  may  be  converted  into  a  series  of  YulgtrCneiku 
by  fmding  the  succesBiye  sums  of  ito  seyeral  torms,  after  the  manner  of  redi- 
eing  complex  fractiona  to  simple  ones,  in  common  arithmetie ;  and  the  nsalt 
win  be  more  or  less  accurate,  according  to  the  number  of  temis  of  the  cob 
tinued  fraction  employed. 

Each  of  these  results  Is  called  a  convergetU^  and  thej  are  nombered  ii 
Older. 
Thuf,  if  it  were  required  to  reduce  the  following  contmned  firactiao, 

"+S+i    1 

c+^  &c., 

Co  a  series  of  common  ▼nlgjar  fractions,  the  operation  will  stand  thus: 

« /,x      .1     g^+1  /ox      .  1     1         .      ^         a6c+fl+g 
a=j  (1),  «+5=-f-  (2).  a+j^l=a+5;^=.-5^q:r- 

(ah+l)e+a  1  1  ■      cd+^  ^ 

.      ahcd+ah+ad+cd+1     [{ah+l)c+a]d+ah+l  . 

""  bcd+b+d  ""  (bc+l)d+b  ^' 

(1),  (2),  (3),  and  (4)  are  called  the  first,  second,  third,  and  fourth  conTergonts. 

427.  By  inspecting  the  above  convergents,  we  perceive  that  each  may  v» 
formed  firbm  the  preceding  by  the  following 

RULE. 

Add  the  product  of  the  numerator  of  the  convergent  already  fotind  by  »• 
denominator  of  the  next  torm  of  the  continued  fraction,  to  the  precedz?/ 
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=^ 
xic&merator,  for  the  next  Domerator  and  follow  the  same  process  for  Aie  de 
Qoimnator.* 

XXAMFX.S  I. 

"^^^ 

denominators  or  quotients  3,    5,    2,      7,  arranged  in  horizontal  Hnb , 

3  16  3^  261 
convergents  j,  y .  jj*  -gg-- 

3  16 
After  having  formed  the  convergents  -r  and  -r-t  the  rule  applies.  Then  mul- 
tiply 16,  the  second  numerator,  by  2,  the  third  quotient,  and  add  3,  the  pre- 
ceding numerator,  it  gives  35 ;  and  multiplying  5,  the  second  denominator,  by 
the  same  quotient  2,  and  adding  1,  the  preceding  denominator,  it  gives  11 ; 
and  so  on.    This  method  nuy  proceed  from  the  commencement,  if  we  write 

g  before  the  first  convergence. 

Thus,  3,    6,     2,      7, 

Jl     3    16    35    261 

0     1     5      11      82 

When  the  continued  fraction  U  not  terminated^  the  numerators'  and  denom* 

inators  form  two  series  increasing  to  infinity. 

428.  The  convergents  are  slternately  less  and  greater  than  the  value  of  the 
continued  fraction ;  for  the  first  in  the  general  form  is  equal  to  a,  and  as  the 
fractional  part  which  is  added  is  neglected,  this  is  too  small.    The  second 

convergent  is  a 4-7)  snd,  since  6  is  too  small  by  -,  the  fraction  t  is  too  great, 
and,  consequently,  the  whole  convergent ;  and  sp  on. 

EXAMPLE  II. 

It  is  riiown  in  geometry  that  the  ratio  of  the  circumference  of  a  circle  to 
.    31415926535      ^.  ^  ,    ,  . 
Its  diameter  is  ^OOOOOOOOOO'  ^"**^°»  °^  °®™6  converted  into  a  continued  frac 

tion,  and  the  successive  convergents  found,  will  be  as  follows : 
3  22  333  355  103993 
r  7'  106'  113'  33102'         '' 

*  The  generality  of  thiii  rule  may  be  proved  as  foUowi : 

N  N'  N" 
Let  =r,  =p,  =p;  be  three  ooiuiecative  oonvexi^ents,  m  the  quotient^  of  the  same  raok  as 

N"         1  1 

the  oonvergent  r^,  and  -  the  partial  fraction  which  foUowi  — ;  and  let  N^^sN'm-f-N  and 

iy'=iyiii-f  D,  according  to  the  rule.    The  oonvergent  which  follows  —  is  formed  by  aub- 

ttitoting  m-f-  for  n  in  =-;;.    Maldng  this  anbititntiaa  in  its  eqaivalent     "*{"■.  we  have 

29 
t  The  leoond,  •--'  ^'^  ^®  "^^  aatigned  by  Archimedes ;  the  tfaird*  which  is  moon 

more  tocorate.  that  by  Metios 
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and  eitker  of  these  will  be  the  approximate  yalae  of  the  iwtio,  mare  aod  msi 
accurate  as  we  adyance.  ' 

429.  The  difierenoe  between  two  conTergents  is  equal  to  1  divided  bj  tlj» 
product  of  the  denominators  of  the  two  convergents.     Thus,  in  the  abore  ex 

ample,  the  difference  between  the  first  and  second  convergents  is  -,   benre«s 

11  1 

the  second  and  third  it  is        -^  ,  or  z-rr,  between  the  third  and  fourth 


7  X 106'       742'  •"'•'"'^-  — ''  — ^  '"—  -*  1 197,  ' 

and  as  the  tme  valae  of  the  contbued  fraction  is  somewheve  betvreeo  msr 
two  consecative  convergents,  we  have  its  value  to  within  less  than  the  fiactk^ 

7'  742'  ^  11978'  ^*'  ^'^^^^^  ^  ^®  conveigent  which  we  take. 
To  prove  this  in  a  general  way,  let 

N  N'  n;; 

^'  D"  D" 
.  be  three  consecutive  convergents,  and  m  the  quotient,  of  the  same  rank  as  ths 
convergent  g;;;  then  N"=:N'm+N ;  D"=D'm+D. 
N'     N     DN'— D'N 

•  D"""D'~"D'm+D""D'~"  D'(D'ifi+D) 

The  numerators  of  (1)  and  (2)  are  the  same,  with  contrary  signs ;  and,  to 
find  its  value,  we  have  only  to  go  back  to  the  first  two  convergents  -  and 

od-f-l  1 

— T — ,  the  difference  of  which  is  r. 

430.  Since  the  denominators  of  the  convergents  increase  to  infinity  if  the 
series  continue  sufilciently  &r,  it  is  possible  to  take  two  consecutive  convergent! 
whose  difference  shall  be  less  than  any  assignable  number ;  wherefore,  as  two 
consecutive  convergents  comprehend  between  them  the  value  of  the  cootiDoed 
fraction,  it  follows  that  a  convergent  can  be  found  whose  value  shall  cifferfitim 
that  of  the  fraction  by  less  than  any  assigned  number. 

For  example,  if  the  value  of  a  continued  fraction 'be  required  to  witltin 

rrrrr,  the  convergents  must  be  continued  tiD  the  product  of  the  denominators 

of  the  last  and  last  but  one  is  at  least  1000.  The  last  convergent  will  then 
have  the  degree  of  approximation  reqmred. 

The  convergents  are  fractions  in  the  lowest  terms ;  for  if  a  convergent  c: 

admits  of  lower  terms,  some  quantity  q  must  be  a  common  measure  of  N  and 
D.  Whence  (Art.  29)  q  must  be  a  measure  of  the  multiples  N'D  and  ND'. 
and  of  (Art.   29)  DN'— ND    or  ±1,  which  is  impossible. 

431.  Each  convergent  is  a  nearer  approzimntion  to  the  true  value  of  the  coo- 
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N"     N'w+N 
tiiiiied  fraction  than  that  which  precedes.    For,  let  rjj=^fr, — hr:  ^  a  cinver- 

gent  in  which  m  is  the  last  quotient  employed ;  then,  if  the  complete  quotient 
»n.-4---|-,  &c.   je  denoted  bj  y,  and  y  be  substituted  for  m  in  the  expressioL 

of  ^^,  it  is  eiident  (employing  x  to  denote  the  value  of  the  continued  fraction; 

that 

N^y+N 

"'-D'y+D- 

N  N' 
*     Subtracting  each  of  the  convergents  ^r,  ^  from  this  Talu«  of  z, 

N^y-fN     N     (DN^^NDQy  ±y 

lyy+D^D"  D(D'y+D)  "~D(D'y4.D)' 

D'y+D     D'""D'(D'y+D)""D'(D'y+D)* 
But  y>l  and  D'>D  .-.  D'(D'y+D)>D(3yy4.D) ; 

• '  D(D'y+D)^D'P'y+D)' 

N'  N 

^Vhence  ^  is  ft  nearer  approximation  to  the  value  ofx  than  ^. 

432.  Among  continued  fractions  those  have  been  particularly  distinguished  m 
which  the  denominators,  after  a  certain  number  of  changes,  are  continuaDy 
^peated  in  the  9ame  order,  in  which  the  continued  fraction  so  formed  is  said 
to  be  periodic^  and  may  then  ahrays  be  considered  as  the  root  of  a  quadratic 
equation  or  a  surd. 

To  prove  this,  take  a  continued  fraction  entirely  jp^rio^ic. 

^^p+,  &c. 
Then,  since  the  number  of  these  fractions  is  unlimited,  it  foUowi  tiiat  the 
sum  of  an  after  the  first  is  also  x ;  whence 

P+' 

m  which  case  the  above  continued  fraction  serves  to  determine  tl  e  vahia  of 
^j^^4,  since  we  have,  by  transposition, 

(nd  if  p  in  this  last  exprassion  b«  pat  equal  to  2,  we  shall  have 

^+2+1 

^+2+.  to. 
A  eontinaed  fraction  is  also  called  periodic  when  the  denooinatora  occiu 
pnnocficallf  in  pairs,  threes,  fonrs,  to. ;  thus, 
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i    1  <ii    J 

Again,  a  fraction  may  be  irregular  in  some  of  its  fint  terms,  and  only  1 
periodic  at  a  certain  distance  from  its  commencement 

In  either  of  these  cases,  as  abore,  the  value  of  x,  the  aum  of  all  Uie  \ 
may  be  obtained  by  the  resolation  of  an  equation  of  the  second  degiae.     T: 
prore  this  in  a  general  manner,  let 

a,  &,  • . . .  ice.,  be  the  quotients  which  form  the  non-periodic  part; 
jp,  g, . . . .  6cc.,  be  the  quotienta  which  form  the  periodic  part ; 

then  arssfl-f-- 

^+5+,  to-; 
and,  representing  by  y  the  tahw  of  the  periodic  part, 

^+5+.  &c.. 

we  have  arara+r  and  ys=jp+- . 

•  •  •  • 

'•1  *•     1 

Cooaider  these  continued  fractions  as  terminalang  with  the  partial  fiaecias 
,  anddedno 
Lowing  form : 


-,  and  deduce  the  couTergents;  we  have  (Art.  426)  two  eqoatiaiia  of  the  foi- 

9 


'"Q'y+Q'^""S'y+s- 

The  value  of  y,  given  by  the  first  of  these  equations,  ia 

P— Qg 
y-Q'x-P" 
which  substituted  in  the  second,  gives,  after  reduction, 
P — Qr      R^(P  -  Qj)+R(Q^g— P^) 
Q'g— P'"~S'(P-Qr)4-S(Q'x-P')' 
which  is  an  equation  of  the  second  degree  in  r. 
By  way  of  illustration,  take  the  following  fraction : 

.•.  x^a=s—r--—-;  or,  resolving  the  equation,  xss, — 

2a 
If  we  transpose  -^  or  a,  and  substitute  for  x— a  its  value  (2),  we  have 

Vf+^P—9    P     ^ 
or,  making  q^Za, 
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^2a,  &c. 
A  Bimilar  mode  of  solution  may  be  applied  to  continued  surds  or  expressions 
o£  the  form 

Va+ V  «+  V^i  &c-» 
tbe  value  of  which,  though  apparently  infinite,  is  always. determinable  by  a  cer- 
tain equation,  and  in  some  eases  in  a  real  integral  or  fractional  quantity  ;  for, 
putting 

a:=:'Vfl+ V ^+  V^»  ^•» 
"we  shall  have,  by  squaring  botb  numbers, 

•  3fis=a+\a+  Va+,  &c., 

the  latter  pert  of  which  is  evidently  equal  to  the  original  surd ;  whence 

aflsza+Xt  or  a*— a:=:a  .%  a:=JdL  \/f+^t 
where,  if  a =2,  the  expressisfA  becomes 

V2+\f2+  V2+.  &c.,  =2  or  —1. 
433.  The  process  for  developing  any  quantity,  r,  in  a  continued  fraction, 

consists  in  making  successively  i:=a+~7,  :r'=6+— ,  ar"=:c-|-3;7,  &c.,  a  be- 

mg  the  greatest  whole  number  contained  in  x,  h  the  greatest  whole  number 
contained  in  x',  c  the  greatest  whole  number  contained  in  x",  dec. 

The  numbers  a,  6,  c,  &c.,  being  found,  it  is  evident  that  if  x',  x^'  dSQ.,  are 
replaced  by  their  values,  the  required  development  is  obtamed,  vis. 


^■^3+,  &c. 


EXAMPLE. 

Let  it  be  required  to  convert  ^19  into  a  continued  fraction. 

Vl9=4+i  ...  x'= -J:— _  }^I!±l . 
_  ^a^  V19-4~       3    J_ 

tfy  proceeding  in  this  way  we  shall  obtain  the  following  : 

x  =  V"l9=4+ij; 

^-19+4  1 

^-       3       -^+x»'' 

^     ^,     2       -'^+x'V' 

*  Ifoltiplying  both  niuuerator  and  denomiiiator  by  i/lS-f^ 
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.  3       — ''+X"' 

„      ■*^+4  1 

*    —       3      r^viir 

Henoe  VW«=4+| .  1     , 

"■'+5+1    1 

J+--  1 

«vii  being  the  Mine  as  x*,  it  is  evident  that,  omitting  the  4,  the  greatest  b- 
tegral  part  of  Vl9f  the  quotients  2,  1,  3,  1,  2,  8,  ah^ady  Ibond,  wil  aiwaji 
return  again  in  the  same  order  to  infinity. 

Should  it  be  required  to  convert  the  square  root  of  19  into  a  aeries  of  ess- 
verging  fractions  without  first  reducing  it  to  the  continued  form,  they  may  bt 
obtained,  after  the  method  before  employed,  from  the  integml  parte  of  die 
above  results  only. 

Quotients,  4,  2,  1,  3,    1,    2,     6,      2. 
1   4   9   13  48  61    170   1421 
6'  i'  2'  3  •  ir  14'   39  •  326  ' 

SXAMPLXS. 

251  1 

(1^  754-  Ans.  Quotienta,  j,  22,   1,     4,     2. 

1  22  23   114  2S1 

Conveigente.  5,  g^,  -,  — .  — . 

1769  1 

(2)  ^gjy-  Ana.  Quotients,  ^.  7,    1,    2,     4,      6,        1,      2. 

1    7     8^  23  100    b^   ^23    1769 
Conreigents,  -,  ^g,  ^,  ^^,  ^^^,  ^^^^,  ^^^^,  ^^^ 

(3)  t/si.  Ans.  The  quotients  are  5,  1,   1,    3,     5,      3,  &c 

^    ^  ^  6    6   11    39   206   657  . 

And  the  convergents,  j,  j,  y,  y ,  — ,  — ,  &c 

(4)  ^^.  Ans.  The  quotients  are  5,    3,    2,      3,      10,  &e. 

^    ^   ^  6    16    37    127    1307   . 

And  the  convergents,  j,  — ,  y,  — ,  -^.  &c 

(5)  ^/45.  Ana.  Quotienta,  6,  1,  2,    2,     2.       1,      12,  &c. 

_  6   7   20   47    114    161  2046 

Convergento,  j,  j,  y,  y.  — .  — ,  ^^jj-. 

434.  The  converse  of  the  proposition  stated  in  Art  432  is  true,  via.,  tbat  tlia 
root  of  an  equation  of  the  second  degree  may  be  expressed  in  fione^ns  of  tfas 
coefficients  of  the  equation  by  continued  fractions. 

The  general  form  of  the  equation  of  the  second  degree  may  be  wi  Man 

aa«— ^x— ckO (1) 

in  which  6  and  c  may  be  essentially  negative.    This  may  be  put  under  t^e 
form 
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He 
-. 
X 

e 
Multiplying  the  fraction  -  above  and  below  by  a,  it  becomes 

axssh+ — sso+T  ,  ac 

^6+.&c. 


ac 


7+,  &c.)  q.  £.  D 

If  asl«  this  becomes 

which  has  no  signification.    But  if  we  make 

a*  being  the  greatest  sqoare  contained  in  c,  we  have 
2r"=t*— 2az4.a«=rc  ; 
.'.  z» — 2az=c— «• ; 
or,  patting  c— a*=7, 

«•— 2a2s=r, 

«»d  ^=2"+L+.&c. 

y 

But  since  x=z— a,  *=«+2"-i— 21 

"+2S4.,  &c. 

To  apply  this,  let  the  equation  be 

afissB  •*•  a=2,  7ss4, 

+4+,  &c., 
w 

+1+,  &c. 
The  above  result  may  be  obtained  in  a  more  simple  manner;  tbos,  put 
a«=:c=s«^+/9  .-.  *•— a«=s/3  .-.  (x— o)(x+o)s=5 

.*.  x^a4- — J— =ra+—  .   0 

^  ^2a+,  &c., 

whieh  shows  that  the  square  root  of  any  number  which  is  tiie  sum  of  a 
8<{iare,  and  of  another  number,  is  a  continued  freoUon. 
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Thus,  if  we  Lave  a*ai7  .-.  a=2,  /3=3, 
V7=2+j     3 

435.  CoDtiiiaed  fractioiu  furnish  a  method  of  resohiog  in  wliole  nimibe-T 
the  indeterminate  equation 

ax+hyssc (1) 

In  this  equation  a,  b,  c  are  whole  numbers,  and  the  firat  two  are  sDppc«r. 
to  have  no  common  factor.    Let  us  conceive  that  we  have  dereloped  the  iv^ 

tion  J-  into  a  continued  fraction,  and  that  we  have  calculated  all  tiie  ex- 
▼ergents ;  the  last  will  be  equal  to  this  relation  itself.  Let  as  subtract  frsir 
it  the  next  to  the  last,  which  I  represent  by  p.  The  numerator  of  the  diiler- 
ence  will  be  aJZ-^ha't  and  by  the  property  of  Art  430  we  hare 

a6'-.ba'r=±l (2) 

Multiplied  by  ±c,  this  equality  becomes 

then  equation  (1)  is  satisfied  by  taking  x=s±&'c,  y=:ta'c. 

This  solution  being  known,  we  know  (Art  161)  that  all  the  others  are  girea 
oy  the  formulas 

(  designating  any  whole  number  whatever.    We  take  the  upper  or  lower  sgo 
according  as  we  have  4*  or  —  in  the  equality  (2),  or,  what  is  the  aame  tfaii^ 

a 

according  as  the  convergent  t  is  of  an  even  or  uneven  rank. 

EXAMPLE. 

Let  there  be  the  equation 

261x-.82y=117. 

261 
Tf  we  reduce  -r^  to  a  continued  fraction,  we  find 

0<6 

Quotients,      3,  5,    2,    7. 

3  16  35  261 

Convergents,  -,  y,  -,  — . 

If  we  take  the  numerator  of  the  difference  -2H""T7*  <^^  obsexre  thit  — 

Oti      11  92 

«  a  convergent  of  an  even  rank,  we  have 

261x11—82x35=5+1. 
Then,  multaplytng  by  117, 

261X11X117—82X35X117=117.     ^ 
The  equation,  then,  is  satisfied  by  making  xr=llx  117=1287  and  y=35 
X  117=4095 ;  then,  finally,  the  general  values  of  x  and  y  are 
x=1287+82^  y=4095+261f. 
If  we  divide  1287  by  82,  and  4095  by  261,  WB  find  1287=82X15+57  aod 
4095=261  X 15+180.    Then,  observing  that  t  is  any  whole  number 
•ver,  we  can  write  more  simply 

x=57+82/,  y=180+261^ 
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436.  The  following  theorem  will  be  fouDd  useful  in  the  resolution  of  inde- 
terminate equations  of  the  second  degree. 

Ijet  |7^— A^=:  JLD  be  an  indeterminate  equation,  in  which  D*^  ^A.    I 

P 
assert,  that  if  this  equation  is  resolvable,  the  fraction  -  will  be  found  among 

the  tractions  which  converge  toward  ^A. 

'  —        ±D 

From  the  above  equation  we  derive  p — q'^Az=. zr,  and,  therefore, 

p+q^A 

V  A,  which  I  represent  by  --=-= =r;  then  <I= ^-=. 

Pa  P 

Let  —  be  the  converging  fraction  which  precedes^,  and  which  is  of  such  a 

nature  that  the  sign  of  d  will  be  the  same  with  that  of  D  ;  it  will  remain  to 

be  proved  that  wa have ==^<,---r^tOTD(q+qo)<,p+q VA- 

p+qy/A     9+^0 

—     6 
In  the  second  member,  instead  of  jp,  I  put  its  value,  qV^:k'i'n  the  m- 

equality  to  be  proved  can  then  be  written  thus : 

(^+^o)(  VA-D)+(g-yo)  /a:±^>o. 

But  this  inequality  is  manifest,  since  we  have  VA>D,  9>^o,  and  since 

—  c5 

the  part  iq—qo)  VA,  which  is  at  least  equal  to  VA,  by  itself  surpasses  -, 

P 
which  is  less  than  unity.    ~,  then,  will  always  be  found  in  the  fractions  which 

converge  toward  -/A,  so  that  it  will  only  be  necessary  to  develop  -/A  in  a 
continued  fraction,  and  to  calculate  the  converging  fractions  which  result,  in 
order  to  have  all  the  solutions  in  entire  numbers  of  the  equation 

a«-.Ay«=dbD, 
D  being  <  ^/A. 

I^THOD   OF   RESOLVING   IN   RATIONAL   NUMBERS   INDSTBRIdlNATK 
SaUATIONS  OF  THE  SECOND  DEGREE.. 

437.  Let  the  proposed  general  equation  be 

in  which  x  and  y  are  the  inddterminates,  and  a,  5,  c,  dt  f,/the  given  entire 
numbers,  positive  or  negative.  AVe  first  derive  from  this  equation  the  foV* 
lowing : 

2ax+by+d=  Vlihy+dy-iaicf+ey+f)]. 
If  we   make,  to  abridge,  the  radical   r=t,  6*— 4ac=A,  bd^2ae^g^ 
d^^iafsshi  we  shall  have  the  two  equations 

2ax+  hy+dz=:t, 
Ay'+2gy+h:=:fi. 
If  we  multiply  the  last  of  these  equations  by  A,  and  make,  again,  Ay-(-^ 
sso,  ^— AA=B,  we  shall  have  the  transformed  equation 

f^-.Af»=rB. 

R«ci|»'o(?ally,  if  we  can  find  values  of  v  and  t  which  satisfy  the 

Ii 
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t^^A^=B,  we  deduce  from  it  the  values  of  the  indetemunates  x  and  y  id 
the  proposed  equatioOi  viz., 

ip  which  we  should  observe  that  both  v  and  t  may  be  taken  with  either  sign, 
aa  we  may  desire. 

If  we  find  the  solution  of  the  proposed  equation  in  rational  numbers,  it  will 
suffice  to  resolve,  by  means  of  these  numbers,  l^e  transformed  i^^AjP^zB; 
but  if  we  wish  to  resolve  the  proposed  in  entire  numbers,  it  will  not  only  be 
necessaiy  that  t  and  v  be  entire  numbers,  but  that  the  values  of  t  and  v,  sub- 
stituted in  those  of  x  and  y,  give  for  these  indeterminates  entire  numbers.  At 
present  we  will  only  occupy  ourselves  with  the  resolution  in  rational  numbers. 

438.  Every  indeterminate  equation  of  the  second  degree  can  be  reduced, 
■8  we  have  just  seen,  to  the  form  ^—AjP=zB  ;  but,  whatever  may  be  the 
rational  numbers  t  and  v,  we  can  suppose  that  they  are  reduced  to  a  common 

X  V 

denominator.    Hence,  making  «?=-,   <=-,  we  shall  have  to  resolve  the 

equation 

:c«— Ay«=Bi«, 
in  which  now  r,  y,  z  are  entire  numbers. 

We  can  suppose  that  these  three  numbers  have  not  a  same  common  divisor ; 
for  if  they  had  had  one,  we  could  have  made  it  disappear  by  division. 

In  the  same  manner,  we  can  suppose  that  the  numbers  A  and  B  have  no 
square  divisors ;  for  if  we  had  had,  for  example,  A=zA.'Jfi,  B=B'^,  we  migjbt 
have  made  kyszy't  lzz=zz\  and  the  equation  to  be  resolved  would  have  beoome 

ari—A'y^rsB'z'S 
in  which  A'  and  B'  have  no  longer  a  square  factor. 

The  equation  x^ — Ay^=Bz'  being  thus  prepared,  we  shall  observe  that  any 
two  of  the  indeterminates  x,  y,  z  can  not  have  a  common  divisor ;  for  if  ^,  for 
example,  should  divide  sfi  and  y*,  it  must  necessarily  divide  also  Bz' ;  but  it 
can  uot  divide  2*,  since  the  three  numbers  x,  y,  z  have  no  conmion  divisors ; 
neither  can  ^  divide  B,  since  B  has  no  square  factor,  x  and  y,  therefore,  are 
prime  with  respect  to  each  other ;  for  the  same  reason,  x  and  z  are  primes 
with  respect  to  each  other,  as  well  as  y  and  z. 

I  assert,  moreover,  that  A  and  B  can  be  supposed  to  be  positive ;  for  wa 
can  only  have,  as  regards  the  signs  of  the  terms  of  one  equation,  tiie  following 
three  suppositions : 

T«-Ay«=+Bz«, 
z«— Ay«=— Bz«. 
a:»+Ay»r=:+Bz*. 

(I  omit  the  supposition  3fl-\~Aj/^ss — Bz',  since  it  is  evidently  impossible.) 
Of  these  three  combinations  the  second  coincides  with  the  third  by  a  simple 
transposition ;  but  if  we  multiply  the  third  by  B,  and  make  Bzrsz',  AB=A% 
we  shall  have 

2'a— Ay=Bx«. 
The  equation  to  be  resolved,  therefore,  can  always  be  reduced  to  the  form 

a:«— By»s=A2«, 
m  whiteh  A  and  B  are  positive  numbers,  and  do  not  contain  any  square  factor 
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439.  The  method  which  we  shall  proceed  to  foHow  for  the  resolution  ol 
this  equation  is  that  given  bj  Lagrange,  in  the  M6moire$  de  Berlirii  1767.  It 
consists  in  producing,  by  means  of  transforoEiations,  the  successive  diminution 
of  the  coefficients  A  and  B  until  one  of  them  becomes  equal  to  zero,  in  which 
case  the  solntion  can  be  immediately  deduced  from  known  formulas. 

The  eqnation  thus  reduced  is  of  the  form  a-" — y^rsAz*,  or  a^ — By«=z« , 

but  these  tw^o  formulas  do  not  differ,  and  it  will  suffice  to  give  the  solution  of 

the  firstf  af^ — y'rsAz'.    To  do  this,  decompose  A  into  two  factors  a,  /?  (which 

will  always  be  prime  with  regard  to  each  other,  since  A  has  no  square  factor), 

and  sappose  that  z  also  is  decomposed  into  two  factors  p^  g,  such  that  we 

have  A^a/?,  z=:pq,  we  shall  have  the  equation  (x+y)(x — y)=zapp^q',  which 

we  can,  in  general,  satisfy  by  taking  x-^ys=zap^,  x-^yz=zP^ ;  this  supposition 

gives 

ar= ,  y= 2 ,  z=pq; 

hence  the  three  indeterminates  :r,  y,  z  will  be  expressed  by  means  of  two 
arbitrary  quantities  p  and  q ;  if  it  should  happen  that  the  values  of  x  and  y 
contain  the  fraction  ^,  x,  y,  z  must  each  be  multiplied  by  two. 

Such  is  the  general  solution  of  the  equation  3^ — y^=:AzS  a  solution  which 
w'lU  comprise  as  many  particular  formulas  as  there  are  ways  of  decomposing 
A  into  two  factors. 

For  example,  if  A=30 ;  there  are  four  ways  of  decomposing  30  into  two 
factors,  viz.,  1.30,  2.15,  3.10,  5.6;  hence  will  result  these  four  solutions  of  the 
equation  i»— y«=302«, 

1°.  x=  p'+SOf,  y=z  i?*— 30^,  2=2p?, 
2°.  x=i2p*+l5q\  y=2p«— 159»,  2=2^^, 
3°.  x=3p«+10^«,  y=3p«-.105',  z=:2pq, 
4°.  x=5p3+  6^»  y=5p»—  6^,  zss2pq» 
440.  Let  us  proceed  to  the  general  equation  a^ — B^ssAz';  observe  that 
this  equation,  being  the  same  with  2* — Az^=By*,  we  can,  without  diminish- 
ing the  generality  of  the  theorem,  suppose  that  the  coefficient  of  the  second 
member  is  the  greater  of  the  two.     In  case  of  equality,  the  reduction  that  we 
shall  indicate  would  always  be  employed. 

Let,  then,  the  proposed  equation  be  3^ — By^=:Az',  In  which  we  suppose, 
at  the  same  time,  A>B,  A  and  B  positive,  and  free  from  any  square  factor. 

We  have  already  proved  that  x  and  y  are  primes  as  regards  each  other ;  y 
and  A,  therefore,  are  equally  prime  to  one  another ;  for  if  jf  and  A  had  a 
common  divisor  6,  a^  also  must,  necessarily,  be  divisible  by  6,  and'  x  and  y 
would  not  then  be  primes  to  one  another. 

But  since  y  and  A  are  primes  to  one  another,  if  we  suppose  that  the 
proposed  equation  is  resolvable,  and  that  we  can,  therefore,  find  determinate 
values  of  x  and  y,  x=M,  ^=N,  we  shall  also  be  able  to  satisfy  the  equation 
of  the  fii'st  degree, 

M=nN— y'A, 
in  which  M,  N,  A  will  be  given  numbers  prime  to  one  another,  and  n,  y'  two 
indeterminates. 

Hence,  in  general,  ^rithout  knowing  the  particular  solutions  2:=M,  y=N, 
we  can  suppose  x=ny-*Ay  n  and  y*  being  two  indeterminates;  and,  sub- 
Btitutiog  this  value  of  x  in  thi  proposed  equation,  we  shall  have,  after  having 
divided  by  A, 
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/n«— B\ 


But  BiDca  y  and  A  are  prime  to  one  another,  this  equation  can  not  aubsol 

n«— B 
unless  — r—  be  an  entire  number.    Let  this  entire  number   zA'Ac*,  A:*  being 

the  greatest  square  which  can  be  a  divisor  of  it,  we  shall  have 

n«— B=AA'A:«, 
and  the  equiition  to  be  resolved  will  become 

A'Ay— 2nyy'+'Ay'*=2». 

We  perceive  that  if  there  be  any  value  whatsoever  of  n  which  renders  n*B 
divisible  by  A,  this  value  can  be  augmented  or  diminished  by  any  multiple  of 
A,  without  n* — B  ceasing  to  be  divisible  by  A ;  hence,  we  can  suppose  that 
its  value  is  comprised  between  the  limits  0  and  A,  or  even  between  the  more 
extended  limits  — |A  and  -f?^* 

We  conclude  from  this,  that  in  trying  successively  for  n  all  the  entire  num 
bers  from  — ^A  to  +^^«  ^^  ^^^^  encounter,  necessarily,  one  or  more  values 
which  will  render  n* — B  divisible  by  A,  provided,  however,  the  equation  ii 
resolvable ;  and  in  case  these  values  will  not  render  n' — B  divisible  by  A,  we 
can  conclude  with  certainty  that  the  proposed  equation  is  not  resolvable. 

441.  Suppose,  then,  that  we  have  found  one  or  more  values  of  n  which 
fnlGll  the  required  condition,  it  will  be  necessary  with  each  of  these  values  to 
continue  the  calculation  in  the  following  manner : 

Resume  the  equation  A'Ary— 2nyy+Ay'*=z';  if  we  multiply  it  by  A'A-* 
and  if  we  make,  to  abridge, 

A'A«y-ny'=x',  kz=z\ 
the  transformed  will  be 

x'ar'— By'y'ssAVz' 

This  transformed  could  be  resolved,  if  we  could  determine  the  solution  of 
the  proposed  equation,  since  the  values  of  or',  y\  z'  are  easily  deduced  from 
those  of  ar,  y,  z  ;  reciprocally,  the  proposed  will  be  resolved,  if  we  find  the  sola 
tion  of  its  transformed.  For,  from  the  known  values  of  x',  y',  z',  we  cac 
equally  deduce  those  of  x,  y,  z ;  and  it  matters  little  whether  these  last  value* 
be  under  an  entire  or  fractional  form,  since  we  have  regard  only  to  tlie  resolu* 
tion  in  rational  numbers,  and  since,  after  we  have  found  any  fractional  values 
of  X,  y,  z,  we  can  reduce  them  to  a  common  denominator  and  suppress  it. 

n«— B 

Since  we  can  suppose  the  number  n<iA,  it  is  clear  that  ■  . ,,    or  A'  will 

be  <|A,  and,  at  the  same  time,  positive ;  for  n  can  not  be  <  -/B,  since 
otherwise  n' — B  would  be  <B,  and  could  not  be  divisible  by  A.  The 
proposed  equation,  therefore,  will  be  reduced  to  an  equation  in  every  respect 
similar,  in  which  the  coefficient  A',  which  takes  the  place  of  A,  is  less  than 

442.  If  we  have,  again,  A'>B,  we  can,  in  like  manner,  frt>m  the  equatioo 
r^-.By'^^A'z'',  deduce  a  second  transformed, 

x"«— By"«K:A'V«, 
hi  which  A"  will  be  <|A',  and  always  positive.    To  obtam  this  second  trans- 
formed, there  will  be  no  new  condition  to  be  fulfilled,  for  having  already  found 
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r»«  — B 

— -r-; —  ssAA;®,  if  we  make  nss^A'+W,  and  if  we  take  the  iDdeterminate  ^  io 

n"— B 
suclft  a  way  that  n'  <|  A',  it  is  easy  to  see  that  — j-, —  will  be  an  entire  positive 

nomber  less  than  }A' ;  we  have,  consequently, 

n'3— BssA'A''^", 
A'^  being  less  than  jA',  and  not  containing  any  square  factor. 

If  it  should  happen  that  A",  again,  were  greater  than  B,  we  should  continue 
tbis  system  of  transformed  equations,  in  which  B  is  constant,  until  we  arrive 
at  one  of  this  form 

a-'— By«=C2», 
in  ip^hich  C  will  be  positive  and  ^B. 

443.  But  after  we  have  passed  into  the  second  member  of  this  equation  the 
term  which  has  the  greatest  coefficient,  which  gives 

a«— C2«=B3^, 
vre  can  proceed  in  a  similar  manner  to  the  reduction  of  the  coefficient  B  by  a 
second  system  of  transformed  equations 

a/«— C2'«=B'y'», 
x"«— Cz'^ssB'y , 
&c.  &c., 

in  which  the  coefficients  B',  B",  &c.,  will  be  positive,  and  will  diminish  in  at 
least  a  quadruple  ratio,  and  thus  we  shall  soon  arrive  at  a  transformed 

in  which  the  coefficient  D  will  be  less  than  C. 

But  the  series  of  positive  and  decreasing  numbers  A,  B,  C,  D  will  not  go 
on  ad  infinitum ;  it  will  terminate  necessarily  at  unity,  and  when  we  shall 
have  arrived  at  this  term,  the  resolution  of  the  last  transformed,  which  is  given 
at  once,  will  make  known  those  of  all  the  preceding  equations,  and,  consequent- 
ly, that  of  the  proposed. 

GAUSS'S  METHOD  OF  SOLVING  BINOMIAL  EaUATIONS. 

444.  The  solution  of  a:"  —  1  =  0,  it  has  been  proved  (Art.  299),  can  al- 
ways be  reduced  to  the  c^tse  where  n  is  prime ;  and  the  case  of  n  a  prime 
number,  by  a  method  invented  by  Gauss,  may  be  made  to  depend  upon  the 
solution  of  equations  whose  degrees  do  not  exceed  the  greatest  prime  number 
which  is  a  divisor  of  n-*l.  The  leading  feature  of  Gauss's  method  is  to  rep- 
resent the  imaginary  roots  by  a  series  of  powers  of  any  one  of  them,  whose 
indices  form  a  geometrical  instead  of  an  arithmetical  progression.  Thus,  if  m 
be  a  number  (and  such,  called  primitive  roots  of  n,  can  always  be  found)  Whose 
several  powers  from  1  to  n.~l,  when  divided  by  n,  leave  different  remainders, 
and  a  be  any  imaginary  root,  then  all  the  roots  may  manifestiy  be  represent- 
ed by 

a",  a»',  o"',  . . ,  o»"~* ; 

or,  since  m"~'=f«n-|-l»  where  ft  u  an  integer,  by  a,  o",  c"',  &c.,  o"*^, 

445.  The  advantage  of  this  mode  of  representing  the  roots  is,  (1)  that  thoj 
can  be  distributed  into  periods,  each  of  which,  when  continued,  will  produce 
tho  roots  of  that  period  in  the  Fn-Tie  order;  and  ('2)  thnt  tho  prnthict  of  :inv 
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number  of  such  periods  will  be  equal  to  the  sum  of  a  certain  number  of  periods, 
the  importance  of  which  properties  will  be  seen  in  the  use  made  of  them. 

(1)  Let  n — l=r«,  r  being  a  prime  factor  of  n — 1,  and  let  m'=:A ;  then  the 
roots  may  be  written  in  vertical  columns,  eacH  consisting  of  r  terms,  as  follows  : 


a 

o» 

«"'         .. 

•  a"'-' 

o» 

o""" 

0-'        .. 

.«•*- 

«-• 

a-"^ 

a-V      .. 

,  oA-' 

a-^ 

a--'- 

«-•  v.. 

.a-^*^-', 

and  if  any  one  of  the  periods  formed  by  the  horizontal  rows  be  continued,  toe 
roots  in  that  period  will  be  produced  in  the  same  order ;  thu9,  if  the  first 
row  were  continued,  the  indices  would  be  ^•=m"=:wi"~'=^n+l,  A**"* = !»*•+* 
s={fin-{-l)m'=::finh-{-h^  &:c.,  and  the  corresponding  roots,  o,  a\  &c. 
(2)  Let  any  two  of  the  above  periods  be  represented  by 

a«+o^4.a^'+,  &c.,  +<!•»»■"' 

a>»4-a»»^+a»*"+,  &c.,  +<^*"^ 

and  let  us  multip^  them  together,  using  each  term  of  the  lower  line  in  suc- 
cession as  a  multiplier,  and  starting  at  that  term  of  the  upper  Una  which  stands 
over  it,  and  producing  the  upper  line  so  as  to  supply  the  terms  neglected  a» 
the  beginning,  the  result  is 

a«+*        +a^-^        +o'^'+»»         +,  dec.,  +o-'-*+b 

and  therefore,  coDecting  the  vertical  columns  into  periods,  we  get 

2(a«)2(a»»)s=2(aM*)+2:(a-»'-»-»')+2(a«»'*"H.)4.. ..+ j^  i'^""*+*»), 

or  the  product  of  two  periods  is  equal  to  the  sum  of  8  periods  ;  and,  conse- 
quently, the  product  of  any  number  of  periods  will  be  equal  to  the  aggregate 
of  a  certain  number  of  periods.  « 

EXAMPLE  I. 

2*— IsO ;  6=3.2,  .•.  r=3,  5=2 ;  also,  3,  3*,  3',  2\  3*,  when  divided  by  7, 
leave  different  remainders,  viz.,  3,  2,  6,  4,  5 ;  .*.  m=3,  and  the  roots  are 

^8=a«+o», 
and  |7i+|79+p3=— 1. 

i»^ps=a*+a»4-a  +o»=;?i+pi 

•••  JP^P8-J  JP«P3+i?ijP8=  —2, 

Therefore  the  cubic  which  has  pi,  pj,  p^  for  its  roots,  is  ^j'-fi^^^p— laeu 
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EXAMPLE  II. 

r'v  — 1=0 ;  16=2.6 ;  also,  the  powers  of  3  from  0  to  15,  when  divided  by  17 
leave  reniainders 

1  3  9  10  13  6  15  11  16  14  8  7  4  12  2  6, 

^=a»4-a*°+«*  +'^"+<***+<»^+«"+<^; 
taenj}-{-q^ — 1,  and 

—p+9  +p  +P+P+9  +9  +^=— ^; 

therefore,  |7  and  q  are  roots  of  z'+z— 4=0. 

Next,  the  periods  |7,  q  may  be  resolved  respec lively  into  the  period* 
r=a +a"+oW+a«  >      «=a» +o» +o'*4-o«  )  ^ 
8=i(fi+a^+a*  4-o9  S  '  tt=oW+o"  +  oT  4-o«  S  ' 

and  r«=aW+o»  -f  a»  +aw ' 


=;7+g=— 1; 


therefore,  r,  5  are  roots  of  z'— jpz— 1=0 ;  and,  similarly,  t,  n  are  roots  of  z* 
—^—1=0. 
Lastly,  the  periods  r^s,  t,u  may  be  resolved  respectively  into 

ri=a  +o^?     «i=a!»+a«>     «i=(r»+o»*)     Mi=aW+a» )  . 
r,=o"+a*  S  *  «a=o«+a«  S  '  «8=a«+o"  S  '  tia=a"+a«  S  ' 
then  Ti+ussir, 

rir8=o"+a«+o»+a«=f, 
.'.  Tj,  Tj  are  roots  of  z* — rz  4-^=0 ; 

and  fi,  the  greatest  root  of  this  equation,  =0^-  -=2  cos  r^. 

For  farther  information  upon  the  theory  of  number8,the  student  is  referred 
to  the  Thiorie  des  Nomhres  of  Legendre,  the  Disquisitiones  Arithmtticte  of  > 
Gauss,  of  which  there  is  an  excellent  French  translation  (Rtckerches  ArUh- 
midques)  by  Poullet-Delisle ;  to  Barlow's  Theory  of  Numbers ;  to  t^e  article 
of  Ivory  in  the  fourth  volume  of  the  supplement  of  the  Encyc.  Britan. ;  and 
to  the  Memoirs  by  Libri,  in  tome  v.,  1S38  (J^tranghres),  and  by  Cauchy,  iu 
tome  xvii.,  1840,  of  the  Mhnoirts  of  the  French  Academy  of  Sciences. 
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